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ABSTRACT

Most of the natural happenings can be present by nonlinear modeling. The soliton theory is a
highly effective section of nonlinear sciences that includes soliton, multi-soliton, rational,
breather line, breather kinky, lump and rogue wave solutions. Such solutions are essential to
realizing the internal properties of the nonlinear models. This dissertation presents exact
traveling wave solutions of the three nonlinear models such as the (2+1) Bogoyavlenskii’s
breaking soliton (BBS) equation, the (2+1)-dimensional Benjamin-Bona-Mahony-Burgers
(BBMB) equation and the (3+1)-dimensional Sharma—Tasso—Olver-like (STOL) equation by
applying Hirota bilinear method. By this method, we construct the bilinear form and find the
interaction solutions of the above three models. We determine the multi-soliton and their
interaction solutions of the BBS model and STOL model. Various properties of the obtained
solutions are illustrated clearly with a number of 3D plot, 2D plot, density plot, curve plot and

contour plot by choosing suitable parametric values via the computational software Maple 18.
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Chapter One Introduction

Chapter One
Introduction

1.1. Literature review

Nonlinear evolution equations (NLEEs) applicable not only the areas of mathematical
physics, but also other branches of nonlinear science for instance nonlinear optics, fluid
dynamics, atmospheric, geochemistry, mathematical biology, ecology, chemical kinetics,
chemical physics, plasma physics, oceanic scientific problems and others [1-20]. Therefore,
searching for exact travelling wave solutions of NLEEs is a crucial concern for scientists and
researchers. Soliton solution is a special type of traveling wave solution that is caused by a
cancellation of nonlinear and dispersive effects in the medium. In mathematics and physics, a
soliton is a self- reinforcing solitary wave packet that maintains its shape while it propagates
at a constant velocity. In 1844, the Scottish John John Scott Russell was the first to observe
the solitary waves [21]. The bulge of water, that he observed and called “great wave of
translation”, was traveling along the channel of water for a long period of time while still
retaining its shape. This single-humped wave of the bulge of water is now called solitary
waves or solitons. The hot topics of solitons are lump, rogue, and breather waves.

Lump wave is one of the most important parts of solitary waves and has diverse
properties. This wave is localized in all directions in the space which decays rationally and
moves with a uniform velocity [22]. In 1977, the simplest lump wave solution was primarily
reported by Manakov et. al. [23]. Up to now, more and more researcher has paid attention to
the study of lump wave [24-28].

The rogue waves are localized in both time and space. Its amplitudes are at least two

times higher than those of their surrounding waves, have been observed in the deep ocean.
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This wave also arises in the fields of the ocean [29], atmospheric dynamics [30], Bose-
Einstein condensates [31] etc.. It is well known that storms and tsunamis caused by typhoons
can be predicated hours in advance, but the oceanic rogue waves suddenly appear from
nowhere and disappear without a trace [32]. In 1965, the concept of freak rogue in the ocean
was first introduced by Draper [33]. In 1983, a rational rogue wave solution was first
introduced by a British applied mathematician Howell Peregrine [34].

Breather waves have been observed to be periodically or quasi-periodically localized
in the time or space and also can be use to elaborate rogue wave phenomena [35]. In
accordance with the distribution and propagation direction, breathers can be divided into the
Akhmediev breathers [36] and Kuznetsov-Ma breathers [37]. Akhmediev breathers are space-
periodic breather solutions, while Kuznetsov-Ma breathers are time-periodic breather
solutions.

For investigating the characteristics of solitary waves, there are various reliable and

effective approaches such as the (G'/G) -expansion method [38], the generalized Kudryashov
method [39], the Hirota bilinear method [40], the tan(¢(&)/2) -expansion scheme [41], the

tan-cot method [42], the tanh-coth method [43], the direct algebraic method [44], and others
[45-70].

Among the previous methods [38-70], the Hirota bilinear method is the best method
for finding exact traveling wave solutions of the nonlinear model. This method was firstly
discovered by a Japanese scholar Hirota, in 1971 [40]. This method becomes effective and
reliable within a short time and used to derive soliton, multi soliton, lump wave, rogue wave,

breather wave, and exciting localized formation of soliton solutions [71-78].
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1.2. The objectives

The main purpose of this dissertation is to determine multi-solitons, lump, rogue,
breather waves and their interaction solutions of the nonlinear models the (2+1)
Bogoyavlenskii’s breaking soliton (BBS) [79], the (2+1)-dimensional Benjamin-Bona-
Mahony-Burgers (BBMB) [80] and the (3+1)-dimensional Sharma—Tasso—Olver-like (STOL)

[81] equations by applying Hirota bilinear method.

1.3. The proposal of the dissertation

The total works of my dissertation are divided into eight chapters. Some review
methods are included in chapter two, three and four, and then our main method is focused in
chapter five, six, seven and eight with some applications to nonlinear models.

The ambition of chapter two [2] is to seek novel exact traveling wave solutions
together with topological soliton, periodic cusp soliton, periodic bell solutions of the well-
recognized Cahn-Allen model [54, 55, 60] and diffusive predator-prey model [61, 62] via
MSE method.

In chapter three [1], we incorporated optical soliton solutions that clarify the
physical structures as beat phenomena, oscillating rhythm, oscillation together increasing and
decreasing rhythm, and oscillation jointly increasing and decreasing rhythm of the
Lakshmanan-Porsezian-Daniel (LPD) model [16] by using unified method [70].

In chapter four [5], the generalized Kudryshov method [93, 95] is applied to
determine exact solitary wave solutions for the time-fractional generalized Hirota—Satsuma
coupled KdV (HSC KdV) model [82, 83]. Therefore, plentiful exact traveling wave solutions
are achieved for this model. The succeeding chapters contain our main method with

applications.
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In chapter five |6, 7], the (2+1)-dimensional Bogoyavlenskii’s breaking soliton (BBS)
[79] and the (2+1)-dimensional Benjamin-Bona-Mahony-Burgers (BBMB) models [80] are
considered and reduced to bilinear form by using the Hirota bilinear scheme. We analytically
construct the collision of among lump waves, periodic waves, and one-, two-stripe soliton
solutions. Finally, we graphically present the nature of the collision solutions of the model in
3D and contour plots.

In chapter six [3], based on the Hirota bilinear form [40] and a “rational-cos-cosh’’
type test function we will study new interaction solutions among the lump, periodic and kinky
waves for the (3+1)-dimensional Sharma—Tasso—Olver-like (STOL) model [81]. Various
types of interaction solutions even hybrid lump waves and fission fusion properties of the
STOL model are also constructed. All dynamic properties of the obtained solutions are plotted
with 3D and contour plots.

In chapter seven [4], the multi-soliton solution and their interaction solution of the
(2+1) dimensional Bogoyavlenskii’s breaking soliton (BBS) equation [79] are investigated by
applying the Hirota bilinear approach [40]. From this multi-soliton solution, various forms of
single kinky-lump type breather solitons, double kinky-lump type breather solitons, the
collision of a kink line soliton with a kinky-type breather soliton, and collision of a pair of
double kinky-lump breather solitons will be investigated. All the results are depicted by
enough graphics.

In chapter eight, the Hirota bilinear integral technique [40] is applied to execute n-
soliton solutions of the (3+1)-dimensional Sharma—Tasso—Olver-like (STOL) model [81]. We
derive kinky-lump breather, combo line kink and kinky-lump breather, and a pair of kinky-
lump breather wave solutions that degenerate from two-, three- and four-solitons respectively
with both elastic/non-elastic fusion-fission of solitons. All special properties of these collision

solutions are illustrated clearly with 3D and contour diagrams by Maple 18.
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Chapter Two
Traveling wave solutions for two models by using the MSE Scheme

Acknowledgement

In this chapter [2], by employing modified simple equation (MSE) scheme we estimate the
presence of stable kink soliton and kinky-periodic rogue wave solutions; unstable singular
kink wave solutions of the biological dynamical models as a Cahn-Allen model and a
diffusive predator-prey model. This model frequently occurs in various nonlinear science
including quantum physics, plasmas and biophysics. We present some novel exact explicit
solutions of the exponential form of both Cahn-Allen and diffusive predator-prey models with
some free parametric values. We also derive particular solutions from the explicit solutions
selecting some definite values of the free parametric values. As a result, kink, singular kink
and kinky-periodic lump wave surfaces are achieved of the solutions. Lastly, the variety and
graphic representations of the composition make the models dynamic. Stable and unstable

situations are explained in detail from the analysis of the profiles.

2.1. Introduction

The mathematical representing of happenings in nature can be revealed by differential
equations. It is well familiar that abundant categories of the physical occurrences in the field
of fluid dynamics, quantum physics, chemical physics, electricity and plasmas are
demonstrated by nonlinear models and the existence of solitary waves in nature is frequently.
However, nonlinear behavior is a challenging due to some minor changes in time-related
parametric values; it is not comfortable to manage the non-linear representative of the

organism very quickly. Nonlinearity is responsible for the development of local waves and
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has the ability to carry energy without wastage which is a very fascinating matter [10, 11].
Otherwise, rapidly growing the spread of infection may cause a disaster state in a community.
To tackle the unavailable state or to remain a suitable state, we have to learn the dissimilar
types of solutions of the dynamical system in a model of Cahn-Allen or any type of predator-
prey model. As in tragedy state waves or to keep emerges location, the height and width of
population size is very essential. If we resolve the model of dynamical systems of such
difficulties by applying diverse approaches, we can find the best approach of appreciative
such potential disasters and then earnings necessary precautions. Thus, the concern becomes
more challenging and hence decisive solutions are needed. The solutions of the equation have
a crucial impression on mathematical physics and engineering. Recently, there has been a
tremendous increased to find the exact solutions of nonlinear models. Various effective
schemes have been reputed and enriched, such as the bilinear scheme [40], the tan(e(&)/2) -
expansion scheme [41], the Darboux transformation scheme [45], the (G'/G)-expansion
scheme [46-47], the exp- (—¢@(&))-expansion scheme [48], the extended F-expansion scheme
[49], the simplest equation scheme [50], the MSE scheme [51-53], exp-function scheme [54],
first integral scheme [55] and so on [56-62]. All most all of the above schemes are contingent
on computational software except the MSE scheme. The MSE scheme is a very effective and
reliable procedure settled successfully by Vitanov [51] and the reference therein [52-53].

The ambition of this chapter is to seek novel exact solutions together with topological soliton,
periodic cusp soliton, periodic bell solutions of the well-recognized Cahn-Allen model [54,

55, 60] and diffusive predator-prey model [61, 62] via MSE scheme.
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2.2. Description of the MSE scheme

Consider a general form of a nonlinear model as

H(u,u,,u_,u_u_, - - ) =0, (2.1)

xt> 7 xx?
with real function u(&) =u(x,t) and H is a polynomial of u(x,7). We present the key steps
of the scheme as follows:

Step 1: Let us combine the real variables x and ¢ by a combined variable & as

u(@t)=u(&), &=P.7+wt, (2.2)
where P =1i +mj + nk and 7 = xi + Vj + zk with real constants /, m, n, wave amount k and
wave velocity w.

By the above relation the Eq. (2.1) converted to the ordinary differential equation as follows

G(u’u"u" ......... ) :0 , (23)
where G is a polynomial in u(&) and its derivatives.

Step 2: Consider the trial solution of Eq. (2.3) as

O
=>4 : 2.4
u($) 2 ,(S(é)j (2.4)

with real constants 4,(i =0,1,....,n) and unknown function S(&).

Step 3: By balancing the derivative of highest order and nonlinear terms in Eq. (2.3), we can
find the value of n in Eq. (2.4).

Step 4: From Eq. (2.4) and Eq. (2.3), we get a polynomial of (S'(£)/S(£)) and its derivatives
and (S(¢))”, (i=0,1,2,---,n), and then equating the coefficients of (S(¢))”, (i=0,12,---,n)
equal to zero. This produces gives an algebraic system which can be solved to obtain

A,@@=0,12,---,n), S(&). Then we can find the solution of the Eq. (2.1).



Chapter Two wumes | raveling wave solutions by the MSE scheme

Remark: In comparison the MSE scheme with the simple equation scheme [50], it is seen
that simple equation scheme depend upon an auxiliary equation (Riccati equation) but MSE
scheme is independent and can perform directly without help of any auxiliary equation. On
the other hand, simple equation gives results which are special case of modified equation

scheme.

2. 3. Illustrative Examples
Here, we include two examples to make clear the suitability of the MSE scheme to solve
nonlinear models declared above.
2.3.1. Example-1: Traveling wave solution of Cahn-Allen Model
Let us consider nonlinear model given as

u, =u_—u" +u. (2.5)
For m =3, Eq. (2.5) suits to Cahn-Allen model [54, 55, 60]. This model occurs in various
scientific areas including biophysics, quantum physics and plasmas. To solve this model, we
use transformation & = kx + wt, for wave amount & and wave velocity w. Taking help of this
transformation, Eq. (2.5) converts to an ordinary differential equation

wu' —k*u"+u’ —u=0. (2.6)
Balancing u® with u” we receive the unknown order of solution as n =1. Hence the trial

solution Eq. (2.4) takes the form as

_ S'($)
u(E) = A, + 4, 6 2.7)

Now, we can compute the terms:

e S©(S©Y
=45 A‘(S(r:)]’ (2-8)
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u"(&) = 4, 5:? ©)_ 34,50 "(S?S ©, 24, (MI : (2.9)
3] S°($) S($)

Putting Eq. (2.7)-Eq. (2.9) in the Eq. (2.6) and equating coefficients of same powers of f; ((5)) ,

we gain:

Coefficient of (S(&))” A —4,=0, (2.10)

Coefficient of (S(&))" 1 —k>4,8"(E) +342A4,8'(E) + wA,S"(E) - 4,S'(E) =0, (2.11)

Coefficient of (S(£))” : = wA, (S'(&)) +3k>4,5'(£)S" (&) +34,42(S"(&)) =0, (2.12)

Coefficient of (S(&))~ : 4,(42 —2k*)(S"(&))’ =0. (2.13)

From Eq. (2.10), we achieve 4,=0, 1, -1 and from Eq. (2.13) we can receive the values

A, #0 and thus 4, = ++/2k and

S"  3k*(3A4, —1)+w(w—34,4,)

= 2.14

S" k*(w—34,4,) @14
Integrating we have

2(34; -1 —34,A4
SII :Cl eXp(3k (3 02 )+W(W 3 0 1)5). (2.15)
k(w—34,4,)
2 2 2 _
From Eq. (2.12), we also get, S’ = 3ok ex k"G4, —D)+wlw=34,4)) £). (2.16)

w34 P k2 (w—34,4,)
Integrating Eq. (2.16) one time, we have

3c,k*

g 3k (3A; — 1)+ w(w—34,4,)
3k (BA; — 1)+ w(w—34,4,)

k*(w—34,4,)

exp( E)+c,. (2.17)

Using Egs. (2.16) and (2.17), we attain to the solution
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3k*(34; 1)+ w(w—34,4,)

u=A4,+

3¢, Ak’
X

exp(

w—34,4,

kz(w—3A0A1)

3k*(3A; —1)+w(w—34,4,)

3¢k
3k*(34; —1) + w(w—34,4,)

where & =k(x*

5

with w =

exp(

[

Case-I: Forthe set 4, =0, 4, = +/2k , we get

N 3x/501k3 y

exp(

w? =3
kZ

)

w)

S)

u=x
w

where & = k(x+—t) with w=+

NG

3k*

If we choose ¢, =—;

w” =3k

w? =3k

=t
\/Ewk

where & =k(x*

f

If we choose ¢, =——;
w

w? = 3k?

Uu=+—
\/_wk

3ktc ) .
—12 , then we arrive to the solution

3c,k*

2

wo —

3k2)

w? = 3k*

¢

2 2
1+ tanh wZor
2wk

—1t) with w=1=

2
2

where & = k(x i%t) .

exp(

—k

NG

3k*?

W 2

—k

NG

3k?
wk?

kZ

w)

)}

o)l

&)+,

kz(w—3A0A1)

—Fk . Here ¢, and c, are arbitrary constants.

2

-, then we arrive to the solution

(2.18)

(2.19)

(2.20)

(2.21)

10
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Since ¢, and c, are free parameters, for various selections of ¢, and ¢, it provides abundant

novel exact solutions of the Cahn-Allen model. The achieved solutions from Eq. (2.20) and

Eq. (2.21) are depicted graphically in Fig-2.1 and Fig-2. 2.

Fig-2.1: Kink wave of the solution Eq. (2.20)  Fig-2.2: Single-kink soliton solution of the
with £ =1. Eq. (2.21) with k£ =1.

Case-1I: For the set 4, ==%1, 4 = +/2k , we get

6k +w(w—3+2k))

exp( <)
w=+1+ 2e k' x K (w=332k) (2.22)
T w32k 3¢ k* 6k + w(w—32k)) ’ '
2 exp(” §+e,
6k + w(w—332k) I (w—=3+/2k)
for & =k(x=* iz‘) with w= iik . Here ¢, and c, are arbitrary parametric values.
72 72
3k‘c, : .
If we choose ¢, = , then we attain to the solution as
6k + w(w—32k)
2 _ 2 -
i1t 216k + w(w—3+/2k)} Lt tant| 8F7 WOy 342k)) Al 2.23)
ke(w—3+2k) k2 (w—3+/2k)

11
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where & =k(x+—¢) with w= +—k

7 72

3k‘c,
k> +w(w—3+2k)

If we choose ¢, = — , then we attain to the solution as

(2.24)

216k + w(w—3v2, 26)} |, 6k +w(w—3/2k))
— 1+ h
. k(w—32k) an k% (w—32k) i

where & =k(x+—¢) with w= +—k

7 72

Since ¢, and c, are free parameters, for different selections of ¢, and c, it provides abundant
novel exact solutions of the Cahn-Allen model. The achieved solutions from Eq. (2.23) and
Eq. (2.24) are similar in diagrams Fig-2.1 and Fig-2.2 respectively. So, we exclude these
equations for convenience.

Again with commercial software, we can also get various solutions of the Cahn-Allen model

(solving from Egs. (2.11) and (2.12)).
For the set of solution 4, =0, 4, = +2k ,weget S(&)=a+ bexp(icf/\/zk).

Thus arrive to the solution

b

w(x,t) =+ with & = k(x+3¢/42). (2.25)

2k 2k

If we consider a/b =exp(2c), then Eq. (2.25) reduces to well known solution

u(x,t)= i%{l + tanh(i %x + %t + CJ} : (2.26)

Fortheset 4, =1, 4, = +\2k , we get S(&)=a +bexp(4_r§/\/§k).

a{cosh i ¥ sinh ‘f} +b

Hence arrive to the solution

12
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b )
w(x,t) =1- : : with & = klx+3¢/42). (2.27)
ascosh—=+sinh—=-;+b
{ 2k ﬁk}

If we consider a/b =exp(2c), then Eq. (2.27) reduces to well known solution

u(x,t)= %{1 + tanh(i %x + %t + c)} (2.28)

Fortheset 4,=-1, 4, = +2k , we get S(&)=a +bexp(¢§/\/§k) .
Hence we attain to the solution

b

a{cosh \ék F sinh \/G;k} +b

w(x,f) = —1— with fzk(x$3t/\/§) (2.29)

If we consider a/b =exp(2c), then Eq. (2.26) reduces to well known solution

u(x,t)= —%{1 + tanh(i %x + %t + CJ} . (2.30)

Since a and b are free parameters, for different selections of @ and b it provides abundant
novel exact solutions of the Cahn-Allen model. Choosing a/b =exp(2c) we get special
type solution like Eq. (2.28) and Eq. (2.30), but for other choose @ and b in different way we
can get dissimilar type of solutions. Thus Eq. (2.28) and Eq. (2.30) are particular type of our
solutions. Graphs of the solutions Eq. (2.25), Eq. (2.27) and Eq. (2.29) represent kink type
wave propagation (like Fig-2.1) for same positive/negative values of the arbitrary constants

¢, and c,. But to get single soliton like wave propagation (like Fig-2.2) from the same

solution, we have to pick opposite values of arbitrary constants ¢, and c,.

13
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2.3.2. Example 2: A diffusive predator-prey model

In the predator-prey model including any type of natural disaster, the cycle can be reflected as
a flow that may be periodic or remain unchanged like soliton and may be considered as a
nonlinear wave phenomenon allied to a large amount of significance in modern biophysics.
Here, we deliberate a model of two combined nonlinear models relating the spatio-temporal

kinetics of a predator-prey model [61]

{u,=um-—ﬂu+(l+lﬂu2—u3—*ﬂ’ (2.31)

v, =v_ +kuv—myv— o6’
with positive constants &, 0, m and /. Research has been done from several angles to find a
solution to the predator-prey model [61, 62]. For further convenience, to visualize the kinetics
of the dispersive predator-prey model have expected the relations as m=/ and

k+1/6 =B +1.

Hence the Eq. (2.31) converted to

u, =u_ — Pu+(k+1/Sw? —u® —uv
v, =v_ +kuv— pv -6’ (2.32)

Analogously, we bring in the variable 7=x-wf, and make the transformation

u(x,t)=u(n), to convert Eq. (2.32) as the following form:

{“”+Cu'—ﬂu+(k+1/ﬁ)u2 —u’ —uv=0 (2.33)

Vit ey +kuv— fr—6v’ =0
for ¢#0.

To solve the Eq. (2.33), consider the relation v=u/ V& to convert the system to a single

equation and we finally attain,

14
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u"+cu' — Pu+kut —u’=0. (2.34)

Balancing #° and " in Eq. (2.34), yields m+2=3m > m=1. So Eq. (2.34) has the

following solution

u(n)=a, +a, ?2—(77)) and a, #0, (2.35)

where a, and a, are constants and need to be determined. Inserting Eq. (2.35) in Eq. (2.34)
and equating the coefficient of same powers of (Q(?]))ﬁi, i=0,1,..,3 and setting each of them
is identical to zero; we have an algebraic system as below

ka; - pa,—a; =0,

wa,Q"(n) - (Ba, +3asa, —2ka,a,)Q'(n) +a,Q"(n)=0,

-3a,(Q'(M)Q"(7) - (wa, —ka} +3a,al N Q'(7))" =0,

(24, - 4 Q') =0.
From first and last equation of the above algebraic system, we get three types of solutions
a,=0,a,=%J2 and a, =%(k +k*=4p), a,=+J2 and aq, =%(k—1/k2 ~45),
a, = +4/2.
Casel: When we consider a, =0 and a, = +/2..

Set-1: For the solution a,=0 and a, =2, we get other parametric values

V2

4

w=

1
Lowd3
(k+3:Jk> —48) and Q) =c, +c,e

Using these parametric values in Eq. (35), we can find the solution of the Eq. (32) as follows

15
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ue V2 cz(w_ﬁk), (2.36)
3 ¢, +c,(cosh$+sinh9)

where n:x—g(kiwkz —4)t and 9:%(w—\/§k)77.

Set-2: For the solution a,=0 and g, =2 , we get remaining parametric values

1
Ly
we —g(ki&/kz “48) and Q) = ¢, +cye

Using these parametric values in Eq. (2.35), we can find the solution of the Eq. (2.32) as

follows

W2 cz(wﬂ@c), , (2.37)
3 ¢, +¢,(cosh & +sinh9)

where 7 = x+g(ki 3.Jk> —48)t and 9= %(w+x/§k)77 .
Case-2: When we consider q, :%(k+w/k2 —4p) and a, = +4/2.

Set-1: For the solution g, :%(k+\/k2 —-4p) and a, = V2 , We get remaining parametric

V2
X2 2wk+34 k2 -48)
values w = —%k,g(k ~3Jk> —4) and Q@) =c, +c,e © !

Using these parametric values in Eq. (2.35), we can find the solution of the Eq. (2.32) as

follows

__(k 45)- 1o,(N2w+k+3k* -4 p. 238)

- 3 ¢, +c¢,(cosh3+sinh 9) "’
where 7 :x—g(k—?n/kz —48)t or n :x+%kt and 8=%(ﬁw+k+3w1k2 —48)7.

16
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Set-2: For the solution a, = %(k +4k*—4p) and a, = -2 , We get remaining parametric

N V2
V. N2 S ow—k— 2_ B
alues W—L Ek,—Tz(k—Mkz —4p) and Q(n7) =c¢, +c,e o V2 3‘/ﬁ)”_

Using these parametric values in Eq. (2.35), we can find the solution of the Eq. (2.32) as

follows

_(k 45)+ 1e,(N2w—k =3k’ -4p ) 239)

3 ¢, +¢,(cosh9+sinh )

where n:x+g(k—3w/k2 —48)t or nzx—%kt and 3=g(ﬁw—k—3w1k2 —48)n .

Case-3: When we consider a, = %(k —Jk*—4p) and a, = +4/2.

Set-1: For the solution q, =%(k—1/k2 —4p) and a, = V2, we get remaining parametric

V2
S (2wtk=31 k-4 3)
values w= —%k,g(k+31/k2 “48) and Q) =c, +c,e 6 "

Using these parametric values in Eq. (2.35), we can find the solution of the Eq. (2.32) as

follows

_(k " 45)- 1o,(N2w+k =3k’ —4p ) (2.40)

3 ¢, +c¢,(cosh9+sinh 9) ~

where 7 :x—g(lﬁtwkz —40)t or :x+%kt and Szg(ﬁwwk—wkz —-40)n.

Set-2: For the solution a, = %(k —Jk*-4B) and a, = 2 , we get remaining parametric

2
X2 (V2w-k+3y k-4 p8)
values w=%k,—g(k+3w/k2 —4B) and Q) =c, +c,e © "

17
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Using these parametric values in Eq. (2.35), we can find the solution of the Eq. (2.32) as

follows

_(k C45)+ 1e,(V2w—k+3k* 48 ) 241)

3 ¢, +c,(cosh9+sinhJ) ~

where n:x+g(k+3w/k2 —48)t or nzx—%kt and 3=g(ﬁw—k+3\1k2 —48)7.

If we plot Eq. (2.36) with particular choose of the constants such that k> —44 >0, then we
achieved progress of spaces as kink type that is population density is stable and lies between
two asymptotic state . =0 to u =0.85 with ¢, =c, =w= =1, k=2 (see Fig 2.3(a)). But if
we set the constants such that k> —4/3 <0, then most of the times population are stable
except some times and periodic (see Fig 2.3(b) with ¢, =c, =w= =1, k=1). On the other
hand when ¢, or c,negative, then density of species unstable and increases unexpectedly (see
Fig 2.3(c) with ¢, =-1,c, =w= =1, k=2). Fig 2.3(d): perspective view of Eq. (2.37) for
¢ =c,=w= [ =1,k=1. The other solution gives the same type of situation with similar

conditions on the parametric values. So we avoid the similar figures again.

18
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Fig-2.3(b) Kinky-periodic lump wave
view of Eq. (2.36) for ¢, =¢c, =w=f=
I, k=1.

Fig-2.3(a) Kink wave view of Eq. (2.36) for
ag=c,=w=p0=1 k=2.

Real u
D_‘

Fig-2.3(c) Singular-kink soliton view of Fig-2.3(d) Kinky-periodic lump wave
Eq. (2.36) for ¢, =-lLc,=w=L=1, view of Eq. (2.37) for ¢, =¢c, =w=f=
k=2. L, k=1.

19
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2.4. Comparison

Here, we compare our solutions with the solutions of other researchers obtained by some
renowned schemes as exp-function scheme, first integral scheme and Bernoulli sub-equation
function scheme. The details are included as follows:

a) Comparison with Exp-function scheme Ref. [54]: Ugurlu [54] obtained some
solutions of the Cahn-Allen model via exp-function scheme in which solutions u,, u, are

identical with our solution Eq. (2.25) when b =1, a =5, and the other solutions are different
with their solutions (For more see the Ref. [53]).

b) Comparison with first integral scheme Ref. [55]: Tascan and Bekir [55]
obtained some solutions of the Cahn-Allen model via first integral scheme in which solutions
Eq. (2.20) are identical with our solutions Eq. (2.25) (when in our study a=>b=1,
k=-1/+/2 and in their study ¢, =0) and u,, u, are identical with our solutions Eq. (2.25)
when b =1, a =5, and the other solutions are different with their solutions.

¢) Comparison with the Bernoulli sub-equation function scheme Ref. [60]: Bulut

et. al. [60] derived six solutions of Cahn-Allen model and all of these are special case of our
solutions. When we put k =—/2/3, ¢, =a,, 2¢k>* =E; k=-2/3, ¢, =22d, 2¢,k* = E
and k& =—\/E/3, c, =3\/§d, 2¢,k* = E in our solution (Case-I i.e., Eq. (2.19)) reduces to

solutions u, , u, and ug of Ref. [60] respectively. Similarly, we see that the solutions u,,

u,, u, are special case of our solution (Case-II i.e., Eq. (2.22)). Our results have more free

parameters which can be converted to diverse types of dynamical behavior for diverse choices

of free parameters.

20



Chapter Two wumes | raveling wave solutions by the MSE scheme

In contrast, by employing the MSE scheme in this manuscript we have achieved four

solutions with simple calculations.

2.5. Conclusions

In this chapter, the MSE scheme has been effectively employed for finding the exact solutions
and dynamics of the Cahn-Allen model and the dispersive predator-prey model. We presented
abundant new exact explicit solutions of the exponential form of both Cahn-Allen and
diffusive predator-prey models with some free parametric values. We derived particular
solutions from the general exponential function such as stable kink soliton and kinky-periodic
rogue wave solutions; unstable singular kink wave solutions of both models. We also derive
particular solutions from the explicit solutions selecting some definite values of the free
parametric values. Lastly, the variety and graphic representations of the composition make the
models dynamic. Stable and unstable situations are explained in detail from the analysis of the
profiles. By comparing the MSE scheme with different schemes, we can claim that the MSE
scheme is frank, simple, proficient, and can be applied in numerous nonlinear models. In

existing schemes, for example, the (G'/ G) -expansion scheme, the exp-function scheme and

the tanh-function scheme, it is essential to employ suggestive calculation software like
Mathematica or Maple to solve the intricate algebraic equation. No auxiliary equations are

needed to solve non-linear models by using the MSE scheme.
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Chapter Three
Optical soliton polarization with LPD model by unified approach

Acknowledgement

In this chapter [1], we present the unified method and use it to integrate the Lakshmanan-
Porsezian-Daniel (LPD) model to retrieve optical solitons in birefringent fibers. We first
derive ordinary differential form of the model from its partial differential form via a variable
transformation. Then the unified approach is carried out through computer on the model, by
Maple-18 software. As outcomes, many new dynamical optical solitons in term of combo -
trigonometric, -hyperbolic and -rational function solutions are added in the literature. The
derived optical solitons solution exhibits some dynamics as beat phenomena, oscillating
rhythm, oscillation together increasing and decreasing rhythm, and oscillation jointly
increasing and decreasing rhythm even achieved a soliton solution which can changes its
amplitude after a certain times. Besides this, various dynamical properties of the obtained

solutions are presented graphically.

3.1. Introduction

Optical solitons are one of the rising research fields for the development of the
telecommunication industry. We cannot imagine the operating of optical fiber, email, internet,
mobile phones and many other communications except the idea of a solitary wave [12-15]. A
renowned model which is familiar as the LPD model was primarily presented in 1988 [16].
Then, this model was extensively employed in various solitary wave propagation including,
fiber optics. This model can describe the dynamical behavior of soliton transmission into

optical fibers and photonic-crystal fiber. To express soliton solutions LPD model has been
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studied by applying various reliable and effective integration algorithms such as Ricati
equation scheme [63], exp(—¢@(£))-expansion scheme [64], trial equation scheme [65] and
many more [66-69].

The main purpose of this chapter is to optical solutions that clarify the physical structures as
beat phenomena, oscillating rhythm, oscillation together increasing and decreasing rhythm,
and oscillation jointly increasing and decreasing rhythm of the governing model by using a
new scheme called unified method [70]. The details are demonstrated in the succeeding

sections of this chapter.

3.2. Governing model

The dimensionless of LPD model with Kerr law nonlinearity has the follows form [66, 67]:

2 o«
tpu.u +qu,

XXXX

2 2
u+ r|u| u,

iu, +au_ +bu , + c|u|2u =ou

+Autu +s|u|4u. (3.1)

The Eq. (3.1), the parameters a, b,c, o and s signifies group velocity dispersion, spatio—

temporal dispersion, coefficient of Kerr law nonlinearity, coefficient of fourth order

dispersion and two—photon absorption correspondingly. Solitons are possible taking delicate
balance of dispersion with nonlinear terms.

For birefringent fibers, the model can be divided into two parts of vector representation.

Avoiding the properties of 4WM, the above model reduces to [64-65]:
iut + aluxx + bluxt + (Cl |1/l|2 + dl |V|2)I/l = Gluxxxx + (pluxz + Qvaz )u*

2 2 2 2 2 2 *
+(rl +S1 )u+(/11|u| +91|V| )uxx +(Zlu +771V )uxx

ux vx

+ (il + P+ M e (3.2)
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. 2 2 2 25 %
lut + aZVxx + bZth + (CZ |V| + d2 |1/l| )V = GZVxxxx + (pzvx + q2ux )V

2 2 2 2
+(r, +5, )V+M’2|V| +92|u| W +(szz +772u2)vxx*

vX ux
+(f2|v|4 Jr¢2|u|2|v|2 +32|u|4)v. (3.3)
In Egs. (3.2), (3.3), ¢,, f; for j=1, 2 represent the self-phase and d,, ¢,, 9, with j =1, 2

stand for the cross-phase modulation effects, respectively.

3.3. Mathematical analysis
Consider the following transformation of this coupled system

u(x,t) = H,(&)exp(ie), (3.4)

v(x,t)=H,({)exp(ip). (3.5)
where H, and H, are the soliton amplitude components and

L =x—at (3.6)
is the traveling wave variable with the soliton speed @ . The phase component ¢ is as below

Q=—kx+wt+e. (3.7)
with frequency k&, wave number w and phase shift ¢. Inserting Eq. (3.4) and Eq. (3.5) into
Eq. (3.2) and Eq. (3.3) and sorting out the real and imaginary parts. The real part is

(w+a,k* =bjw+k*c H, —(c, +k*(p, —r, + A, + x, DH,’

+LH, =, kg, =, 0, + O )H (H) +¢,H,' (H,)*

+39,H,(H) +(p, +r,)H, (H,) +(q, +s,)H,(H.")’

—(a, -b,@ +6k’c )H,"+(A, + x,)H,’H,"+(n, +60,)H *H,"+o ,H," =0, (3.8)
and the imaginary part is

(@ +2a,k —b,(@k +w)+4k’c H ' 2k(p, + A, — x)H, H,'

+2k(n, —0,)H,"(H.)* - 2q,kH ,H_H_'-4ko ,H " =0 (3.9)
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with n=1,2 and n=3-n. By the balancing principle, we can write

H-=H,. (3.10)
From Eq. (3.8) and Eq. (3.10), we can rewrite

(w+a,k® —bkw+k'c ) H,—(c,+d, +k*(h, +R)HH,’ +J,H,’

+L,H,(H,) -(a,-b,@+6k’c)H,"+R,H H, +o,H, " =0, (3.11)
where J, =f, +¢,+9,, h,=p,+q,-1,=5,, L, =p,+q,+1, +s,,

R =n+6 +1 +yx,. (3.12)
From Eq. (3.9) and Eq. (3.10) we can rewrite

(@ +2a,k—b (ak+w)+4k’c )H '2k(p, +q, -1, +60,+1)H H,

—4ko H,” =0. (3.13)
Thus, the third expression of Eq. (3.13) gives o, =0. Hence the solutions of the couple

system Eq. (3.2) and Eq. (3.3), will be presented for the fourth order dispersion omitted. The
other functions of Eq.(13), yield the following relation
77n+Zn:pn+Qn+9n+/ln’ (3'14)

and therefore the soliton speed is

@ = M, (3.15)
1-b,k
for b, # % Comparing the values of the soliton velocity Eq. (3.15) gives
(-=5,k)(b,w—2a,k) =(1-b,k)(byjw—2a,k). (3.16)
Therefore the Eq. (3.11) can be written as
(w+a,k’ —bkw)H, —(c, +d, +k’(h, +R WH,' +J H
+L,H,(H,) —(a,-ba)H,"+R,H H,"=0. (3.17)
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3.4. Application of unified method to LPD model

Assume trial solution of Eq. (3.17) is
N
H,()=214"8&) +B" S, (3.18)
i=0

where 4,", A" and B for i=12,...,N are real constants and S(¢&) satisfies Riccati
equation:

S(&)=S*()+1. (3.19)
Eq. (3.19) has nine solution categories according to three cases:

Case-01: Hyperbolic functions (when / < 0):

\/—iCz +D? |_l —C\/—_lcosh(2\/—_l(§+E))

Csinh(2d=1(¢ +E))+ D

=+ DY - =T coshpV=T(¢ + )
S(0)- Csinh(2v=1(¢ + E))+ D ’ (3.20)
ST 2Cy-1 ’
C +cosh(2v/=1(¢ + E))-sinh(2v/=1(¢ + E))
N 20y-1
C+ cosh(2x/—_l(§ + E))— Sinh(2\/—_l(§ + E))

2

Case-02: Trigonometric functions (when /> 0):

JcT =D - eI cosvi(c + E))

Csin(2VI(¢ +E))+ D

- Jc* =D - eI cosi(c + E))
S(¢)= Csinl2Vi(¢ + E))+ D ’ 321
i+ —2iCA1
C+ cos(2\/7(§ + E))— isin(2\/7(§ + E))’
2iC1
C +cos(2VI(¢ +E))+isin2v=1(¢ +E))

where C # 0 and D, E are real arbitrary constant.

—il+
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Case-03: Rational function solution (when / =0)

1
S(¢)= i E (3.22)

To identify value of N in Eq. (3.18), balancing anHn” with Hn5 yields N =1. Eq.(3.18)

takes the form
H,()=4,""+4"S()+B"S()". (3.23)

Then putting Eq. (3.23) along with Eq. (3.20) into Eq. (3.18) and after some calculations, we

pose the following sets of solutions

set1: 4, =0,4" =M ,B"™ =0,
w=(k’J ab —kA’L’b —2kI*L R b +2klJ ab —k*J a,

n-—-n-n n-n-n n-—n-n

+I°L°+20°L R +2LJ a)/(J, (k* > +2Ib° —2kb +1)),
¢, =—(k*h L b*+2k*h Rb*>+k*L Rb>+2k*R*b*+2k*h Lb°

+4k*h R b > —2k*IL°b > —4k*IL R b > —2k’h L b —4kh R b,
—2k°L R b —4Kk°R b +k*L b’d +2k*Rb’d —20°L°b°

—8I’L Rb>—8I°R’b > +4kIL *b +12kIL R b +8kIR b

n n-n n n-n

+2IL b, d +4IR b, d+khL +2th +k*’L R +2kR

n n

—2kL bd, —4kRbd —2IL>—6IL R —4IR’-2Ja, +Ld,

+ 2Rndn)/(k Lnbn +2k* Rnbn + 2anan + 4anbn —2kL b,
—4kR b, + L +2R),

Set2: 4, =0,4" =0,B" =M,
w=(k’J ab —kA’L’°b —2kI*L Rb +2klJ ab —k’J a,

I’Z

+I°L°+2I°L R +2LJ,a,)/(J,(k*b,* +2Ib > —2kb_ +1)),
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c,=—(k*h Lb*>+2k*h Rb’>+k*L Rb

n—n-n n n-n n n-n

+4k*Ih R b > —2k*IL °b > —4k*IL R b > —2k’h L b —4k>h R b

—2k’L R b —4k°R b +k*L b°d +2k*Rb*d —21°L°b°
—8I*°L Rb*>—8I*R’b > +4kIL b +12kIL R b +8kIR °b

+2IL b°d +4IRb°d +k’h L +2k*h R +k’L R +2k’R’
—2kLbd —4kRbd —2IL°>—6IL R —4R>-2J a +Ld,

+2R d /(KL b > +2k*Rb > +2ILb°+4IRb*>—2kL b
—4kR b, + L +2R),
set3: 4, =0,4" =M B =M I,
w=—(8M I’kJ L°b +16M °I’kJ L R b, —6M lkJ ab,

n—n n-n

—k*J Lab —2k’J R ab +8kI’L’b +32kI’L°R b,

n—n-n-n n-n-n-n

+32kI*L R*b —8M *I*J L*>—16M °I*J L R

n-—n n

—2klJ L .ab,—4klJ Rab —6M °lJ *a, +k*J La

n n-—-n-n n—nn

+2k*J Ra, —8I°L°—321°L R —32I°L R*>-2lJ L a,

—41J Ra )/(J, (6J,b°M1+k*Lb°+2k*Rb>+2ILDb°
+4IR b° —2kL b —4kR b + L +2R)),

>4 2k*R°b > +2k*h L b °

n-—n-n
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c, =—(6k’h J b M —6kJLb M l+12kJLle

n-nn n—n-n

+12kJ R b M *1+2k*lh L b * +4k*lh R b * —4k* anRnbn
+12kIL R b —6J L M *1—6J R M *1—2aJ, +2k*R°
—2IL*—4IR*+Ld +2Rd —241*L°b*+2k*R b’
—4k°R b —80I°R°b * + k*h L +2k*h R +k’L R

—6IL R, —88I°)L Rb’>+k*n Lb>+2k*hRb>+k*L Rb’
—2k*L’b° —2kh L b —4k’h R b —2k’L Rb +k*L b °d
+2k’R b *d +4kIL b +8kIR °b +2IL b’d +4IR b °d
—2kL b d, —4kR b d —81°J L b M*—241°J Rb*M *

+6J.b°d M °1)/(6J b M 1+k’Lb>+2k*R b +2ILb°
+4IR b > —2kL b —4kR b +L +2R)),

i\/—Jn(Ln +2R)) |
J

n

for an

Using Eq. (3.20), Eq. (3.21), Eq. (3.22) and Eq. (3.4), Eq. (3.5), with the help of the solution

set-1, we obtain the following eighteen exact solutions of Eq. (3.2) and Eq. (3.3)

v e[ E DY — V=T cosh(2V=1(¢ +E))
AR Csinh(2V=1(¢ + E))+ D

e J-(c+ D) - V=T cosh(2V=1(¢ + E))
AR Csinh(2v/=1(¢ + E))+ D

S —J-(C+ DY - =T cosh2V=1(¢ + E))

C51nh(2\/_4”+E +D

)
v, (x,t)=M _W—C\/_lcosh(%/_l §+E)
1,21 =M, Cslnh(2\/_ §+E))+D

x expli(—kx+wt +¢)],

X exp[i(— kx +wt + g)],

x expli(—kx+wt +¢)]

X exp[i(— kx +wt + g)],
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u,5(x,1) :Ml[\/__l+
vis(x,0)=M,
U 4(x,0)=M| -
Vi (x,t)=M,
u s(x,t)=M,
vis(x,0)=M,
uo(x,t)=M,
Vie(x,0)=M,
u,(x,0)=M,

Vi (x,0)=M,

u(x,0)=M,
Vig (x,0)=M,

U (x,t)=M,

C)
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20V-1
C +cosh(2v=1(¢ + E))-sinh(2v/=1(¢ + E))

Jx expli(— ke we+ 2]

2041 .
Vel C+ cosh(Z\/—_l(é’ + E))— sinh(Z\/—_l(é’ + E))] § exp[l(— o 8)1
20V-1 .
—I+ o cosh(z\/—_l(g“ N E))— sinh(2\/—_l(g” " E)) X exp[z(— kx +wt + 8)],
2041 .
-l C+ cosh(Z\/—_l(§ + E))— sinh(Z\/—_l(é' + E)) <expli-he o)

W;ﬁfi‘z%ﬂ”) coxpiCkc s 2)]
m - ff iOES(jﬁ 20 | BN TR
e o LU
A s bt

R o e o M G
R o e e A GRS
Rk cos(2VI(¢ + 1251)():;/17 sin(2v-1(¢ + E ))j ol kel
R o 17 ?ﬁfsin(zm; ; m)]x expli=he i)
; i EJ x expli(— v+ wt + )],
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Vio(X,1) :Mz(é/iij exp[i(—kx+wt+5)],

J-J,(L, +2R)
J

n

+2klJ ab, —k*J a, +1°L>+21°L R, +2LJ a,)/(J, (kb +2Ib

n-—n-n

—2kb, +1)).

and w=(k’J a b, —kA’L b, —2kI’L R b,

where M,, ==

Using Eq. (3.20), Eq. (3.21), Eq. (3.22) and Eq. (3.4), Eq. (3.5), with the help of the solution
set-2, we obtain the following eighteen exact solutions of Eq. (3.2) and Eq. (3.3)

M,

””WFUTWYcﬂcosh(N_l(?*E))J

Csinh(2v=1(¢ +E))}+ D

x expli(— ko + we + &)},

M,
O s DY - -l coshled1(¢ )
Csinh(Z\/—_l@ + E))+ D
Ml

Uy, (x,t)= [HCZ_'_—DZy C\/__]cosh(2\/—_l(§ +E))J

Csinh(2v=1(¢ +E))+ D

x expli(— ko +wt +¢)),

x expli(— ko + wt +¢)]

M
2,2 ’t =
vy, (x,0) _m_cﬁcosh(zx/—_l(é”%))
Csinh(2V=1(¢ + E)}+ D
M,

2c4-1
Atk C+ cosh(Z\/—_l(g + E))_ sinh(2\/—_l(§ i E))J

x expli(—kx+wt + &)

u,;(x,1) = X exp[i(— kx +wt + 6‘)],

M,

2CV-1
Aaths C+ cosh(Z\/—_l@ + E))_ sinh(Z\/—_l(g i E))J

X exp[i(— kx +wt + 6‘)],
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= Ml x explil—kx+wt+¢
u2,4(X,f)(_\/__l+ ZC\/—_I ] p[( kx t )]9
C+ cosh(Z\/—_l(cf + E))— sinh(2\/—_l(é' + E))
- Mt x explil—kx+wt +¢&
V2,4(X,f)[_\/__l+ Ve J p[( kx + wt )]’
C+cosh(2\/—_l(é'+E))— sinh(Z\/—_l(é'+E))
- M, x explil—kx+wt+¢&
R O e B P A = R A
Csin(2VI(¢ +E))+ D
v, (x,1) = M, X exp[i(—kx+ Wl‘+6‘)],
| Je=p?Y - cicos2Vi(¢ + E))
Csin(2VI(¢ +E))+ D
U, (x,1) = Ml X exp[i(—kx+wt+8)],
’ =D} - Vi cosl2Ni(¢ + E))
Csin(2VI(¢ +E))+ D
v, (x,1) = M, x exp[i(—kx+ wt + g)],
’ ~Jlc*=p*) —C\/;cos(Z\/?(§+E))
Csin(2VI(¢ +E))+ D
Ml x explil—kx+wt+¢&
u,,(x,1)= i il j p[( fox +wt )],
C+cos(2Vi(¢ + E))-isin[2Vi(¢ + E))
Ml x explil—kx+wt +¢&
vy, (X,0) = . —oicl j p[( box +wt )]:
C +cos(2VI(¢ +E))-isin(2i(¢ + E))
Ml x explil—kx+wt+¢
4 (x,1) = N -~ J pli(=hoc+wi + &)
C+cos(2VI(¢ + E))+isin2v=1(¢ + E))
Myl x explil—kx+wt+¢
v (x,0) = (_ o -~ J pli(= ko +wi + &)}
C+cosl2Vi(¢ + E))+isin(2v=1(¢ +E))
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Uy o(x,1) =

Vyo(X,1) =

C+E
M,l

+E

C)

e 0

x expli(— ko +wt + &),

| x expli(—kx +wr +¢))]

J-J.(L,+2R,)

where Mn ==

J

n

tical soliton polarization with LPD model by unified approach

and w=(k’J a b —kA*L’°b —2kI’L R b,

+2klJ a b —k*J a +1*L>+2°L R +21J.a )/(J,(k*b > +2Ib °

n-—n-n

—2kb, +1)).

Using Eq. (3.20), Eq. (3.21), Eq. (3.22) and Eq. (3.4), Eq. (3.5), with the help of the solution

set-3, we obtain the following sixteen exact solutions of Eq. (3.2) and Eq. (3.3)

Us (x,1) =

V3,1(xst) =

us,(x,1) =

+

+

!
:

Csinh(2V=1(¢ + E))+ D
M,

J-(c*+ D) - V=T cosh(2V=1(¢ + E))
Csmh(Z\/_ §+E))+D

J=(C+ D) - V=T cosh{2v= 1 4“+E))j

Hm - Cx/—_lcosh(Z\/—_l(é’ + E))J

|

Csmh(2\/_ g + E))+ D
M,

%
!

x expli(—kx+wt +¢)]

x expli(—kx+ wt + &)

\/m —C-1 cosh(2\/—_l(§ + E))J

Csinh(2v/=1(¢ +E))+ D
—Hm— C\/—_lcosh(2\/—_l(§ + E))
Csinh(2v=1(¢ + E))+ D

M1

|

x expli(—kx+ wt + )]

|

—J-(C*+ D) - =T coshl2V=1(¢ + E))
Csinh(2v/=1(£ +E))+ D
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vy, (x,0) =

us5(x,1) =

v (x,1) =

Us 4 (x,1) =

vy 4 (X,0) =

uy 5 (x,t) =

C)

= Optical soliton polarization with LPD model by unified approach

y [ﬂmcﬂcosh(2x/_l(§+E))J

Csinh(2V=1(¢ +E)}+ D

N M,I X exp[i(— kx +wt + g)],
—wl—iCz +D? i —Cx/—_lcosh(2x/—_l(§+E))
Csinh(2v=1(¢ + E))+ D
2041
My (\/__Z " C+ cosh(Z\/—_l(g + E))— sinh(Z\/—_l(g + E))J
. M.l X exp[i(— kx + wt + 8)],
20V-1
[ﬁ " Ctcosh(2V1(¢ + E))—sinn(2v=1(¢ + E))J
201
M [\/__l ’ C+ cosh(2\/—_l(4’ + E))— sinh(Z\/—_l(f + E))J
N M,I X exp[i(—kx+wt+g)],
20-1
(\/__l " Ctcosh(V_1(¢ + E))-sinhv—1(¢ + E))J
20V-1
Ml[_ A C +cosh(2V=1(¢ + E))-sinh(2v/=1(¢ + E))
N M, X exp[i(—kx+wt+g)],
2041
K_ Jol C+ cosh(Z\/—_l(C + E))— sinh(Z\/—_l(Cf + E))J
20V-1
Mz[_ Vot C +cosh(2V=1(¢ + E))-sinh(2v/=1(¢ + E))J
N M,l x expli(— ko +wt + &)},
2041
K_ -1 C+ cosh(Z\/—_l(g + E))— sinh(Z\/—_l(g + E))j
v Jc>-p*) —C\/?cos(Zﬁ(§+E))
1 Csin(2\/7(§ + E))+ D
. M\l X exp[i(— kx + wt + 6‘)],
Jc* =D - cVicosl2Vi(¢ + E))
Csin(2VI(¢ +E))+ D
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I, W—Cﬁcos(2ﬁ(§+E))
’ Csin2I(¢ +E))+ D
vis(G0) =] M,l x expli(—kx +wt +¢)]
Je* =Dy -l cosloi(¢ + E))
Csin[2VI(¢ +E))+D
Y, —W—Cﬁcos(2ﬁ(§+E))
1 Csin(2VI(¢ +E))+ D
Uy 6(X,1) = N Ml x expli(—kx+wt +&)|
—m— Cﬁcos(%ﬁ(( + E))
Csin(2\/7(§ + E))+ D
M —m- C\ﬁcos(2\/7(§ + E))
’ Csin(2\/?(§ + E))+ D
Vs (x,1) = N M,l x expli(—kx+ wt +¢))|
—m— Cﬁcos(%ﬁ(( +E))
Csin(2VI(¢ +E))+D
: —2iCI
Ml(lﬁ " C+ cos(2\/7(§ + E))— isin(2\/7(§ + E))j
Uy (X, 1) = N M, X exp[i(—kx+wt+g)],
(z\ﬁ - -2iCy1 j
C+ cos(2\/7(§ + E))— isin(2\/7(é’ + E))
. —2iCAl
Mz[l\ﬁ ' C+ cos(2\/7(4” + E))— isin(2\/7(é’ + E))J
Vi (6= M,I x expli(—kx +wt +¢)]
(z\ﬁ N —2iCI j
C+ cos(2\/?(§ + E))— isin(2\/7(§ + E))
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Ml[—i\/f+

usg(x,1) =

2iC1 ]

C+cos{2Vi(¢ + E))+isin[2v=1(¢ + E))

M,

+

(— iNI

2iCI J

Toq cos\2VI(¢ + E))+isin(2v/=1(¢ + E))

M{—i [+

Vig (x,0)= N

C+ cos(2\/7(§ + E))+ isin(2\/—_l(§ + E))

2iC1 ]

M,

[— i1

where M, and w are come from set 3.

’ C+ cos(2\/7(§ + E))+ isin(2«/—_l(§ + E))

2iCV1 J

roach

x expli(—kx + wt + )],

x expli(—kx +wt + &),

Fig-3.1: Outlook of rogue wave solution u,, for J, =1, L, =1, E=1, C=20, D =1,
I=-LR=La=1,b=1Lk=2&=0.

For the physical description, it is observed that the solutions wu,,, u,,, v,;, Vi,, Uy, U,,,

Vois Vaos Usy, Usyy Vig, Vi

provide interaction of soliton and periodic wave degenerate

rogue type breather optical soliton solutions. In particular, we depicted the graph of u,; in

Fig. 3.1(a, b).
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We also depicted 2d plots of the similar results by u,, in Fig 3.2(a, b, ¢). These

graphs have different behavior for different conditions on parameter ¢ as (a) represents
oscillation with exponentially increasing amplitudes for # <0, (b) represents oscillations with
exponentially decreasing amplitudes for ¢>1, and (c) represents oscillations with

exponentially decreasing amplitudes, then diminishes to zero and then again oscillations with
exponentially increasing amplitudes ¢ =1. The solutions u, 5, u,,, V5, Vig Uy;, Uyy, Vo3,
Vags Uys, Uy, V33, V34 displayed similar behavior as combo periodic optical solitons and it
has important properties to amplify or reduce amplitude of waves. This property is very much

significant in optical communication systems. Particularly, we depicted the solution u, ; only

in Fig. 3.3(a, b). It is shown that when @ = W > 0 amplitudes of wave reduces after
. . . . bw-2ak
a certain times with a certain height. But when & = W <0 the reverse phenomena

n

are causes as amplitudes of wave amplify after a certain time with a certain height.

The solutions w5, U4, Vis5, Vig» Vass Vogs Uss> Usgs V35, V3 €Xhibits double periodic
optical solution which is depicted by the solutions u, s, u, in Fig. 3.4 and Fig. 3.5

respectively. The figures have a rhythm of oscillations with sub-harmonic beat i.e. not

symmetric. The solutions w5, u;g, Vi, Vig, Uy, Uyg, Vog, Vog, Usq, Usg, Vigs Vig
exhibits double periodic optical solution which is depicted by the solutions u,, in Fig. 3.6.

The figures have a rhythm of oscillations with harmonic beat i.e. amplitudes are symmetric

with maximum amplitude.

37



Rajahabi University

Chapter Three Optical soliton polarization with LPD model by unified approach

The solutions w4, v,,, #,,, v,, give the interaction of rational polynomial and

periodic solitons, where polynomial function maintains it amplitude and exhibits periodic

waves with increasing and decreasing amplitudes as depicted in Fig 3.7(a, b) for u,, .
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Fig-3.2: Outlook of rogue type breather optical soliton solutions u,, for J; = LL=1E=2,
C=L,D=1,l=-1,R=La =2,b=1k=35&=0.
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Fig-3.3: Outlook of optical solitary wave solution u, ; at x = 0 for J, =1, L, =0.2, £ =1,
C=1,D=1,1=-1,R =42,a,=1,b=1k=2,&=1 (a) when R =4.2(b) when R, =5.6.
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Fig-3.6: Outlook of optical solitary wave solution u, , at t =0 for J, =1, L, =1, E=0, C =1.1,
D=351=L,R =La=1b=1k=25¢&=0.

40



Rajshai University

Optical soliton polarization with LPD model by unified approach

Chapter Three

Re(u)

~*-'VVVVVVVIVVV'VV
4 20

=]

Im(u)

-sVVV-;VUU-Uv D leMVVz‘o’VVm

s

i —

(b)
Fig-3.7: Outlook of rogue wave solution u,, at t =0 for J, =1, L, =1, E=0, C=1,
D=1,1=0,R =10,a,=1,b,=1,k=2,£=0.
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3.5. Conclusion

This chapter has been presented the unified method to integrate the LPD model to retrieve
optical solitons that can be used in birefringent fibers. We have derived optical solitons along
with some dynamics as beat phenomena, oscillating rhythm, oscillation together increasing
and decreasing rhythm, and oscillation jointly increasing and decreasing rhythm even
achieved a soliton solution which can changes its amplitude after a certain times depicted in
Figs-3.2-3.7. We also exhibits optical rogue wave in Fig-3.1. The results disclosed that the
unified method is more effective and power tools to obtain optical solitons for nonlinear
complex models which frequently arises in mathematical physics and engineering branches.
Future works concerning extension and progress of the unified method to gain more dynamic

structural solutions or applied in many models in diverse branches of engineering.
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Chapter Four

Solitary wave solutions for the time fractional gHSC-KdV model

Acknowledgement

In this chapter [5], the generalized Kudryshov method is applied to determine exact solitary
wave solutions for the time fractional generalized Hirota—Satsuma coupled KdV model. Here,
fractional derivative is illustrated in the conformable derivative. Therefore, plentiful exact
traveling wave solutions are achieved for this model, which encourage us to enlarge, a novel
technique to gain unsteady solutions of autonomous nonlinear evolution models those occurs
in physical and engineering branches. The obtained traveling wave solutions are expressed in
terms of the exponential and rational functions. It is effortless to widen that this method is
powerful and will be applied in further tasks to create advance exclusively innovative
solutions to other higher-order nonlinear conformable fractional differential model in

engineering problems.

4.1. Introduction

Nearby, great interest in fractional calculus applied in various fields such as electrical
networks, control theory of dynamics, statistics, electro-chemistry of oxidization, acoustics,
nonlinear optical fibre, plasma and solid state physics, chemical kinetics and geochemistry
phenomena, signal processing and data mining can be effectively formed by means of
nonlinear fractional order differential systems [17-20]. Modeling of a range of physical
phenomena in terms of nonlinear time fractional evolution equations has played a significant

factor in numerous efficient applications in the above mentioned fields.
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The time fractional generalized HSC KdV system is vital nonlinear model occurs in the Toda
lattice equation, a recognized (1+1) dimension soliton equation. This system can also be
utilized as the model of interaction of neighboring particles of the same mass in a lattice
formation with a crystal as well as illustrated basic characteristics of string dynamics in
constant curvature space [82-85].

The more general form of time fractional generalized HSC KdV system can be written as

follows [82, 83]:

Oh =lhmC +3hh, +3(w—v?),

ot* 4

v _ L 3, : 0O<ac<l. (4.1)
ot 2

a a = _lwxxx _3hwx

ot 2

Recently, searching exact solutions of the system Eq. (4.1) was found by renowned
researchers [84, 85]. Guo et. al. [84] applied the improved fractional sub-equation method to
construct analytical solutions to the space—time fractional equations arises in fluid mechanics.
The exact and complex traveling wave solutions to the time fractional generalized Hirota-
Satsuma coupled KdV system are deliberated by Neirameh [85] using the direct algebraic
method.

Considerable effort have been paid by many dynamical researchers to investigate exact
solutions for FDEs such as the impulsive fractional differential equations with different
boundary conditions [86-88], nonlinear impulsive hybrid boundary value problems involving
fractional differential equations [89], space-time fractional Burgers equation [90], time
fractional Burgers equation in fluid flow [91], the fractional coupled viscous Burgers’

equation [92], time-fractional KdV equations [93] and so on.

44



Chapter Four wames Solitary wave solutions for the time fractional gHSC-KdV model

The objective of this chapter is to apply the generalized Kudryashov method for finding the
exact solitary wave solutions of the time fractional generalized HSC KdV system, which take
part in a key task in mathematical physics.

This chapter is organized as follows: fundamental properties of conformable fractional
derivative are presented in section 4.2. The brief description of the generalized Kudryashov
methods is given in section 4.3. Then in section 4.4, this method has been applied to establish
exact solutions for the time fractional general HSC KdV system. The obtained results are
presented graphically and the relevant physical illustrations are provided in section 4.5.

Finally, concluding remarks are drawn in section 4.6.

4.2. Conformable fractional derivative and its properties

For a function ¢:(0,0) — R, the conformable fractional derivative of ¢ for order o 1is

defined [04] as 08 = 1M 4+ a™) ~¢(0)

,t>0and O<a<1.
ot* &—-0" g

Some important properties of the conformable fractional derivative are as follows:

= \v4 .
P (ap+byp)=a Y (P)+b Y (@), Va,beR
o t"y=pt"“, VB e R and - (1) =0, A =const.
ot” ot”
aa 1-a 41 '
e (Pop)(t) =19 (p(1))e'(1) .
4.3. The Method

Let us assume a general nonlinear evolution equation in x and ¢ as

N(hh b h,.)=0,xeR,t>0, (4.2)

TN T x0T Txx
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where the function 4 = h(x,t) is unknown and ¥ is a polynomial function with respect to

some functions or specified variables, which have nonlinear terms and highest order
derivatives of the unknown function. The key steps of the generalized Kudryashov method are
as [93, 95]:

Step 1: Consider the following traveling wave transformation

ct®

h(x,t) = H(S), ¢ =x—-—1,
(24

(4.3)

where c¢ is the velocity of the relative wave mode. By using the above transformation the
nonlinear partial differential equation Eq. (4.3) is reduced to a nonlinear ordinary differential
equation (ODE):

y(H,H' H".)=0, (4.4)

where the prime denotes the derivative of H with respect to ¢ and y is a polynomial of

H(S) .

Step 2: Let us assume that the solution of Eq. (4.4) has the following form:

za ¢'($)
H()="7—, (4.5)
2.b,4"()

Jj=0
where a; and b, are real constants, N and M are positive integers such that a,, b, #0

and ¢(¢) satisfies the following ordinary differential equation:

#'($)=¢"($)-¢(S). (4.6)
The general solution of Eq. (4.6) is of the following form:
1
WO = . @.7)

where A is any arbitrary constant.
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Step 3: Determine the positive integers N and M in Eq. (4.5) by balancing the highest order

derivative term with the nonlinear term of H({) in Eq. (4.2) or Eq. (4.4). Moreover, we

define the degree of H({) as D(H(S))= N —M , which gives rise to the degree of other

q q
CHy N _uqpur @
dg’? dg?

expression as D(

where p, g, s are integer numbers.

Thus, we can find the value of N and M in Eq. (4.5).

))=(N-M)p+s(N-M+q),

Step 4: Inserting Eq. (4.5) along with Eq. (4.6) into Eq. (4.4) and collect all terms with the

same powers of ¢ together. Setting each coefficients of this polynomial ¢ to zero, we obtain

a system of algebraic equations for a,, b, and c.

Step S: By inserting the values of parameters gained in previous step and #({) into the Eq.

(4.5), then the solutions of Eq. (4.2) can be constructed.

4.4. Applications
Consider the following traveling wave transformation:
1.
h(x,t) = -H ()

vix,t)y=—c+H() ,
w(x,t) =2¢> —2cH (&)

¢
where & =x——.t“.
a

Inserting Eq. (4.8) into Eq. (4.1) reduced into ordinary differential equations

c(H.)* +cHH . +3H" —4c’H* +6¢* +2c’R=0
and cH +2H? -2¢’H =0,

where R is an integration constant to be evaluated later.

(4.8)

(4.9)

(4.10)
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Case 1: By balancing the highest order derivative term HH .. with the nonlinear term
H* in Eq. (4.9) gives N=M +1.
Setting M =1, we have N = 2. Therefore Eq. (4.5) reduces to

a,+a,p+ a2¢2
b, +b,¢

H(&) = @.11)

Inserting Eq. (4.11) along with Eq. (4.6) into Eq. (4.9), we have a polynomial of ¢,
(k=0,1,2,...). Equating the coefficients of this polynomial of the same powers of ¢ to zero,
we obtain a system of equations yields the values for R, ¢, a,, q,, a,, b, and b, .

5 1 1 1 1 1
Set1: R = —i,c:—z,ao z—zbo,al :_Zbl +Eb0,a2 zzbl,bo,bl = const.

1 1
Set2: R =—%,c=—1,a0 =Ebl,a1 =-b,,a, =b,,b, =—§bl,b1 = const.

5 1 1
Set 3: R :—E,C:—l,ao z—zbl,al =b,,a, =-b,,b, :—Ebl,b1 = const.
5 1 1 1 1 1
Set4: R = —3—2,c=—Z,a0 =Zbo,a1 :Zbl —Ebo,a2 =—§bl,bo,b1 = const.

Set 5: R =—%,c =%,a0 =0,q, ziLbl,a2 =+Lbl,b0 =—%bl,bl = const.

V2 V2

For set 1, the time fractional generalized HSC KdV equations hold the solution as:

h(x,t):—l{l_Aeg}

4 |1+ Ae*
1
v(x, ) = ——— 4.12
(x-1) 2(1+ Ae®) (4-12)
1
w(x,t) =——
(x-2) 4(1+ Aef)

a

where §:x+t—.
4o
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For set 2, the time fractional generalized HSC KdV equations hold the solution as:

1+ A%
"0 = {M—f}
= 2 4.13
v(x,t) = I (4.13)
4
w(x,t) = e
ta
where & =x+—.
a
For set 3, the time fractional generalized HSC KdV equations hold the solution as:
1+ A%
e {T}
24%*
v(x,1) = —@ , (4.14)
44’
M= e
tO{
where £ =x+—.
a
For set 4, the time fractional generalized HSC KdV equations hold the solution as:
2
1[1-Ae*
h(x,t) =——
(%:1) 4 {1 + Ae* }
¢
oty =— ¢ (4.15)
2(1+ Ae®)
3
4(1+ Ae*)

o

where §:x+t—.
4o
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For set 5, the time fractional generalized HSC KdV equations hold the solution as:

2
+(1+ 4e°)F1

h(xat) = _4{W}

(- A2 Fi2N2(1+ def) £i2\2

v(x,t) = 2(1—A2e2§) , (4.16)
- A2 Fi2N2(1+ def) £i2V2
w(x,t) = 4205
tO{
where &=x—-——.
2a

Case 2: Balancing HH .. with H * in equation Eq. (4.10) gives N =M +1. Setting
M =1,weobtain N =2.
Therefore Eq. (4.5) reduces to

a, +a,p+ a2¢2
b, +b,¢

H(&) = 4.17)

Inserting Eq. (4.17) along with Eq. (4.5) into Eq. (4.10), we get a polynomial of ¢*,
(k =0,1,2,...). Equating the coefficients of this polynomial of the same powers of ¢ to zero,
we obtain a system of equations yields the values for c, a,, a,, a,, b, and b, .

1 1 1 1 1
Set 1: cz—Z,aO =—Zbo,a1 =—Zbl +Eb0,a2 =§b1’b0’bl = const.

Set2: c=-1,q, :%bl,a1 =-b,,a, =b,,b, z—%bl,bl = const.

Set3: c=-1,q, =—%bl,a1 =b,,a,=-b,,b, :—%bl,b1 = const.
1 1 1 1 1
Set 4: c:—Z,a0 :Zbo,a1 :Zbl —Ebo,a2 :—Ebl,bo,bl = const.

SetS: c= %,ao =0,a, = J_ri\/abo,a2 = iiﬁbo,bo = const.,b, = 2b, .
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From some simplification, we see that the set-1 to set-4 gives the same results as in case-1.

But only set-5 is different which gives solution as

2
+(1+ 4e°)F1
h(x,t)=—-4{— "2 77~
(o) {—1+A2e2f }
g2 2§+. EN T o+
v(x,t)zl A%e* +i24/2(1+ Ae )+12\/E’ “.18)

2(-1+ A%e™)
1+ A% Fi2(1+ 4ef) £in2

want) = 21+ A%e¥)

where & :x—t—.
2a

4.5. Graphical representations

Ten set of results are achieved in this chapter. All of the results are analyzed and some of
them depicted in the Figs. 4.1, 4.2. The graphs signify the change of amplitude, shape of wave
and nature of the solitary waves for each acquired wave solutions in space x at time t. The

solution A(x,t) of Eq. (4.12) represents bright bell solitary wave (Fig-4.1(a)) for the physical
parameters 4 = 0.5, @ = 0.67 . The solution both v(x,7) and w(x,t) of Eq. (4.12) represents
similar kink solitary wave. Fig-4.1(b) expressed the shape of the kink wave v(x,7) of Eq.

(4.12) for the physical parameters 4 = 0.5, « = 0.67 .

The solutions A(x,t) of Eq. (4.15) represent bright bell solitary wave solutions and all of
them are similar like to the graph Fig-4.1(a) of A(x,f)in Eq. (4.12). We also see that the
solutions v(x,?), w(x,.t) of Eq. (4.15) represent kink solitary wave solutions and all of them
are similar like to the graph Fig-4.1(b) of A(x,?)in Eq. (4.12). So we omit the similar type of

figures.
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(a) (b)
Fig-4.1: (a) Represent bright bell solitary wave solution /(x,¢) of Eq. (4.12), and (b) Represent kink

solitary wave solution v(x,¢) of Eq. (4.12) for the physical parametric values 4 = 0.5, o = 0.67 .

(b)
Fig-4.2: (a) Represent dark bell solitary wave solution /(x,t) of Eq. (4.13), and (b) Represent kink

solitary wave solution v(x,¢) of Eq. (4.13) for the physical parametric values 4 =0.5, « =0.5.

The solution #A(x,t) of Eq. (8.13) represents dark solitary wave (see Fig-4.2(a)) for the
physical parameters 4 =0.5, « =0.5 in space x at time t. The solution both v(x,7) and
w(x,t) of Eq. (4.13) represents similar singular kink solitary wave. Fig-4.2(b) expressed the
shape of the singular kink solitary wave v(x,7) of Eq. (4.13) for the physical parameters
A=0.5 & =0.5. The solutions A(x,t) of Eq. (4.14), Eq. (4.16) and Eq. (4.18) represent dark

bell solitary wave solutions and all of them are similar to the graph Fig-4.2(a) of A(x,?) in
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Eq. (4.13). We also see that the solutions v(x,?), w(x,.t) of Eq. (4.14) and complex part of
v(x,t), w(x,t) of Eq. (4.16) and v(x,?), w(x,.t) of Eq. (4.18) represent singular kink solitary
wave solutions and all of them are similar like to the graph Fig-4.2(b) of A(x,¢) in Eq. (4.13).
So we omit the similar type of figures. Real part of v(x,¢), w(x,t) in Eq. (4.16) and Eq.

(4.18) gives constant solution that represent in x¢ -plane.
4.6. Conclusions

In this chapter, we have successfully used a mathematical apparatus named the generalized
Kudryashov method for creating exact solitary wave solutions to the time fractional
generalized Hirota-Satsuma coupled KdV system. The achieved solitary wave solutions are
expressed in terms of the exponential and rational functions. The acquired results will serve as
a very important milestone in the study of interaction of neighboring particles of the same
mass in a lattice formation with a crystal and long water wave phenomena. We also have
demonstrated that the generalized Kudryashov method is an effective solvable tool for large

classes of system of conformable nonlinear fractional differential equations.
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Chapter Five
Interaction solutions of the (2+1)-D BBS and BBMB models

Acknowledgement

In this chapter [6, 7], the (2+1)-dimensional Bogoyavlenskii’s breaking soliton (BBS) and
Benjamin-Bona-Mahony-Burgers (BBMB) models are considered and reduced to bilinear
form by using the Hirota bilinear approach. We analytically construct lump waves and
collision of lump with periodic waves. We also present collision between lump wave and
single-, double-kink soliton solutions, and the collision among lump, periodic and single-,
double-kink soliton solutions of the BBS and BBMB models. In addition, we explain the
fission properties of the lump and periodic waves, lump, periodic and single soliton, and
lump, periodic and two solitons. Finally, we graphically present the nature of the collision

solutions of both models in 3D and contour plots.

5.1. Introduction

The soliton theory, which is one of the three sections of nonlinear science, is broadly used in
various areas of physical science such as fluid mechanics, nonlinear optics, mathematical
biology, ecology, chemical kinetics, plasma waves and others [1-21]. Various reliable and
effective approaches have been suggested to address the solitary waves such as the (G'/G)-
expansion method [38], the generalized Kudryashov method [39], the Hirota bilinear method
[40], the tan-cot method [42], the tanh-coth method [43], the direct algebraic method [44], the
Darboux transformation method [45] etc. Recently the combination of quadratic functions
with the exponential or trigonometric or hyperbolic functions to explain the nature of the

collision of kink, lump, rogue and periodic waves for produce kinky-lump, kinky-rogue,

54



Chapter Five = [Nteraction solutions of the (2+1)-D BBS and BBMB models

periodic-lump wave, periodic-rogue waves and kinky-periodic-rogue wave for the NLEEs
[71-78]. Based on the motivation of the above study we consider the (2+1)-dimensional BBS
[79] and BBMB [80] models for the study of new dynamic phenomena and the physical
behavior of different collisions among lump, periodic and soliton solutions. Such structure

solutions of two models are analyzed by applying the Hirota bilinear method.

5.2. The bilinear formation of the BBS model

Consider the (2+1)-dimensional BBS model is as follows [79]
¢xxxy + 4¢y¢xx + 4¢x¢xy + ¢xt = 0 2 (5 1)

where ¢ is the function of spatial variables x, y and time variable ¢.

Consider the conversion relation as below
3
¢ =5(lnt//)x (5.2)

with real function w(x, y,t) to be determined.

Inserting the relation Eq. (5.2), in Eq. (5.1), then we can write
(Iny) ., +6(ny),, (ny) ., +6(Iny)  (ny), +ny),, =0. (53)

Integrating the equation Eq. (5.3) with respect to x, then we have

(Iny),, +(ny) ., +6(ny)  .(Iny)  =0. (5.4)
By considering the linear terms of Eq. (5.4), we have

(ny),, +(ny) .., =0. (5.5)
By using the bilinear operator D, the Eq. (5.5) can be written as

(D,D,+D,D’)f.f =0, (5.6)
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when the D-operator [71] is defined by

(D,"D,"D,")f.g —(—1—%) (a_yl_a_) (E—g) Lf G v158)-8(x5, 35,58, -

Thus Eq. (5.5) reduces to

YW WV W Wy =Wy TV oy — VoV, =0. (5.7)
Clearly if w satisfies Eq. (5.1), then ¢ =%(ln w), directly generates the solutions of the
governing model Eq. (5.1).

5.3. Lump wave solution of BBS model

To obtain the lump wave solutions of the BBS model, consider an ansatz of the following

form
g//=(p1x+p2y+p3t)2 +(91x+%y+%t)2 +1, (5.8)
where p,, P,,P5.9,,9,,9; and [ are free parameters. Setting Eq. (5.8) in Eq. (5.7), we have

an algebraic system in p,, p,, P;,4,.9,,9; and /. By solving this system via Maple 18, we

have p; =¢q, =0, p, = p,, P> =49 .4, =4,-4> =45, =1, then the Eq. (5.8) can be
D
written as
_ 449,
w=(px— » T2 ) H(gx+q,p) L (5.9)
1
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Fig-5.1: Profiles of the lump solution ¢ Eq. (5.1) for p, =¢q, =¢q, =1=1.
By combining Eq. (5.9) and Eq. (5.7) and putting p, =q, =¢q, =/ =1, we have the
solution of Eq. (5.1) as depicted in figure Fig-1. Due to guarantee ¢ is localized in every

direction, / have to be considered as a positive constant. In this case, the optimum amplitude

of the solution ¢ is occurred at the points (£ /%,O) with the amplitudes
P t4,

3 /p12+%2 and 3 /p12+%2.
2 [ 2 /

5.4. Collision among lumps, periodic waves, and soliton solutions

5.4.1. Collision between lumps and periodic waves: To study the collision scenarios
between lump and periodic waves, consider a function constructed by double quadratic form

and a sinusoidal function

V= (a1x+a2y+a3t)2 +(ﬂ1x+ﬂ2y+ﬂ3t)2 +l+Acos(y\x+y,y+y;t), (5.10)
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where a,,a,,0;,B,,5,,55,7,,7,-75,] and A are free parameters. Inserting Eq. (5.10) in Eq.

(5.7), we have an algebraic system in ,,,,a;,B,,,,5.71,72,7;,l and 1. By solving this
system via Maple 18, we get the following results:

Casel: o, =a,=0,=0,=0,=r,=0,A=Aa =a,b, =5y, =y, =1.

Case2: a, =a,,a, = —’B:fz oy =By =y, =y, =0,A=4,8 =B, =5,

1

vy =rl=1.
For case 1, the Eq. (5.10) can be written as

v =(a,x)* +(Bx)" +1+ Acos(y,x). (5.11)
For case 2, the Eq. (5.10) can be written as

bb,

1

y=(ax- V) +(Bix+ Boy)’ +1+Acos(y,y). (5.12)

Using Eq. (5.11) and Eq. (5.7) and selecting «, = 5, = 7, =1 =1, we have the solution of Eq.
(5.1) (see Fig-5.2). Fig-5.2 exhibits as a single kinky-lump wave for 4 =1 (see Fig-5.2(a))
but it is going to split into double kinky-lump waves even large number of kinky-lump waves
due to fission of wave for the increase of 4 (see the Fig-5.2(b-d)) gradually. Beside this, by
choosing a, = f, = 5, =y, =/ =1 and setting Eq. (5.12) in Eq. (5.7), we have the solution of
Eq. (5.1) (see Fig-5.3). The solution in case-2 exhibits as a single lump wave for 4 =1 (see
Fig-5.3(a)) but it is going to split into double lump waves due to fission of lump wave for the
increase of 4 (see the Fig-5.3(b-d)) gradually. The energy distribution is symmetric over all

the periodic lump waves while it travels (see Fig-5.3).
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(a) 1=1 (b)y A=10 (c) A=80 (d) 4=50000
Fig-5.2: Profiles of the kinky-lump wave degenerate into periodic kinky-lump wave gradually via
solution ¢ of Eq. (5.1) for o, = B, =y, =1 =1.

X -10

’ ¥y ’ y ¥ v
(a) 1=1 (b) 1=8 (c) A=16 (d) A=17
Fig-5.3: Profiles of collision solution ¢ of Eq. (5.1)for o, =, =, =y, =1 =1.

5.4.2. Collision between a lump and a single-kink soliton: To construct the collision of

lump wave and a single kink soliton, we consider a function constructed by double quadratic
form and an exponential function

w=(a,x+a,y+ast)’ +(Bx+B,y+Bit) +1+ dexp(m,x+m,y+mit), (5.13)
where a,,a,,a;, B, By, Py.m,,m,,m;,l and A are real free constants. Setting Eq. (5.13) into

the Eq. (5.7), we have an algebraic system in «,,a,,a;, B, 5,, B5,m,,m,,m,,l and 1.By

b\p,

a,

solving these equations via Maple 18, we get o, = a,,a, =— ,ay, =, =m, =m; =0,

B =p,6, =p,,m, =m,,l =1,4 =1, then the Eq. (5.13) can be written as
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_ ﬂl ﬂZ 2 2 l /1 14
4 —(a1x_a—)’) +(Bx+ B,y)” +1+ Aexp(m,x). (5.14)

1
Using Eq. (5.14) and Eq. (5.7) and selecting a, = 5, = 5, =m, =l =1,4 =10, we have the
solution of Eq. (5.1) (see Fig-5.4).The Fig-5.4 exhibits the dynamic processes of collision
between lump waves with a single kink wave solution. We observe that the lump wave is
downed and consumed by the kink compare with single lump wave Fig-5.1 and flow pattern

being congested from one side.

20

T

Fig-5.4: Profiles of collision lump solution ¢ of Eq. (5.1) for o, = p, = p, =m, =1 =1,4=10.
4.3. Collision between a lump and a double kink soliton: To make the collision of
lump wave and a two-kink soliton, we assume a function constructed by double quadratic

form and a cosine hyperbolic function
v =(a,x+a,y+ast) +(Bx+B,y+ fit) +1+Acosh(d,x+ 3,y + 5,1), (5.15)
where a,,a,,a;,5,,5,,0,9,,0,,0,,l and A are free parameters. Setting Eq. (5.15) in

Eq.(5.7), we have a system of algebraic equations in «,,a,,a;,0,,5,,5,9,,0,,0;,/ and 1.
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By solving these equations via Maple 18, we obtain ¢, = «,,a, =— £p, ,ay = f3, =0, =6,
a,

=0,A=4 B, =p,,5,=p,,0, =0,,l =1, then the Eq. (5.15) can be written as

v =(a,x——"2x)" +(Bx+ B,y) +1+ Acosh(5,y). (5.16)

bp,
al

By combining Eq. (5.16) and Eq. (5.7) and setting o, =4, =, =0,=1=1,A=10 and

inserting, we have the solution of Eq. (5.1) (see Fig-5.5). The Fig-5.5 exhibits the dynamic

processes of collision between lump waves with two kink waves. We observe that the lump

wave is downed and consumed by the kink waves compare with lump wave (see Fig-5.1 and

Fig-5.4) and flow pattern being congested from two sides.

Fig-5.5: Profiles of collision lump solution ¢ of Eq. (5.1) for o, = f, =, =96, =1 =14 =10.
5.4.4. Collision among lump, periodic and a single kink wave: To achieve the collision
among a lump wave, a periodic and a single kink solution of Eq. (5.1), we assume a function
constructed by double quadratic form, a cosine and an exponential function
w=(a,x+a,y+at) +(Bx+p,y+pit) +1
+ A, cos(yx+y,y+y5t)+ A, exp(mx+m,y +m,), (5.17)
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where a,,0,,05,8,,5,, 85,7172, V3., My, my, [, A, and A, are real free constants. Setting
Eq. (5.17) in Eq. (5.7), we have a system of algebraic equations in «,,a,,a;, B, 5,,5;,

VisV2s V3>, my,ms, [ A and A,. By solving these equations via Maple 18, we have ¢, = ¢,

By =P, azz_ﬂ;ﬂza a=p=y=y;=m=my=0, =4, L=4, a,=a,, =5,

1

¥, =¥,,m, =m,,l =1, then the Eq. (5.17) can be written as

v = @=L ) (B )’ 14 2, costra) + A explm ). (5.18)

iy Pt B U B

@ 4, =15
Fig-5.6: Profiles of collision solution ¢ of Eq.(5.1)for ¢, =, =, =y, =m, =1=1,4, =2.

0 A, =17
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Using Eq. (5.18) and Eq. (5.7) and putting ¢, =, =6, =y, =m, =1=1,4, =2, we
achieve the solution of Eq. (5.1) (see Fig-5.6). The Fig-5.6 exhibits the dynamic processes of
collision among lump waves with single kink and periodic wave solution. We observe that the
lump wave is downed and consumed by the kink wave compare with lump wave (see Fig-5.1
and Fig-5.4) and flow pattern being congested from one sides. Besides this, effect of periodic

function makes the fission phenomena. The solution (see Fig-5.6) exhibits as a single lump
wave for 4, =1 (see Fig-5.6(a)) but it is going to split into double lump waves with 4, =15
(see the Fig-5.6(b, c¢) and Fig-5.6(e, 1)). In fact, it is shown that one lump of them goes to
diminish and another one still unchanged for A, =17 or more increasing values.

5.4.5. Collision among lump, periodic and a double kink soliton: To construct the
collision among a lump wave, a periodic and a two-kink soliton, we assume a function

constructed by double quadratic form, a cosine and cosine hyperbolic functions
w=(ax+a,y+ast) +(Bx+By+ fit) +1
+ A, cos(y,x+y,y+y3t)+ A, cosh(d,x + 5,y + 5,¢), (5.19)
where a,,0,,0;, 8,8, B5,71,72:73:0,,0,,05,1,4, and A, are free parameters. Setting Eq.

(5.19) into the Eq. (5.7), we have an algebraic system in «,,c,,0;,5,,5,,B5:71572+73»

Pb,

a,

0,,0,,0,,1,A4, and A,. By solving this system via Maple 18, we have o, =a,,a, =—

a;=P=y=y;=0,=0,=04 =4, 4, =48 =50, =B, 7, =7,,6, =6,,[ =1, then
the Eq. (5.19) can be written as

v = (@D (Bt By 414 A cos(ray) + A, cosh(S,y) (5.20)

a,
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(d) 4, =20 (H 4, =32
Fig-5.7: Profiles of collision solution ¢ of Eq. (5.1)for o, =B, =, =y, =0, =l=11, =2.

By using Eq. (5.20) and Eq. (5.7) and putting o, =3, =, =y, =0, =l =1,4, =2, then we
acquire the solution of Eq. (5.1) (see Fig-5.7). The Fig-5.7 exhibits the dynamic processes of
collision among lump waves with double kink and a periodic wave solution. We observe that
the lump wave is downed and consumed by the kink compare with lump wave (see Fig-5.1
and Fig-5.4) and flow pattern being congested from two sides. Besides this, effect of periodic
function makes the fission phenomena. The solution Fig-5.7 exhibits as a single lump for
A, =1 (see Fig-5.7(a)), but it is going to split into double lump with the increase of A, (see

the Fig-5.7(b-f)) gradually.
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5.5. The bilinear structure of the BBMB model

Consider the (2+1) -dimensional BBMB model is as follows [80]

¢ +0..—3(¢n), =00, =1, (5.21)
where ¢ and 7 are the function of spatial variables x, y and time variable 7.
We can rewrite the Eq. (5.21) as

b+ —3bn+on)=0,0,=1,. (5.22)
Consider the conversion relation

¢=-2(In7)  and 7=-2(In7), (5.23)
with real function 7(x, y,) to be determined.

Through the relation Eq. (5.23), the Eq. (5.22) can be converted to

-2(In7),, -2(In7) ., —12(In7)  .(In7)  —12(In7) (n7) , =0,

-2(In7),,, =-2(In7) . (5.24)
Integrating first equation of Eq. (5.24) with respect to x, yields

(In7), +(n7) . —12(In7) .(n7)  =0. (5.25)
Now considering the linear terms, we have

(Inz), +(n7),, =0. (5.26)
Eq. (5.26) can be converted to the bilinear operator D as follows

(D,D,+D,’D))f.f =0, (5.27)
while the D-operator [71] is defined by

(D,"D,"D,")f.g = (— (e - L ) g Gyt

x, ox, oy, 0Oy, ot ot
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Thus Eq. (5.26) reduces to

tt, -7,7,+3r,7, 3,7, +or,, —7,7,=0. (5.28)

It is clear that if 7 satisfies Eq. (5.22), then ¢=-2(In7),, and 7=-2(In7)  directly

generates the solutions of the governing Eq. (5.21).
5.6. Lump wave solution of BBMB model

We now assume the following quadratic function

r=(ax+a,y+ast) +(Bx+B,y+pit) +1, (5.29)
where a,,a,,a;, B, B,, P, and [ are free parameters. Setting Eq. (5.29) in the Eq. (5.28), we
have a set of algebraic equations in «,,a,,a;, S, 3,, #; and [. By solving these equations via
Maple 18, we have a, =a, = =,=0,a,=a,,5,=p,,/ =1, then the Eq. (5.29) can be
written as

r=(a,x)’ +(B,y)" +1. (5.30)
Choosing «a, = f, =/ =1 and setting Eq. (5.30) in the Eq. (5.28), we obtain the figure Fig-8
for the solution of Eq. (5.21). Due to guarantee ¢,  are localized in every direction, / have

to be considered as a positive constant. In this case, the optimum amplitude of the solution ¢

is occurred at the points (0,0), (+ l/2 ,t 1/2) with the amplitudes O, al—'Bz, al—ﬂz,
a B I
_%Tﬂz, —alT’Bz. For the potential function 7, the optimum amplitudes are occurred at the
4 2 2 2
points (0,0), (J_r@,O) with the amplitudes — % ) A and &
a, / 21 2]
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X
(b)
Fig-5.8: Profiles of the lump solution ¢ and 77 of Eq. (5.21) for ¢, = 5, =1 =1.

5.7. Collision among lumps, periodic waves, and soliton solutions

5.7.1. Collision of lump and periodic waves: Due to produce collision of lump and
periodic waves, we assume a function constructed by double quadratic form and a sinusoidal

function

r=(ax+a,y+ast) +(Bx+py+Pit) +1+Acos(y,x+y,y+7t), (5.31)
where a,,a,,0;,8,,5,,55,71,72,73,] and A are free parameters. Setting Eq. (5.31) into the
Eq. (5.28), we have a system of algebraic equations in «,,a,,a;,B,,5,,5;.71,V2.75.l and
A. By solving these equations via Maple 18, we get the following results:

Casel: o, =, =8, =06,=y,=r,=0,A=4a,=a, =6,y =y, =I.

_Bbs

a,

Case2: o, =

A==y =1,=0,1=4a,=a,,B =p,5 =5,

V2 =72l=1.
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For case 1, the Eq. (5.31) can be written as
r=(a,x)* +(Bx) +1+Acos(y,y). (5.32)

For case 2, the Eq. (5.31) can be written as

(BB
(24

2

x+052y)2 + (,le+,82y)2 +[+ Acos(y,y). (5.33)

(b)
Fig-5.9: Profiles of the periodic lump wave solution ¢ and 77 of Eq. (5.21) for a, =, =y, =[=1.

Choosing a, = B, =y, =1 =1 and setting Eq. (5.32) in Eq. (5,28), we have the figures
Fig-5.9 for the solution of Eq. (5.21). By choosing a, = 5, = 5, =y, =/ =1 and setting Eq.
(5.33) in Eq. (5.28), we have the figures Fig-5.10 for the solution of Eq. (5.21). The energy
distribution is symmetric over all the periodic lump waves while it travels (see Fig-5.9).
Beside this, the solution in case-2 exhibits as a single lump wave for A =1(see Fig-5.10(a,
d)) but it is going to split into double lump waves due to fission of lump wave for the increase

of A (see the Fig-5.10(b, ¢) and (e, f)) gradually.
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Y ¥y
(d A1=1 (e) A =8 H A=16
Fig-5.10: (a-c) Profiles of collision solution ¢ and (d-e), profiles of collision solution 77 of Eq. (5.21)

fora,=p=p=y,=1=1.

5.7.2. Collision of lump wave and a strip solution: Due to produce collision of lump

wave and a stripe soliton, we assume a function constructed by double quadratic form and an

exponential function
r=(ax+a,y+ast)’ +(Bx+ B,y + Bit)’ +1+ dexp(mx +m,y +mt), (5.34)
where a,,a,,a;, B, B, B, m,,m,,m;,l and A are real free constants. Setting Eq. (5.34) into

the Eq. (5.28), we have a system of algebraic equations in «,,a,,a;, 5, B,, b5, m,,m,,my,[

69



Chapter Five wwwes [Nteraction solutions of the (2+1)-D BBS and BBMB models

B\f

2

and 4. By solving these equations via Maple 18, we get a;, =— ,ay =y =m =m; =0,

A=Aa,=a,, B =05, =p,,m, =m,,l =1, then the Eq. (5.34) can be written as

r=(—%x+052y)2 +(Bx+ B,y) +1+ dexp(m,y). (5.35)

(b)
Fig-5.11: Profiles of collision lump solution ¢ and 7 of Eq. (5.21) for

a,=p=p =y, =m=1=,A=5.

Choosing a, =, =, =m, =1=1,A=5 and inserting Eq. (5.35) in Eq. (5.28), we
have the figures Fig-5.11 for the solution of Eq. (5.21). The Fig-5.11 exhibits the dynamic
processes of interaction between lump waves with a stripe solution. We observe that the lump
wave is downed and consumed by the stripe compare with single lump wave Fig-5.8 and flow

pattern being congested from one side.

5.7.3. Collision of lump wave and a double stripes solution: Due to produce collision
of lump wave and a double stripes soliton, we assume a function constructed by double

quadratic form and a cosine hyperbolic function
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r=(ax+a,y+ast) +(Bx+ f,y+ fit) +1+ Acosh(5,x+ 5,y + 5,1), (5.36)

where «,,a,,a;,0,,5,,05;,90,,0,,0;,] and A are free parameters. Setting Eq. (5.36) in the

Eq. (5.28), we have a system of algebraic equations in «,,a,,a;,8,,5,,5;,90,,0,,0;,/ and

A. By solving these equations via Maple 18, we obtain ¢, __Pb o, =B, =0,=6,=0,

a,

A=A a,=a,,p, =p,B, =5,,0, =0,,l =1, then the Eq. (5.36) can be written as

T= (—%x+a2y)2 +(Bx+ B,y)’ +1+ Acosh(S,y). (5.37)
[04

2

h% ® 5 da T
(a) (b)
Fig-5.12: Profiles of collision lump solution ¢and 77of Eq. (5.21) for &, = f, = f, =0, =1 =1.

Choosing a, = f, = 3, =96, =/ =1 and setting Eq. (5.37) in Eq. (5.28), we have the
figures Fig-5.12 for the solution of Eq. (5.21). The Fig-5.12 exhibits the dynamic processes
of collision between lump waves with two stripes solution. We observe that the lump wave is

downed and swallowed by the stripes compare with lump wave (see Fig-5.8 and Fig-5.11)

and flow pattern being congested from two sides.

5.7.4. Collision among lump, periodic and a stripe solution: Due to produce interaction
among a lump wave, a periodic and a stripe soliton, we assume a function constructed by

double quadratic form, a cosine and a exponential functions
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r=(ax+a,y+ost)’ +(Bx+Py+Bit) +1
+ A, cos(y, x+y,y+yt)+ A, exp(mx+m,y +my), (5.38)
where a,,0,,05, 8,5, By, 71572, V5. M, M, ,my, [, A, and A, are real free constants. Setting
Eq. (5.38) in the Eq. (5.28), we have a system of algebraic equations in «,,a,,a;, S, ,,

BssV 15 V2 V3omy,my,my 1, A and A,. By solving these equations via Maple 18, we have ¢, =

_Bh

a,

oA :ﬁ3 =V =Yy =m =y =0,ﬂ,1 :ﬂp/ﬂtz 2/12,&2 :azaﬂl :ﬁla 162 =:B2’72 =72

m, =m,,l =1, then the Eq. (3.18) can be written as

0= (PP sy (Bt Poy) +14 A cos(roy) + Ay exp(m,). (3.39)
a

2
Choosing a, =, =4, =y, =m, =1=1,4, =3 and inserting Eq. (5.39) in Eq. (5.28), we
have the figures Fig-5.13 for the solution of Eq. (5.21). The Fig-5.13 exhibits the dynamic
processes of collision among rogue waves with one stripe and periodic wave solution. We
observe that the lump wave is downed and consumed by the stripe compare with lump wave
(see Fig-5.8 and Fig-5.11) and flow pattern being congested from one sides. Besides this,

effect of periodic function makes the fission phenomena. The solution Fig-5.13 exhibits as a
single lump-stripe wave for A4, =1 (see Fig-5.13(a, d)) but it is going to split into double
lump-stripe waves with 4, =11 (see the Fig-5.13(b, ¢) and Fig-5.13(e, f)). In fact, it is shown
that one lump of them goes to diminish and another one still unchanged for A, =16 or more

increasing values.
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(b) 4, =11

J x -10 ¥y

d) 4, =1 (e) 4, =11 (H) 4, =16

Fig-5.13: (a-c) Profiles of collision solution ¢ and (d-e) Profiles of collision solution 77 0f Eq. (5.21)
fora, =6 =06,=y,=m,=1=1,4, =3.

5.7.5. Collision among lump, periodic and a double stripes solution: Due to produce
collision among a lump wave, a periodic and a double stripes soliton, we assume a function

constructed by double quadratic form, a cosine and cosine hyperbolic functions
r=(ax+a,y+ast) +(Bx+By+pit) +1
+ A, cos(y,x+y,y+y5t)+ A, cosh(o,x + 5,y + 05¢), (5.40)
where a,,0,,05, 5,5, 5.71:72:73-0,,0,,05,1,4, and A, are free parameters. Setting Eq.
(540) into the Eq. (5.28), we have a system of algebraic equations in

a0y 0L B By By V15 V25 V3.0150,,05,0, 4, and 4,. By solving these equations via Maple
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_Bb,

a,

18, we have a, = ay=p=y,=y,=0,=0,=0,4, =4,4, =4,,a, =a,, B, =,

B =p5,7,=7,,0,=0,,1=1,then the Eq. (5.40) can be written as

7= (—%x+ a,y) +(Bx+ B,y) +1+ 2 cos(y,y) + A, cosh(5,y) . (5.41)
a,

d) 4, =1 (e) 4, =10 ® 4, =20
Fig-5.14: (a-c) Profiles of collision solution ¢ and (d-e) Profiles of collision solution 77 of Eq. (5.21)
fora,=p=0p,=7,=0,=1=1,=1.

Choosing a, = f, =, =y, =0, =1 =1, =1 and setting Eq. (5.41) in Eq. (5.28), we
have the figures Fig-5.14 for the solution of Eq. (5.21). The Fig-5.14 exhibits the dynamic
processes of collision among lump waves with double stripes and a periodic wave solution.
We observe that the lump wave is downed and consumed by the stripe compare with lump

wave (see Fig-5.8 and Fig-5.11) and flow pattern being congested from two sides. Besides
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this, effect of periodic function makes the fission phenomena. The solution Fig-5.14 exhibits

as a single lump-stripe wave for A, =1 (see Fig-5.14(a, d)) but it is going to split into double
lump-stripe waves with the increase of A, (see the Fig-5.14(b, ¢) and Fig-5.14(e, f))

gradually.

5.8. Conclusion

The main result in this chapter is the procedure of obtaining the lump wave solutions and a
class of interactions among lump, periodic and the soliton solutions of the BBS and BBMB
models by using different ansatz functions. In particular, for the double quadratic polynomials
in the structure of the solution provide a lump wave solution that profiles are depicted in Fig-
5.1 and Fig-5.8. We explicitly present interactions between lump and periodic waves, lump
and single-, double-kink soliton solutions of the model. We also show how to interact lump
with periodic waves, and single-, double- kink solitons, and to produce dynamical various
structures such as periodic kinky-lump waves, periodic lump waves, lump-single, -double
kink solitions, periodic-single, -double kink solitons. All interaction solitons are depicted in
figures Fig-5.2 to Fig-5.7 and Fig-5.9 to Fig-5.14. It is observed that the results are much
interesting as they present the causes of fission properties of the lump waves, which are
presented in the figures Fig-5.3, Fig-5.6, Fig-7, Fig-5.10, Fig-5.13 and Fig-5.14. It is
included that the new dynamics may be enriched nonlinear behavior of the model and even

can be found to others nonlinear models.
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Chapter Six

Interaction solutions of the (3+1)-D STOL equation

Acknowledgement

In this chapter [3], we consider a (3+1)-dimensional Sharma—Tasso—Olver-like (STOL) model
describing dynamical propagation of nonlinear dispersive waves in inhomogeneous media.
Applying Hirota’s bilinear technique and a trial function, we explore nonlinear dynamical
properties of basic solutions to the STOL model. We find that the fission fusion pattern
occurs in the collision between the lump and kink waves, the collision between the lump and
periodic waves, and the collision among the lump, kink and periodic waves, which is a novel
fascinating collision pattern. We also observe that a large value of the coefficient in the
periodic function produces a hybrid lump wave by fission in the collision solution. To better
understand the dynamic properties of the obtained collision solutions, we plot a number of 3D
and contour diagrams by choosing suitable parametric values with the aid of the

computational software Maple 18.

6.1. Introduction

Nonlinear evolution equations (NLEEs) applicable not only the areas of mathematical
physics, but also other branches of nonlinear science for instance optics, plasma physics,
atmospheric, geochemistry and oceanic sciences etc. [1-21]. Complication of NLEES and
challenges in their analytical study has engrossed lots of effort from renowned scientists who
are involved with nonlinear dynamics. As a result, exploration of exact solutions of NLEEs is
a vital anxiety for dynamical researchers. There are diverse categories of exact solutions

mainly soliton, multi-soliton, rational, periodic, breather line, breather kinky, lump and rogue
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wave solutions through the generalized Kudryashov method [39], the Hirota bilinear method
[40], the tan-cot method [42], the tanh-coth method [43], the direct algebraic method [44], the
Darboux transformation method [45] etc. In mathematical physics, the interaction of lump
wave with other soliton/periodic wave is a kind of remarkable task in nonlinear sciences
which are localized both in position and time. Recently, combination of positive quadratic
polynomial functions with the exponential/trigonometric functions i.e. collision of kink, lump,
rogue and periodic waves produce kinky-lump, kinky-rogue, periodic-lump wave, periodic-
rogue waves and kinky-periodic rogue wave for the NLEEs and their nonlinear dynamics
concerned a lot of interest [71-78].

Motivated by the above works, we would like to derive novel higher order collision solutions

of the (3+1)-dimensional classical STOL equation [81]

u, +a[Ruu, +u’), +u

XXX

1+ b[(Zuuy + uxax_luy + uzax_luy ), + uxxy]

+c[Quu, +ud u, +u*d u)+u,_]=0 (6.1)

XXz

with real function u(x, y,z,t) and real constants a, b, ¢ . Here 8;1 indicate integral operator and

inverse of 0 .

In this chapter, our main goal is to construct more novel exact collision among lump, periodic and
kinky wave solutions that degenerate into periodic line breather waves, kinky periodic waves, double
kinky periodic waves, periodic lump waves, double kinky lump waves, kinky periodic lump waves,
hybrid lump waves and fission fusion properties of the Eq. (6.1).

6.2. Interaction solutions and dynamics of the solutions for STOL equation

Through the relation u = (In /') , the Eq. (6.1) can be expressed as the form

Y ceee + Ol oy + M e = S e =0 S oy = S e M =SS =0 (6.2)
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with real function f(x,y,z,¢) to be determine. When f satisfies Eq. (6.2), u=(Inf),
directly generates a solution of the main Eq. (6.1).

In order to evaluate f explicitly, we assume an ansatz of the following form

f=(m1>c+m2y+m32+m4t+m5)2 +(m6x+m7y+mgz+m9t+m10)2
+m,, +1,cos(m,x+m;y+m,z+mt+mg)

+ 1, cosh(m,x + my +m,z +m,t+m,,), (6.3)
where m,,m,,m,,....m,, [, and [, are real free constants, m,,,.....m,, are real/completely
imaginary constants. Inserting Eq. (6.3) to Eq. (6.2), collect every coefficients of x, y, z, t,
cos, sin, cosh, sinh together and setting each of these expression equal zero, we gain a system
of equations in m,,m,,m,,.....m,,, [, and /,. Solving this system of algebraic equations by
using Maple 18, we obtain the following four results,

Case 1:

[,=0,0,=0,m, =0,my =0, m, =m, (i =1,2,3,5,6,7,8,10,11,---,21). (6.4)
Inserting Eq. (6.4) into the Eq. (6.3), we obtain

f=mx+my+mz+mg)’ +(mx+m,y+mez+m,)’ +m,. (6.5)
Using the relation u = (In f) _, Eq. (6.5) offer the result

u, =[2(mx +m,y + myz+mg)m, +2(myx + m,y + mgz +m,,)my |/

[(mx +m,y+myz+mg) +(mx+m,y+mgz+m,) +m,]. (6.6)
The result Eq. (6.6) contains nine free arbitrary constants and exhibits lump wave with the
condition m,; >0 in the xy plane. The line soliton solution that is definitely dissimilar

starting a moving line soliton, arise very quickly and disappear in the constant background
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within tiny time but in the intermediate time it gives highest peak. It is well known that

u — 0 as the two quadratic functions tend to positive or negative infinity. It maximum

. . . m,m,, —msm m msm, —m,m
minimum amplitude occurs at the points (——*—="-"L+ |——H— — ¢ 1) when
mm, —mymg — \m> +m, mm,; —m,m

z=0. The Fig-6.1 represent stretch of the lump wave solution Eq. (6.6), consists of one deep

hole and one high crest for the particular values m, =2,m,=3,m, =2,ms=1,mg =5,
m, =1,mg =5, m,, =1,m,; =10, in the xy plane with ¢ =0,z = 0. The peak of the lump wave

2 4290 3 2 4290 3

locates at (——+——,——), the valley locates at (———-——,——) and maximum
13 29 13 13 29 13

290

and deep is equal distance i.e. — TR

amplitude is

Fig-6.1: Outlook of lump wave solution #, of the Eq. (6.6).
Case 2:

I, =0,m, =0,m, =0,m,, =—m,,"(am,, +bm,g +cm,)
l,=1,,m =m, (i=1235,6,7,810,1117,18,19,21), (6.7)
where a, b and c can take arbitrary values.
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Inserting Eq. (6.7) into the Eq. (6.3), we emerge to

f=mx+my+mz+m)’ +(mx+m,y+mgz+m,) +m,

+1, cosh{m,,x +m, v +m,z—m,’ (am,, +bm +cm)t+m,}. (6.8)
Using the relation u = (In /) , Eq. (6.8) provides the result

u, =[2(mx +m,y + myz+my)m, +2(mx +m,y + mgz + m,, )m,

+1,m, simh{m,x+my+myz— m”2 (am, +bm g +cm)t +m,, }]/

[(mx+m,y+mz+mg)* +(mx+m,y+mgz+my)" +m,,

+1, cosh{m,,x +my+myz—m," (am; +bm,g +cm,)t+m,,}]. (6.9)
In the solutions Eq. (6.9), we explore collision of the lump and a double kink waves through
demonstration of the Fig-6.2. It is seen that only a double kink waves is visible in Fig-6.2 (a)
at the time 7= —16 and a small wave initiate at the lower kink (see from contour plot of Fig-
6.2(a)) but in its propagation a lump wave come out at the time ¢ =—6 from the lower kink
(see Fig-6.2(b)). So, the fission phenomenon of lower kink is happened. As time goes, it
moves to the upper kink and then get highest amplitude at # =0 as well as lump reach in the
middle of the two kinks (see Fig-6.2(c)). Then the lump wave goes to the upper kink and
amplitude of lump decreases again as time increase (see Fig-6.2(d)) and finally diminished to
the upper kink at ¢=16(see Fig-6.2(e)). So, the fusion phenomenon of upper kink is

occurred. From the overall observation, we see the height of the double kink waves remain

same in the overall propagation before and after the collision.
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X »

(dzr=6 (e) t=16

Fig-6.2: Fission-fusion profiles of the lump wave get into a duel kinky waves for the solutions Eq.
(69)ywith [, =a=b=1,c=-1,m =3,m, =-146,m, =—4.4,m; =4,m, =3,m, =-3.9,

mg=10.24, m, =1, m;, =8.82,m,, =1.05,m;; =2.1,m, =4.6,m,, =0 at z=0.

Case 3:

I, =0,m, =0,my, =0,m,, =my," (am,, +bm, +cm,,)

[, =1,m =m, (i=1235,6,7810,1112,13,14,16) . (6.10)
where a, b and ¢ can take arbitrary real values.
Setting Eq. (6.10) to the Eq. (6.3), we acquire

f=mx+my+mz+m) +(mx+m,y+mgz+m,)’ +m,,

+1, cos{my,x +myyy +my,z +my,” (amy, +bm +cm )t +m,} . (6.11)
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Using the relation u = (In f) _, Eq. (6.11) offers the result
u, =[2(mx+m,y +myz+mg)m, +2(mex +m,y +mgz +m,, )mg
—Limy, sin{m,x+m3y +m,z + m122 (amy, +bmyy +cm )t +mgim,, ]/
[(m,x+m,y+myz+mg)’ +(mx+m,y+mgz+m,) +m,,
+1, cos{m,x +my+m,z+m, (am, +bm; +cm )t +m}]. (6.12)

For /, =0, u, reduce to single lump only like case-1 but for /, # 0, u, comes in-terms of two

quadratic polynomials and a sinusoidal function (i.e. collision of lump and periodic wave), as
depicted in the Fig.-6.3, Fig. 6.4 and Fig. 6.5. Here, three sub cases are arises in the

followings.

(1) When m;, =0 and m,; #0, u, reduces to collision solution with following
dynamics: It is well-known that the lump form with a crest and a trough (observe Fig. 6.3(a)).
But as the value of /, increases, the collision of lump and periodic waves create a fission of
lump wave i.e. a crest and a trough progressively split into two crest and two trough having
the same height (observe Fig. 6.3(b-d)) and propagate along y -direction initially. Thus the
fission of lump wave is happened. We also observe that fission of the lump wave is

continuous process as for large values of /, =355, the lump wave again generate fission and
split into four lump waves propagate along both in the x and y -directions, even if for

[, =1045, it gives six lump (hybrid lump) waves (see Fig.-6.3(e, )) and so on.
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(d [/, =16 (e) I, =355 (f) 1, =1045
Fig-6.3: Diagrams of collision solution u, of Eq. (6.12) for the values a =3,b =3,c =4,

my=-1,m, =1, my =-2,mg =-0.1L,mg, =L,m, =1,mg =2,m, =0.1Lm,, =Lm, =0,m; =1,

m,, =—2,m=0.

(1) When m;, #0 and m =0, u, reduces to collision solution with following
dynamics: It gives the similar collision solution (fission of lump) in the figures Fig. 6.4.(b-f)
and produces more lump waves propagate periodically toward the x-axis and also the
extreme amplitude of the crests and the troughs gradually enlarges as /, increases. In contrast

the Fig.-6.3 with Fig.-6.4, we observe that the lump wave in the collision solution locates

toward the y-axis in Fig.-6.3 but the lump wave in the collision solution locates toward the x
-axis in the Fig.-6.4.
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x

d) 1, =12 =17
Fig-6.4: Diagrams of the collision solution u, of Eq. (4.12) for the values a =3,b =3,c =4,

m,==lm,=1my =-2,m; =-01,m; =L,m, =l,mg =2,m,=01m, =Lm, =1,m; =0,

my, =—2,m; =0.
(11) When m;, #0 and m; #0, u, reduces to collision solution with following
dynamics: In fact, some interesting phenomenon can also be observed when both m,, # 0 and
m,; #0 and the values coefficient /, increases the trigonometric function that dominate on

the values of coefficients in quadratic functions (lump wave) as depicted in Fig-6.5(a)-(d).
We display the corresponding 3D plot (3D as in upper and contour plot as in lower), density

and 2D profile in the xy-plane (for y =-3,0,3 in Fig-6.5(c)) of the lump-periodic wave.
Anyone can see that at y = 0 amplitude of the lump gives highest peak (observe Fig-6.5(c) ).

On the other hand, another periodic-lump wave can be observed in xt -plane as in the Fig-

6.5(d).
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Fig-6.5: Profile of the collision of lump and periodic waves solution u, of Eq. (6.12) for [, =15,
a=1Lb=2,c=-4,m =05m, =-1, my=Lm, =-0.5,m, =-0.25,m, =-3, my = 3.5,
my =1, m; =20,m, =1/3,m; =4/15, m, =-0.8,m,; =0: (a) the 3D plot, (b) the density plot
and (c) the similar curve plotat z = 0,7 = 0; (d) Periodic lump waveat z=0,y=0.

Case 4:

m, =0,my =0,ms =m,," (am, +bm +cm,),my, =—m,," (am, +bm +cm,,)

I, =1,l,=1,,m=m, (i=1235,6,7.810,11,12,13,14,16,17,18,19,21), (6.13)
where a, b and ¢ can take any arbitrary values.
Putting Eq. (6.13) into the Eq. (6.3), offers the result

f=mx+my+mz+m) +(mx+m,y+mgz+m,)’ +m,,

+1, cos{m, X +my,y+m,z+m," (am, +bm; +cm,)t+m,}

+1, cosh{m,,x + mgy +m,z —m,,” (am,, +bm +cm, )t +m,} . (6.14)
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Using the relation u = (In /), Eq. (6.14) offers the result
u, =[2(mx+m,y+m,z+m;)m, +2(mx+m,y +mgz +m,,)m,
. 2
—Imy, sin{m,x+m_y+m,z+m, (am,+bm,+cm )t+m,}
. 2
+,m,, sinh{m,x + m,gy + m,gz —m,;,” (am,;, + bm,y +cm )t +m, }]/
2 2
[(mx+m,y+myz+mg)” +(mgx+m,y+mgz+my)" +my
+1, cos{m,x +m,y+m,z+m, (am,, +bm +cm, )t +mt

+1, cosh{m,,x +my+myz—m," (am; +bmg +cm,)t+m,,}]. (6.15)

In the solution Eq. (6.15), comes in terms of two quadratic polynomials, a periodic and a
hyperbolic function which exhibits double kinky-periodic-lump type wave propagation for

[, #0, [, # 0. In this case, three clusters are arises in the followings.

Cluster-1 - Taking /, very smallas /, - 0:
Taking /, very small, a dynamical situation viewed in the Figs. 6.6-6.8 for the values
a=5b=lc=-1,my=mg=mg=my,=m,, =m, =1, my;=0.1m,=7,m, =1 at z=0.
The solution u, provides double kinky-periodic lump wave in which some x -periodic-lump
with period 27 /m,, get into the double kink and kinky wave moves through x axis with time

increases for the values as depicted in the Fig-6.6(a)-(c). In this case number of lump wave

remains same with the same value of /, =0.0001. But when /, — 0, the number of lump
wave gradually increases as the values of /, decreases (observe Fig-6.6(d)-(e)), even if, kink
vanishes and only periodic lump exist for /, =0 (observe Fig-6.6(f)) at #=0. Actually,

changing different parametric constraint of the solution Eq. (6.15) distinguish characteristics

again exhibits in Fig-6.7(a)-(d) as y — periodic lump with period 27 /m,, get into the kink
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that arise with a constant background and decay go back to the same previous background at a

longer time.

@) 1, =107 (e) 1, =10" 1,=0

Fig-6.6: Profiles of collision solution u, of Eq. (6.15) for the parameters m, =m, =m;; =m,;; =0,

m, =m, =m,, =m,; =1,1 =0.5: (a)-(c) the periodic lump get into the double kinky wave for
[, = 107*; (d)-(e) increases of periodic lump into the double kinky wave for l, > 0; (f) x-periodic

lump wave for [, =0.
On the other hand, same behavior can be observed in line soliton in the Fig-6.7(e)-(h).

Interesting characteristics can also be experienced when constant coefficients vanishes (i.e.,
ms =m,, =m, =my =m, =0) as depicted in the Fig-6.8(a)-(c) that behaved y — periodic
bright-dark lump waves get into the double kink waves with period 27 /m,,. The bright

lumps get into the lower kink and dark lumps get into the upper kink. Both kinks give the

fission phenomena and produce hybrid lump waves in which height and number of lump
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increases as /, increase (observe Fig-6.8(a)-(c)). These novel nonlinear phenomena are the

first report for the (3+1)-dimension STOL equation.

() (=5 (d) t =50

Mow e g

BT
R U P o8 R T

730
I (N B e il

(©) f = —50 (@) =5 (h) £ =50

Fig-6.7: Profiles of collision solution u, of Eq. (6.15) for /, =0.5,/, =107 at z=0; (a)-(d) y—
periodic lump wave get into the kinky wave for m, =m, =m, =m; =0,m, =ms =m; =m,

=1; (e)-(h) x - periodic lump get into the kink wave for m, =m, =m,;; =m;; =0,

m =mg=m, =m;, =1.

(@, =5 (b) I, =50 (c) [, =500
Fig-6.8: Profiles of collision solution u, of Eq. (6.15) for [, =10*,a=5,b=1,c=—1,m, =m, =

my=mg=0,mq,=7m,=my=m, =mg =m;; =my, =m;=latt=0,z=0
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-0 6

) t=4 () 1=8 (f) t=16

Fig-6.9: Fission-fusion profile of y -periodic lump wave with the double kink wave of solution
Eq. (6.15) for m; =1.

(d)tr=6 (e)t=9 =20
Fig-6.10: Fission-fusion profile of x -periodic lump wave with the double kink wave of solution
Eq. (6.15) for m;, =1.
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Cluster-2 - Taking /, not so small:
Taking /, not so small, a dynamical situation viewed to the solution u,, provides double

kinky waves in which two lump waves periodically get into the kink waves and exhibits
fission fusion phenomena. Solution Eq. (6.15), exhibits fission-fusion phenomena as depicted
in the Fig-6.9(a)-(f) and Fig-6.10(a)-(f) which are similar to the fission-fusion phenomena of

the Fig-6.2. But the only different is that y periodic two lumps causes fission from the upper
kink and then fused into the lower kink when m,, =0,m,; # 0 (observe Fig-6.9(a)-(e)) and x
periodic two lumps causes fission from the upper kink and then fused into the lower kink
when m, #0,m,; = 0(observe Fig-6.10(a)-(f)). Both the figures Fig-6.9(a)-(f) and Fig-
6.10(a)-(f) are sketch with specific parameters /[, =16,/, =0.5,a=-3,b=2,c=1, m, =-1,
m,=1, my=-2, my=0m;=1,m, =1, mg=4,m,=0,m,=1,m,=1,m,=0,m, =1,
my =0,m, =2, my =0 at z=0. These novel nonlinear phenomenon is the first report for the

(3+1)-dimension STOL equation.

Cluster-3 - Taking lump vanish (i.e., m, =0;i =1,2,3,5,6,7,10):
when m, =0, (i =1,2,3,5,6,7,10) ; lump waves being diminished and then collision between
the kinky and periodic wave are appeared in the solution Eq. (6.15), then we find

2
f=m, +1 cos{m,x+m;y+m,z+m, (am,+bm +cm )t+m,}

+1, cosh{m,x +my+myz—m,," (am,, +bm +cmy)t+m,}. (6.16)

The solution Eq. (6.16) can convert to diverse collision solutions, selecting the constants

m,,,m,g, M,y N, are real/purely imaginary value.
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(1) For m,,m,,m,,,m,, are real valued, we acquire a collision wave of the Eq. (6.1)

using the relation u = (In /) as:
us =[—=m,,sin{m ,x+m,y+m,z+ m122 (amy, +bm +cm )t +m,}
+Lm,, sinh{m,,x +m,gy +m,,z —m,* (am,, +bm,g +cm, )t +m,,}]/
[m,, +1, cos{m ,x+m y+m,z+ m122 (amy, +bm +cm )t +m,}

+1, cosh{m,x +m gy +m,z—m.’ (am, +bm +cm,)t +m,,}]. (6.17)
Characteristics of the solution u, for the Eq. (6.17) are explained for the involve parametric
values a=1b=-2,c=3,m, =1500,m, =-2,m,=1,m,=1,m,=-1/12,m,, =1  and
[, =100 in the figure Fig. 6.11 and corresponding contour line of the diagram are drawn
bellow of the figures in Fig. 6.11. For /, =0, u, reduces to double kinky waves (see Fig.
6.11(a)) but for /, #0, us is collision of a y - kinky periodic breather wave (see Fig.-6.11(b-

d)). Evidently, as ¢ changes the collision wave moves toward the x —axis and the phase of the

. 2z .
periodic wave changes after — along y -axis.
m;

we also observe that changing different parametric constraint in the solution Eq. (6.17)
distinguish characteristics again exhibits which are periodic line breather waves proceed in
various directions as depicted in the Fig-6.11(e)-(h), (i)-(1), (m)-(p). Each group of periodic
line breather waves begins with a constant background and decay return to the same previous

background at a longer time. Therefore the annihilation properties are obtained in this case.
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-10

34

(m) t =-50 n)t=0 (0)t=5 (p) t =50

Fig-6.11: Annihilation properties of the collision solution u of Eq. (6.17): (a) double kinky waves
for [, =m;,, =m;;=0,m; =1; (b)-(d) y - periodic and double kinky waves for /, =1000,
my, =my =0, m; =1; (e)-(h) x - periodic and double kinky waves for /, =1000, m , =m; =0,
my, =1; (i)-(1) (x,y)- periodic and double kinky waves for /, =1000, m,, =0, m,, =m,; =1; (m)-
(p) (x,y)- periodic and double kinky waves for /, =1000, m, =m;; =m;; =1.
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(i) For m,mg,m4m, are pure imaginary valued, i.e., m,, =im,,,mg =img,
my, =im,q, m,, =im,, with m,,,my,m, and m,, are real valued, we acquire a collision of
two breather waves of the Eq. (6.1) using the relation u = (In /) _ as:

us =[-lmy,sin{m,x+m; y+m,z+ my,” (am,, + bm; +cm )t +m}

— L, SN {7, X + gy + Ty z + iy, (@i, + biltyg + Ciig )t + iy, }]/

[m,, +1, cos{m,x+m;,y+m,z+ m122 (amy, +bm +cm )t +m}

+1, COS{Tty, X + ity v + oz + i, (@i, + bty + Cilig ) + iy, }] (6.18)

Lastly, the solution represented by Eq. (6.18) are different periodic waves for different

chooses of parameters in u,. When /, =0, u is a one periodic wave that confine in the
position and time directions (observe Fig. 6.12(a)). Otherwise, when/, # 0, then u exhibits

the dual periodic waves in both xy and xz- planes (observe Fig. 6.12(b, ¢)).

el ol ol
(a y=0,z=0 (b) t=0,z=0 (c) t=0,y=0
Fig-6.12: Diagrams of the collision solution #; of Eq. (6.18) for a=—1,b=1,c =-0.6,m,, =1,

m, =0,m;=2,m, =-2,m,=11l,=0.1and m,, =1,my =-0.25m,y =-1/12,m,, =1: (a)

one periodic wave at /, =0; (b)-(c) dual periodic wave at /; =0.1.
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6.3. Conclusion

In summary, interaction solutions of the (3+1)-dimensional STOL equation have been
determined successfully. With the aid of Maple software, a test function is carefully used to
derive different nonlinear dynamical properties. As a result, some novel collision solutions
among the lump, periodic and kinky waves are derived for the STOL model. We also
established fission fusion properties for the collision of lump and kink waves, lump and
periodic waves and among the collision of lump, kink and periodic waves. We also observe
that fission and fusion properties exist in presence and without presence of sinusoidal function
that produces hybrid lump waves. By taking purely imaginary values of some parameters, we
derived line breather and double periodic breather wave solutions. To better understand the
dynamic natures of the obtained collision solutions, we depict adequate 3d plots and contour
diagrams by choosing suitable parametric values with the aid of computational software
Maple 18. It is expected that our achieved solutions can improve the dynamical characteristics

of the other higher order models.
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Chapter Seven

Multi -Soliton and interaction solutions to the (2+1)-D BBS model

Acknowledgement

In this chapter [4], we derive a multi-soliton solution for the Bogoyavlenskii’s breaking
soliton (BBS) equation by utilizing the simplified Hirota's approach. From this multi-
soliton solution, we investigate various forms of single kinky-lump type breather solitons,
double kinky-lump type breather solitons, collision of a kink line soliton with a kinky-type
breather soliton, and collision of a pair of double kinky-lump breather solitons by the
appropriate selection of the involved parameters. These breathers hold unlike features in
various planes even in various times. Elastic and non-elastic collisions for double kinky
type lump breather are experienced in various planes and in various times. The effect and
control of the propagation direction, energies, phase shifts and shape of waves by the
parameters are also analyzed. Some figures are given to illustrate the dynamics of the
achieved solutions. The acquired results can enrich the dynamical properties of the higher

dimensional nonlinear scenarios in the engineering fields.
7.1. Introduction

Nonlinear partial differential models are extensively employed to interpret many
complicated areas of sciences and engineering issue for instance optical connections,
oceanic scientific problems, fluid dynamics, atmospheric, geochemistry, chemical physics,
plasma physics and others [1-21]. It has three sections specifically soliton, chaos and
fractal. Concepts of solitons are very significant and effective research area in nonlinear
science. The hot topics of solitons are lump, kink, rogue and breather solitary waves. To
explore the features of solitary wave numerous reputed scientists have been developed

various reliable and fruitful approaches mainly the Hirota bilinear method [40], tan-cot
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method [42], direct algebraic method [44], Darboux transformation [45], (G'/G)-
expansion method [47], F-expansion method [49], exp-function method [54],
homogeneous balance method [56], Homotopy perturbation method [57], the inverse
scattering transform [58] and so forth. In 1971, a well known approach called Hirota
bilinear method was firstly discovered by Hirota [40]. This method become effective and
reliable within the short time and used to derive soliton, multi soliton, lump waves, rogue
waves, breather waves and exciting localized formations of soliton solutions [71-78].

The prime aim of this chapter is to determine multiple soliton solutions and then construct
various new kinds of localized wave solutions to the following Bogoyavlenskii’s breaking
soliton (BBS) equation [79] via the Hirota bilinear technique

(DXW +4d>y<1)xx +4(qu)xy +®  =0. (7.1)

To reach our goal, this chapter is arranged as follows: we employ the Hirota bilinear
technique to determine the 7 -soliton solutions of the BBS equation in section 7.2. In
section 7.3 offers the lump, breather soliton and their collision solutions of the BBS

equation. Finally some conclusions are drown in the section 7.4.
7.2. Multi-soliton of the BBS equation

Dispersion relation for the BBS Eq. (7.1) can be evaluated considering a trial solution in
an exponential form as:

O(x,y,t)=exp($), § =ax+by—-o;t. (7.2)
Exerting the Eq. (7.2) into the linear terms of the Eq. (7.1), we get hold of the dispersion
relation @, as

@ =a’b,i=12- - N (7.3)

and the resultant variables take place as
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S =ax+by—a’bt,i=12-- - . (7.4)
Let us consider the conversion relation

®O(x,y,t) = R(Inz(x,y,1)), . (7.5)
Now exerting the Eq. (7.5) with 7(x, y,?) =1+ exp($) into the Eq. (7.1) and then resolve

R, we acquire

3

R=3 (7.6)

To evaluate n soliton solution, we must consider the supplementary function z(x,y,f) in

the following:

20630 =1+ 2 exp@) + 34, exp(d +9)
i=1

i<j

+ > A4, 4, exp@+3,+3)+...+([[4)exp 9). (7.7)
i<j<k i<j i=l
Here we consider trial solution for two soliton as
7(x, y,t) =1+ exp(§) +exp(& ) + 4, exp& +%). (7.8)
Setting Eq. (7.8) with Eq. (7.5) and Eq. (7.6) into the Eq. (7.1), then solving for unknown

A4,, we gain

_(a,-aq, )(a12b2 +2a,b,a, —2a,a,b, _blazz)

" (a, +a,)a’b, +2aba, +2a,a,b, +ba,’)

(7.9)

12

In the similar way, we can get three, four and more soliton solution from Eq. (7.7), where

the unknowns are given by

2 2
a.—a Na'b,+2aba. —2aa.b.—b.a,
_( i /)( i Y i7ity ijy i ) ij=1,2, ...... . (710)

2 2%

" (a,+a,)a’b, +2aba, +2aab, +ba,’)

2 2
providing (@, +a;)(@, D, +2aba;, +2a,a,b, +ba,;”) #0.
Profile of the solution Eq. (7.7) exhibits multi-soliton solutions or n kink soliton solutions

as depicted into the Fig-7.1. Taking n =1, 2 and n =3, we get single kink wave (observe
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Fig-7.1(a)), double kink solitons (observe Fig-7.1(b)) and triple kink solitons (observe
Fig-7.1(c)) respectively. It evidently observe from Figs-7.1(b) and 7.1(c) that before
(¢t <0) and after (¢ > 0) collision multi-kink solitons remains their own properties (height,

width and speed) are same. That is the collisions are elastic.

(a) (b) (c)
Fig-7.1: Sketch of the Eq. (7.5) with Eq. (7.7) and Eq. (7.10) for the values a, =.88, a, =-.77,

a,=.66, b =1, b, =.9, b, =.8 (a) 3D shape of single kink soliton (n =1); (b) 3D shape of
double kink or two solitons (7 = 2 ); (¢) 3D shape of triple kink or three solitons (7 = 3).

7.3. Lump and breather soliton solution of the BBS equation

This section recalls the multi-soliton solutions to derive lump type breather solution;
collision of a soliton and a lump type breather soliton; and collision between two lump

type breather solitons in the succeeding subsections.

7.3.1. Lump type breather soliton solutions from two solitons: Here, we would like
to create lump type breather wave propagation. To perform that, we have to assume at

least two soliton solutions by putting n=2 and then let a, =/ +im,, a,=[ —im,

b = p, +iq,, b, = p, —iq, into the Eq. (7.8) and Eq. (7.9) and then Eq. (7.5) gives

O(x,y,t) = %{ln(l +2exp(M,)cos(o,) + 4,, exp(2M,)} _, (7.11)

where
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(a)t=-5 b)) t=0 (c)t=5
Fig-7.2: Outlook of the Eq. (7.11) with the parametric values /, =1, m, =-1, p, =1, ¢, =1:
3D plot (upper) and its contour plot (below).

(@) y=-5 (b) y=0 (¢) y=5
Fig-7.3: Outlook of the Eq. (7.11) with the parametric values /, =1, m, =-1, p, =1, ¢, =1:
3D plot (upper) and its contour plot (below).
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M, = le+p1y_(llzpl —m12p1 -2lmgq)t, o = m1x+%y_(112% _mlqu +2Lm, p))t

and A, = _ml(zplllml +Q1112 +3Q1m12)

[, (2q,l,m, +p1m12 +3p1112) ‘

The solution Eq. (7.11) comes from two solitons solution and gives lump type breather
propagation. Features of the solution Eq. (7.11) (observe Fig.-7.2 3D (upper) & its contour

(below)) for the values [/, =1, m =-1, p, =1, q, =1. Figures show that the solution

exhibits as lump type breather propagations along the paradox c at + =0 (observe Fig.-
7.2(b)), for different times (¢ 0) it propagate not along paradox in the xy-plane but
parallel to the paradox (observe Fig.-7.2(a, ¢)) and in every case all lump get into a kink
wave. We also observe that the kink waves as well as periodic lump lie in the negative
quadrant for <0, moves toward the paradox with time increases and reach along
paradox at ¢ =0, and then moves away from the paradox into the positive quadrant for as
t >0 with increase time. Its swiftness, breadth and direction remain unchanged on the
whole dynamical system and periodic lump occur equidistance from each other in each
system.
Alternatively, we experience different phenomena when profile observes in the x7-plane.
In this case, the solution Eq. (7.11) exhibits as multi-lump waves periodically get into a
single kink wave when y # 0 (observe Fig-7.3(a, ¢)), but exhibits double kinky wave at
y =0 (observe Fig-7.3(b)) and periodic lump type scratch are also viewed in the both
kink wave.

7.3.2. Interaction of a soliton and a lump type breather soliton from three soliton
solutions: In this case, we would like to determine a collision solution between periodic
lump type breather waves comes from two solitons and a kink soliton. In this regard,

consider the three solitons solution by putting » = 3 into the Eq. (7.7) with Eq. (7.10), and
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then let a, =/, +im,, a, =1, —im,, a;=c, b =p, +iq,, b, = p,—iq,, b;=d into the Eq.

(7.7) together with the Eq. (7.5), Eq. (7.6) and Eq. (7.10) gives the resultant solution as

O(x, y,t) = %ln{l +2exp(M,)cos(o,) + 4, exp(2M )
+exp(ex+dy —c’dt)+2p, exp(M, +cx +dy — c*dt) (7.12)
cos(o, + &) + A, p,° exp(2M, + cx +dy —c*dt)},

2plm +ql> +3qm’
where 4,, = _mCpihm + 4, 12 q1m12 ), M, = 11x+p1y_(112p1 _m12p1 —2Lmg,)t,
[,(2q,,,m; + pym;” +3p,[;")

oy, =mx+q,y— (112% - mlqu +2Lmp))t and A, =P +i0, = p exp(i)) (say), then

A13 = Pl _in =P CXP(—lf]) in which P = \/Pl2 +Q12 and §1 - tan_l(%) ‘

1

In the Eq. (7.12), solution comes in terms of the combination of exponential and
periodic sinusoidal function exhibits collision of a kinky periodic lump type breather
soliton and a kink shaped line soliton, as viewed in the Figs-7.4, 7.5 and 7.6 for the values
l,=1, m=-1, p,=1, g =1, c=1. There are two sub-cases existed depending on
interaction direction.

Case (i): For d >0, we observe (see Fig-7.4 3D (upper) and its contour (below))
that the two waves are always parallel to each other, even at the time of interaction (see
the contour plots Fig-7.4 (below)). We also observe that the two waves (display as a
double kink wave) contains periodically lump waves get into the lower kink (see Fig.-
7.4(a) (upper)) before (¢ < 0) collision and upper kink (see Fig.-7.4(c) (upper)) after
(¢>0) collision in the xy-plane respectively. They are overlapped entirely at
t = 0 where highest amplitude comes into sight (see Fig.-7.4(b) (upper)). Actually the
whole collision processes is completely elastic which is evidently observed in the contour

plots Fig.-7.4 (below) in the same plane.
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(a)t=-5 b)t=0 (c)t=5
Fig-7.4: Collision between breather lump soliton and kink line soliton of the Eq. (7.12) for /, =1,
m =-1, py=1, q, =1, c=1, d =1:3D plot (upper) and its contour plot (below).

Fig-7.5: Collision between breather lump soliton and kink line soliton of the Eq. (7.12) for /, =1,

m, =-1, p,=1, q, =1, ¢c=1, d =—1:3D plot (upper) and its contour plot (below).
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W A I

(@) y=-5 (b) y=0 (c) y=5
Fig-7.6: Collision between breather lump soliton and kink line soliton of the Eq. (7.12) for /, =1,
m =-1, p,=1, ¢, =1, c=1, d =-1:3D plot (upper) and its contour plot (below).

Case (ii): For d <0, we observe (see Fig-7.5 3D (upper) and its contour (below))
that the two waves (a kinky periodic lump type breather soliton and a kink shaped line
soliton) interact at a certain angle. We see that a kink wave interact the breather wave and
shifting of the collision changes along negative of y-axis (observe Fig-7.5(a)) to positive
of y-axis (observe Fig-7.5(c)), but at the intermediate time they interact at the origin
(observe Fig-7.5(b)). The overall propagation process is elastic. Beside this, when we take
the plot into the xt-plane similar elastic collision are also observed in the double kink
waves with the same parametric values (observe Fig.-7.6 3D (upper) and its contour
(below)).

7.3.3. Four solitons and Interaction of two lump type breather solitons: To

determine interaction of two lump type breather solitons, we have to consider at four
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soliton solutions. In this regard, consider the three solitons solution by putting » = 4 in
Eq. (7.7) with Eq. (7.10), and then let a, =/ +im, a,=I[—im, a,=1[,+im,,
a, =1, —im,, b =p +igq,, b,=p —iq, by=p,+iq,, b,=p,—ig, into the Eq. (7.7)

together with Egs. (7.5), (7.6) and (7.10) gives the resultant solution as

O(x, y,t) = gln {1+2exp(M,)cos(o,)+2expM,)cos(oc,)

+ 4, exp@M, )+ 4,, exp2M,)

+2p,cos(, +o0, +0,)expM, +M,)
+2p,cos(, +0,—0,)expM, +M,)
+24,p,p, exp@M, + M,)cos(0, +§, = &,)
+24,,p,p, expM, +2M,)cos(o, + & +S,)
+ 4,45, expCM, +2M,)},

(7.13)

where M, = le+p1y—(llzpl —mlzpl -2lmg))t,
o, =mx+q,y— (llzq1 - mlqu +2Lmp)t,
M, =Lx+p,y— (Zzzp2 - 11122p2 -2l,m,q,)t,
O, =mX+¢q,y— (122q2 - m22q2 +2L,m,p,)t,

_ my(2p,l;m, "‘%ll2 +3q1m12) A = _ my(2p,lym, "‘%lz2 +3q2m22)
12— 34 =

[,(2q,l,m, +p1m12 +3p1112) ’

1,(2q,0,m, "'pzmz2 +3p2122) ,
A,, =P +iQ, = p,exp(i&;) (say) and 4, =P, +iQ, = p,exp(i&,) (say), then

Ay = R —i0, = pyexp(=ig,) and 4y, = P, —iQ, = p, exp(-ig,).

To find the values of p,, p,, 9 and 4, we apply p = m and 9 = tan™ (%).

In the solution Eq. (7.13), comes in-terms of exponential and periodic sinusoidal function
exhibits collision of a pair of periodic lump type breather waves, as viewed in the Fig-7.7
with the values /, =1, m, =-1, p, =1, ¢q, =1, I,=-1.001, m,=1, p,=1, ¢,=1 at
t=0. It is fascinating that collision of these breathers own unlike dynamic natures in

distinct planes. Both elastic (observe Fig-7.7(a) 3D (upper) & its contour (below)) and

non-elastic (observe Fig-7.7(b, ¢) 3D (upper) & its contour (below)) collision own for
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different times and different planes. Fig-7.7(a) exhibits double kink type X-shaped
breather soliton for elastic collision as before and after collision each lump type breather
wave remains their same solitonic natures and interacts at the origin coming along
opposite paradox in the xy-plane. It is observed that the some lump waves are periodically
got into each soliton, being at equal distance from each other. On the other hand, when we
take the same plot in the same xy-plane but in different time at # =—4 it exhibits non-
elastic fusion phenomena after collision as propagate from negative to positive along y
direction (observe Fig-7.7(b) 3D (upper) and its contour (below)). Other behaviour is also
own the collision when observed in the xz-plane. It is seen that a breather lump wave
interact at =0 and then causes fission as it split into two breather type lump waves

(observe Fig-7.7(c) 3D (upper) & its contour (below)) times goes by.

(a)t=0
Fig-7.7: Collision of periodic lump and periodic line waves of the Eq. (7.13) for /, =1, m, = -1,

p=Lq =11=-1001,m,=1 p,=1, g, =1:3D plot (upper) and its contour plot (below).
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7.4. Conclusions

In the summery, we have been successfully used Hirota bilinear method to gian multi-
soliton solutions Eq. (7.7) of the BBS equation, see Figs-7.1. Various parametric values
have been selected to get distinguish dynamical characteristics single kinky-lump type
breather solitons (see Figs-7.2, 7.3(a, c)), double kinky-lump type breather solitons (see
Figs-7.3 (b), 7.4, 7.5, 7.6 and 7.7(a)), collision of a kink line soliton with a kinky-type
breather soliton ( see Figs-7.4, 7.5, 7.6), and collision of a pair of kinky-lump breather
solitons (see Fig-7.7(a)) by the appropriate selection of exist parameters from the multi
soliton solutions of the models. These breathers hold unlike features in various planes
even in various times. Elastic (see see Figs-7.1-7.6, 7.7(a)) and non-elastic (see Fig-7.7 (b,
¢)) collisions for double kinky type lump breather are experienced in various plane and in
various times. Some figures are given to illustrate the dynamics of the achieved solutions.
This will also prompt us to explore new approach to obtain more extensive and accurate
solution to the models. The acquired results can enhance the dynamical properties of

higher dimensional nonlinear scenarios in the engineering fields.
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Chapter Eight

Multi-solitons and interaction solution to the (3+1)-D STOL model

Acknowledgement

In this chapter, the Hirota bilinear integral technique is applied to execute n-soliton
solutions of the (3+1)-dimensional Sharma-Tasso—Olver-like (STOL) model. We also
reveal the interactions are non-elastic fusion or fission phenomena that more kink waves
fused or a single kink wave split into more kink waves due to soliton fission. We derive
kinky-lump breather, combo line kink and kinky-lump breather, and a pair of kinky-lump
breather wave solutions that degenerate from two-, three- and four-solitons respectively by
choosing complex conjugate values involving free parameters. We reveal the interactions
are non-elastic fusion phenomena that kink and breather waves fused into a kinky-lump
breather from the collision of line kink and combo kinky-lump breather, a single kinky-
lump breather from a pair of kinky-lump breather waves after interaction respectively. The
fission phenomena also observe from the same interaction with the reverse condition on
parameters. All special properties of these collision solutions are illustrated clearly with

3D and contour plots.
8.1 Introduction

Nonlinear evolution models can illustrate various complicated happening in various
branches including fluid mechanics, optical fiber communications, plasmas, mathematical
biology, and so on [1-21]. With the improvement of the soliton concept, numerous
effective and reliable schemes to achieve exact and analytical solutions of the models have
been presented in the literature [38-70]. A novel integral technique which is familiar as
Hirota bilinear scheme was primarily presented in 1971 [40], by Hirota, and was

effectively applied in huge amount of nonlinear models [71-78].
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The primary purpose of this chapter is to find some novel exact multi-solutions and

collision solutions of the following STOL model [81]
v, +plGuy, +v), +y  J+dlQuy, v, 0, v, +v’0, ), ]

@y 4y 0,y +y 0 W)ty 1=0. (8.1)
where p, g, r are free parametric values and w is the function that contains the space
variables x, y, z, and time variable ¢. The integral operator 6{1 is the inverse of 0, .

The STOL model Eq. (8.1) can explain the extension of nonlinear dispersive waves in the
inhomogeneous medium [96]. This model can also illustrate various difficult sciences
areas for instance optics, plasmas, quantum physics, and others [97-100].

The design of this chapter is given as: firstly we apply the Hirota bilinear transformation to
establish the multi-soliton solutions of the STOL model in section 8.2. Section 8.3
discusses the interaction solutions of the STOL model. Lastly, conclusions and some

comments are provided in section 8.4.

8.2. Multi-solitons of the STOL model
To achieve dispersion relation of the STOL model Eq. (8.1), we consider an exponential
function solution as bellow:

v(x,y,z,t)=exp($), § =a,x+b,y+c,z—w;t. (8.2)
Putting Eq. (8.2) in the linear parts of the Eq. (8.1), then we have

@, =aa,’ +ba’b, +ca’c,, i=12,-- ,n. (8.3)
Thus we reach to

8 =a,x+b,y+c,z—(aa’ +ba,’b, +ca’c)t,i=12,--,n. 8.4
Now, consider the bilinear conversion relation

v(x,y,z,t)=A(lnp(x, y,z,1)) . . (8.5)
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Inserting Eq. (8.5) and ¢ =1+ exp(9) in the Eq. (8.1), then solve A4 yields
A=1. (8.6)

For n multi-soliton solution, suppose the trial function as follows:

(X, y,2,1) :1+Zexp(‘gi)+ZRj exp(d; +9,)+ ZPijPikij exp(d, +9; +9,)
i1

i<j i<j<k

+....+(HPl.j)eXp(Z”:19i). (8.7)

i<j
Now suppose the trial solution for 2-soliton as follows

o(x,y,z,t) =1+exp(J, ) +exp(%, )+ P, exp(4, +9,). (8.8)
Putting Eq. (8.8) including Eq. (8.5) and Eq. (8.6) in the Eq. (8.1), then solve B, yields

B, =0. (8.9)
Similarly, we can find 3-soliton, 4-soliton and all other soliton solutions from Eq. (8.7),

with the following conditions

P=0,i,j=12,n. (8.10)

Shapes of the wave equation Eq. (8.7) together with Eq. (8.5) & Eq. (8.10) for n=1, 2
and 3 exhibits one-, two- and three-soliton solutions respectively as described in the Fig-
8.1 with the parametric values p=1, a, =b=0,=c,=c,=c;=1, a,=-1, a,=0.5,
b, =0.5. It is experienced that n=1 displays a single kink wave (view Fig-8.1(a, d))
only, but in the interaction solutions: single kink wave split into two kink waves (n=2)
(view Fig-8.1(b)) and single kink wave split into three kink waves (n=3) (view Fig-
8.1(c)) after (¢ >0) interactions due to non-elastic collisions fission phenomena. The

reverse phenomena also observed for reverse conditions on involve parameters depicted in

Fig-8.1(e-f).
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(d) g=r=-1 () g=r=-1 B g=r=-1

Fig-8.1: Shape of the wave solution Eq. (8.7) with y =0, z=0: (a, d) single kink soliton
(n =1); (b, e) dual kink solitons (# = 2); (¢, f) triple kink solitons (n =3).

8.3. Interaction solutions of the STOL model
For retrieving lump breather; the interaction between single soliton and single lump
breather; and interaction of double lump breather solitons we address the Eq. (8.7) again in

the next subdivisions.

8.3.1. Collisions of 2-soliton degenerate into a lump shape breather solitons: Here,
we spotlight on lump shape breather wave propagation from the two solitons solution. To
present that, we have to assume n=2 in Eq. (8.7) and then place a, =¢, +if,,
a,=a,—if, b=y,+io, b,=y,-id, ¢, =n,+ip, c,=n,—Iip, into the Eq. (8.8) and

Eq. (8.9) together with Eq. (8.5), yields
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(a) t=-4

(c) t=7

Fig-8.2: Outlook of the Eq. (8.11) for a=1, b=1, c=1, o, =2, p,=0, y,=-2, J, =4,
n, =1, p,=1at z=1:3D plot (upper) and its contour plot (below).

S
3

(a) z=-3

S

SN

() z=3

Fig-8.3: Outlook of the Eq. (8.11) for a =1, b=1, c=1, o, =2, B, =0.001, y, =1,
0,=-2, n,=-5, p,=0.5 at £ =0:3D plot (upper) and its contour plot (below).
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v(x,y,z,t)={In(1+2exp(M)cos(o), (8.11)
where M =a,x+y,y+ 7712_(‘7(0513 —30!1,312)+b(0£127/1 —2a,p,9, _ﬁ1271)

+ C(a12771 =2a,B,p, _/312771 Nt
and oc=pfx+38y+ plz—(a(30!12,31 _ﬂ13)+b(0‘125l +2a, 87, _181251)

+ C(alzpl +2a,pm, — /312;01 I3

Here the wave equation Eq. (8.11) appears from 2-soliton solution degenerate into a lump
shape breather wave by taking complex conjugate of free parameters. Actually, it comes
with the combinations of exponential and sinusoidal functions. Dynamics of the wave
equation Eq. (8.11) is viewed in Fig-8.2 (3D diagram (above) & corresponding contour
diagram (below)). Figures display that the solution reveals as lump style breather waves in

the xy-plane with z=0 and it moves towards the paradox (z <0) with time goes (view

Fig-8.2(a)), arrive at the paradox for ¢+ =0 (view Fig-8.2(b)), and then go away from the
paradox with times (z>0) (view Fig-8.2(c)) and overall its movement each lump occur
on a kink wave. Its direction, width and velocity remain the same in the overall
propagation process and periodic lump occur equal distance from one another. Besides

this, we skilled a similar phenomena when sketch viewed in the same xy -plane for 1 =0.

Here, the lump breather wave moves towards the paradox (z < 0) from negative quadrant
with value of z increases (view Fig-8.3(a)), reach along the paradox at z =0 (view Fig-
8.3(b)), and then go away from the paradox through positive quadrant with increase of

z (view Fig-8.3(c)) and overall its movement each lump occur on a kink wave.

8.3.2. Collision of single soliton with a lump style breather wave from 3-soliton solutions:
Here, this subsection decides a collision between kink type line soliton and a lump style
breather waves degenerate from other two solitons. From consider the three solitons
n =3, one soliton remain same and the other two solitons take its parameters as the
complex conjugate new parametric values like @, =, +if3,, a, =, —if,, b =y, +io,,
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(a) t=-1 b)t=0 (c)t=1
Fig-8.4: Interaction of single soliton with a lump shape breather wave of the Eq. (8.12) at
vy = 0: 3-dimensional diagram (above) and corresponding contour diagram (under).

(b) z=0
Fig-8.5: Interaction profile of single soliton with a lump shape breather wave of the Eq.
(8.12) at £ =0: 3-dimensional diagram (above) and corresponding contour diagram
(under).
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b,=y,—-id,, ¢, =n+ip, c,=n—ip,, a,=d, b,=e, c,=k into the Eq. (8.7) along
with the Eq. (8.5), Eq. (8.6) and Eq. (8.10) yields
v(x,y,z,t) =In{l+ 2exp(M)cos(o)+exp(4)} ., (8.12)
where M =a,x+ 7,y +mnz—-(a(e,’ -3a,8,)+bla,’y, —2a,8,6, - B 7))
+ela " ny = 2e, B0~ BN,
c=px+0,y+pz—(a@Ba’p - B’)+ba’s +2a By - B’5)

+ c(alzpl +2a, 1, _1812:01 Nt
and A =dx+ey+kz—(ad’ +bd’e+cd’k)t

The Eq. (8.12), exhibits a solution of the combo exponential and sinusoidal functions,
demonstrate interaction of a line soliton (kink) and lump shape breather soliton arises into
a kink wave, as sighted in the Fig-8.4 and Fig-8.5 for the values p=1, ¢=1, r=1/3,
a,=-2, f,=0001 y,=-1, 6,=4, n,=-5, p=1, d=-4, e=0.001, k£ =1.

Figures display that the solution reveals as a kink and combo kinky-lump breather wave
(few lump get in each kink wave) interact and degenerate into a kinky-lump breather wave
(see 3D plots of Fig-8.4(a-c)) after interaction (x > 0). Besides this, we skilled a similar

phenomena when sketch viewed in the xy -plane with 7 =0 in the figures (Fig-8.5).

8.3.3. Collision of double kinky-lump shape breather waves degenerate into a single
kinky-lump shape breather wave: To establish collision of double kinky-lump shape
breather waves, we recall the four solitons solution from the general multi-soliton solution
Eq. (8.7). Here, the four solitons solution (n = 4) take its parameters as the complex
conjugate new parametric values like then let a, =, +if3,, a, =a,—-if,, a, =a, +if,,
a,=a,—if,, b =y, +id,, b,=y —io, b,=y,+id,, b,=y,—io,, ¢, =n +ip,,
¢, =n,—ip,, ¢;=n,+ip,, ¢, =n,—ip, into the Eq. (8.7) together with Eq. (8.5), Eq.
(8.6) and Eq. (8.10) yields

114



Chapter Eight Multi -Soliton and interaction solutions of the (3+1)-D STOL model

w(x,y,t)=In{l+2exp(M,)cos(o,) +2exp(M,)cos(o,)}, , (8.13)
where M, =a,x+y,y+n:z- (a(ozl3 - 3051,812) + b(oclzy/1 -2a,p,0, - ,8127/1)
+c(a,’n, = 20,8, - B 1)),
o, =Bx+8y+pz—(aBa’p - B )+ba’s +2a,py - B°5)
+c(a)’ py + 20,8, — B pO)E,
M, =a,x+7,y+n,z—(a(a,” =3a,8,>)+b(a,’ v, —2a,5,6, - B,"7,)
+ (@, 1, =20, 8,0, = B2 o))
and o, = B,x+ 8,y + p,z — (aBa,’ By — )+ b(a," 8, + 20, 8,7, — ,°5,)

+ c(a22p2 +2a,p,m, - ﬂzzpz .

(@A) z=0,t=0 (b) »=0,z=0
Fig-8.6: Interaction profile of two kinky-lump breather solitons of the Eq. (8.13): 3
dimensional diagram (above) and corresponding contour diagram (under).

The Eq. (8.13), exhibits a solution of combo exp-sinusoidal function, demonstrate

interaction of double kinky-lump shape breather waves, as sighted in the Fig-8.6 for the
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values p=2, g=-5 r=7, =2, =000l y =1, 6=-2, n=1, p =05,
a,=-2, B,=0.001, y,=1, 6,=-7, n,=1/3, p, =0.5. Fig-8.6 display that the
solution reveals as a pair of combo kinky-lump breather waves degenerate into a single
combo kinky-lump wave after interaction ( y > 0) (see 3D plots of Fig-8.6(a)) and after
interaction (x> 0) (see 3D plots of Fig-8.6(b)). After y =0 i.e., when y >0 Fig-8.6(a),
combo kinky-lump fused and degenerated into a single kinky-lump breather wave is
cleared from its corresponding contour plots. After x =0 i.e., when x>0 Fig-8.6(b),
combo kinky-lump fused and degenerated into a single kinky-lump breather wave is

cleared from its corresponding contour plots.

8.4. Conclusion

Hirota bilinear integral technique has been used successfully to derive n-soliton solutions
of the STOL model Fig-8.1. We have obtained a kinky-lump breather (Fig-8.2 & Fig-8.3),
combo line kink and kinky-lump breather degenerate into single breather wave (Fig-8.4 &
Fig-8.5), and a pair of kinky-lump breather degenerate into single breather wave (Fig-8.6)
solutions from two-, three- and four-solitons respectively by selecting complex conjugate
values of involved parameters. We have been experienced with fission-fusion phenomena
in Fig-8.1, Fig-8.4, Fig-8.5 & Fig-8.6 from interactions of multi-solitons, and kink-
breather waves. The 3-dimensional and contour diagrams are presented to illustrate the
dynamics of new properties of these collision solutions. The integral scheme can also be

used to derive distinguish complex nonlinear models.
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Chapter Nine
Conclusions

This dissertation has been presented exact traveling wave solutions of the three nonlinear
models namely, the (2+1) Bogoyavlenskii’s breaking soliton (BBS) equation, the (2+1)-
dimensional Benjamin-Bona-Mahony-Burgers (BBMB) equation and the (3+1)-dimensional
Sharma—Tasso—Olver-like (STOL) equation by applying Hirota bilinear method. We have
successfully obtained the bilinear form and interaction solutions of the above three models.
We also obtained multi-soliton solutions and their interaction solutions of the BBS and STOL
model. We evaluated various characteristic of the solutions including, lump wave, fission-
fusion and annihilation properties of lump wave. It is very interesting that we have the three
new dynamics for BBMB and STOL models which are still unexplored in the literature. First
one comes from the interaction of kink and lump wave degenerate a kinky-lump wave for the
BBMB model. This kinky-lump wave split into double, triple, even large numbers of kinky-
lump waves due to fission for the increase of the coefficient of cosine function gradually (See
the Fig-5.2). The second property is comes from the interaction of two quadratic polynomials
(lump wave) and a periodic sinusoidal function degenerated a periodic-lump wave solutions
of the STOL model gives hybrid lump wave solutions (see Fig-6.3) as increases of the
coefficient of cosine function gradually. Third property is interaction among lump, kink and
periodic waves provides a double kinky-periodic lump waves (see Fig-6.8). The lump into the
double kink wave split due to fission produces a hybrid lump wave into a double kinky wave.
All special properties of the obtained solutions are illustrated clearly with a number of 3D
plot, 2D plot, density plot, curve plot and contour plot by choosing suitable parametric values
with the aid of the computational software Maple 18. The acquired results can enrich the
dynamical properties of the higher dimensional nonlinear scenarios in the engineering fields.
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By employing modified simple equation (MSE) scheme, we estimate the presence of stable kink soliton and
kinky-periodic rogue wave solutions; unstable singular kink wave solutions of the biological dynamical models
as a Cahn-Allen model and a diffusive predator—prey model. This model frequently occurs in various nonlinear
science including quantum physics, plasmas and biophysics. We present some novel exact explicit solutions
of the exponential form of both Cahn-Allen and diffusive predator-prey models with some free parametric

values. We also derive particular solutions from the explicit solutions selecting some definite values of the free
parametric values. As a result, kink, singular kink and kinky-periodic lump wave surfaces are achieved of the
solutions. Lastly, the variety and graphic representations of the composition make the models dynamic. Stable
and unstable situations are explained in detail from the analysis of the profiles.

1. Introduction

The mathematical representing of happenings in nature can be
revealed by differential equations. It is well familiar that abundant
categories of the physical occurrences in the field of fluid dynamics,
quantum physics, chemical physics, electricity and plasmas are demon-
strated by nonlinear models and the existence of solitary waves in
nature is frequently. However, nonlinear behavior is a challenging due
to some minor changes in time-related parametric values; it is not com-
fortable to manage the non-linear representative of the organism very
quickly. Nonlinearity is responsible for the development of local waves
and has the ability to carry energy without wastage which is a very fas-
cinating matter."»? Otherwise, rapidly growing the spread of infection
may cause a disaster state in a community. To tackle the unavailable
state or to remain a suitable state, we have to learn the dissimilar
types of solutions of the dynamical system in a model of Cahn-Allen
or any type of predator—prey model. As in tragedy state waves or to
keep emerges location, the height and width of population size is very
essential. If we resolve the model of dynamical systems of such difficul-
ties by applying diverse approaches, we can find the best approach of
appreciative such potential disasters and then earnings necessary pre-
cautions. Thus, the concern becomes more challenging and hence deci-
sive solutions are needed. The solutions of the equation have a crucial
impression on mathematical physics and engineering. Recently, there

has been a tremendous increased to find the exact solutions of nonlinear
models. Various effective schemes have been reputed and enriched,
such as the tan(¢(£)/2)-expansion scheme, the generalized Kudryshov
scheme,* the (G’/G)-expansion scheme,® the sine-Gordon expansion
scheme,®® the F-expansion scheme,® the exp-function scheme,'%!! the
MSE scheme,'>!5 first integral scheme,'® Simple equation scheme,!”
Bilinear scheme,'®2! the Exp-(—¢(&))-expansion scheme,?? the tanh
scheme?® and so on.?*3> All most all of the above schemes are con-
tingent on computational software except the MSE scheme. The MSE
scheme is a very effective and reliable procedure settled successfully
by Vitanov'? and the reference therein.!?-1°

The ambition of this manuscript is to seek novel exact solutions
together with topological soliton, periodic cusp soliton, periodic bell
solutions of the well-recognized Cahn-Allen model'1%-3> and diffusive
predator-prey model®>34 via MSE scheme.

2. Description of the MSE scheme

Consider a general form of a nonlinear model as
Hu,upug,uyy tiyyy... ...)=0, (2.1)

with real function u(¢) = u(x,7) and H is a polynomial of u(x,r). We
present the key steps of the scheme as follows:
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Step 1: Let us combine the real variables x and 7 by a combined variable
& as

u@r,f) = u(), € = P.7 + wt, (2.2)

where P = Ii + mj + nk and 7 = xi + y/ + zk with real constants I, m, n,
wave amount k£ and wave velocity w.

By the above relation the Eq. (2.1) converted to the ordinary
differential equation as follows

Gu ', u" ... ... .. )=0, (2.3)

where G is a polynomial in u(¢) and its derivatives.

Step 2: Consider the trial solution of Eq. (2.3) as

with real constants A;(i =0, 1, ...,n) and unknown function S(¢).

Step 3: By balancing the derivative of highest order and nonlinear
terms in Eq. (2.3), we can find the value of n in Eq. (2.4).

Step 4: From Egs. (2.4) and (2.3), we get a polynomial of (S'(£)/S(&))
and its derivatives and (S(¢))™,(i = 0,1,2,...,n), and then equating
the coefficients of (S(&))™,(i = 0,1,2,...,n) equal to zero. This pro-
duces gives an algebraic system which can be solved to obtain A;(i =
0,1,2,...,n),S(&). Then we can find the solution of the Eq. (2.1).

Remark. In comparison the MSE scheme with the simple equation
scheme,!” it is seen that simple equation scheme depend upon an
auxiliary equation (Riccati equation) but MSE scheme is independent
and can perform directly without help of any auxiliary equation. On
the other hand, Simple equation gives results which are special case of
Modified equation scheme.

3. Illustrative examples

Here, we include two examples to make clear the suitability of the
MSE scheme to solve nonlinear models declared above.

3.1. Example-1: Traveling wave solution of Cahn-Allen model

Let us consider nonlinear model given as
U =uy, —u" +u 3.1

For m = 3, Eq. (3.1) suits to Cahn-Allen model.'’>'%35 This model
occurs in various scientific areas including biophysics, quantum physics
and plasmas. To solve this model, we use transformation ¢ = kx +
wt, for wave amount k and wave velocity w. Taking help of this
transformation, Eq. (3.1) converts to an ordinary differential equation

wi — kK2 +uP —u=0. (3.2)

Balancing «? with «”” we receive the unknown order of solution as n = 1.
Hence the trial solution Eq. (2.4) takes the form as

u€) = Ag + A S((.f)) (3.3)

Now, we can compute the terms:

, 5" 5'(6)

A< — A 3.4
“O=4750 <S(§>> S
, 5@ L, S"OS'© S'(€)

A 24, 3.5
CO=ATE T Tee T (S(§)> @5

Putting Egs. (3. 3) (3.5) in the Eq. (3.2) and equating coefficients of
same powers of £ 5 ‘5)), we gain:
Coefficient of (S(&))° : A3 -

Coefficient of (S(&))~!

Ay =0, (3.6)
D —KPAS"(E) +3A3A, S ()
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+ wAS"(©) - 4,5"©) =0, 3.7
Coefficient of (S(&)™2: —wA, (5'(¢))” +3k34,5'(©)S" (&)
+ 34047 (5')" =0, (3.8)

Coefficient of (S(&)™ : A;(A? - 2k?) (S’(.f))3 =0. (3.9)

From Eq. (3.6), we achieve A; = 0,1,-1 and from Eq. (3.9) we can
receive the values A; # 0 and thus 4| = +v/2k and

s 3KFGAT = 1)+ w(w —34gA;)

2 . (3.10)
s k2(w —3A0A))
Integrating we have
3k*(3A2 — 1) + w(w — 3AgA;)
8" = ¢; exp( (3.11)
K2(w — 3AgA;)
From Eq. (3.8), we also get,
From Eq. (3.8), we also get,
3¢, k2 3k*3A2 — 1) + w(w — 3AgA;)
S = exp( ). (3.12)
w—3ApA, k2(w —3AyA))
Integrating Eq. (3.12) one time, we have
_ 3c k*
3k2(3A2 — 1) + w(w — 3AgA;)
3k*3A2 — 1)+ w(w — 349A))
X exp( +c5. (3.13)
K2(w —3AyA;)
Using Eqgs. (3.12) and (3.13), we attain to the solution
3k2(BAZ-)+w(w-349A;)
=A,+ 3¢ Ak x exp( koz(w—SADAl) o
AT 34)A, 3¢, K4 3K2(BAZ-D+w(w—3AgAr) ’
3k2(3A2-DHuw(w—3A9 A) xp( K2(w=3A0A,) O+
(3.14)
where & = k(x + it) with w = +—k. Here ¢, and ¢, are arbitra
‘}: \/E \f 1 2 ry

constants.

Case-I: For the set A, =0,4, = +\/§k, we get

W?=3k%)
3v/2¢, k3 exp(—= 7, —¢)
s \/;1 S sz - , (3.15)
C w*=—3
w213k2 ( (w) O+

where & = k(x + —=1) with w = + k.

V2 V2

3k4 . .
If we choose ¢, = rg‘kz, then we arrive to the solution

2 _ 1212 2 _ 2
uo L2362 {1+tanh<u§>}’
V2wk 2wk?

where & = k(x + it) with w = +-=k.

V2 V2

If we choose ¢, = — then we arrive to the solution

(3.16)

3k%c
2 3k2 2

u=iM {1+C0th<w;3k2§>}’
\/Ewk 2wk?
where & = k(x + izt).

Since ¢; and ¢, are free parameters, for various selections of ¢,
and ¢, it provides abundant novel exact solutions of the Cahn-Allen
model. The achieved solutions from Egs. (3.16) and (3.17) are depicted
graphically in Figs. 1 and 2.

(3.17)

Case-II: For the set Ay = +1,A; = +1/2k, we get
6k2 32k
(( +w(w— \[ ) &)

3v2¢ k3 A
u==+l= \/_ = x Ee3vao , (3.18)
w - 312k Bk oxp( 2+1(w=-3v/2k)) O+
6k2+w<w—3\/§k) K2(w=3v/2k) 2
for ¢ = k(x + izt) with w = i\%k. Here ¢, and ¢, are arbitrary

parametric values.
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Fig. 1. Kink wave of the solution Eq. (3.16) with k = 1.

Fig. 2. Single-kink wave solution of the Eq. (3.17) with k = 1.

3k*e;
6k2+w(w—3v2k)

2 _ 2 —
V2{6k? + w(w - 3v/2k)} {1+tanh<6k + w(w 3\/§k)§)}’
k(w - 3v/2k) K2(w — 3v/2k)

If we choose ¢, = then we attain to the solution as

u==+1=+

(3.19)

3
V2

If we choose ¢, = —

1) with w = +32 k.

V2
3kte

6k2+w(w—3v2k)’

where & = k(x +

then we attain to the solution as

u==

V2{6K? + w(w — 3v/2k)} { <6k2+w(w—3\/§k) )}

1+ l+tanh | — 07V L) L
k(w — 3v/2k) K2(w — 3/2k)

(3.20)

_ 3 ; — 42
whereé_k(xiﬁt)wuhw iﬁk-

Since ¢; and ¢, are free parameters, for different selections of ¢,
and ¢, it provides abundant novel exact solutions of the Cahn-Allen
model. The achieved solutions from Egs. (3.19) and (3.20) are similar in
diagrams Fig. 1 and Fig. 2 respectively. So, we exclude these equations
for convenience.

Again with commercial software, we can also get various solutions
of the Cahn-Allen model (solving from Egs. (3.7) and (3.8)).
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For the set of solution A, = 0,4, = i—\/zk, we get S(¢) = a+
bexp(£/V/2k).

Thus arrive to the solution

b

a {coshﬁ isinhﬁ} +b

u(x,t) =+

with & = k (x + 3:/\/5) .

(3.21)

If we consider a/b = exp(2c), then Eq. (3.21) reduces to well known
solution

u(x,t)=¢% {1+tanh<i$x+%t+c>}.

For the set Ag=1,A, = i\/zk, we get S(¢) =a+ bexp(ié/ﬁk).
Hence arrive to the solution

b

% tsinh—-
a{cosh \/iktSIHh\/ik}+b

(3.22)

u(x,t)y=1-

with.f;':k(xi?st/\/z).

(3.23)

If we consider a/b = exp(2c), then Eq. (3.23) reduces to well known
solution

1 1 3
u(x,t) = = {1+tanh<i—x+—t+c>}.
2 \/5 2

For the set Ay = —1, A, = +1/2k, we get S(£) = a + bexp(¥£/V/2k).
Hence we attain to the solution

b

a{coshﬁ -T.sinhﬁ} +b

(3.249)

u(x,t)=—-1-—

with & = k(xxat/\/i).

(3.25)

If we consider a/b = exp(2c), then Eq. (3.22) gives to well known
solution

1 1 3
u(x, ) = —= {1+tanh<i—x+_t+c>}.
2 V22

Since a and b are free parameters, for different selections of a and b
it provides abundant novel exact solutions of the Cahn-Allen model.
Choosing a/b = exp(2c) we get special type solution like Egs. (3.24)
and (3.26), but for other choose a and b in different way we can get
dissimilar type of solutions. Thus Egs. (3.24) and (3.26) are particular
type of our solutions.

Graphs of the solutions Egs. (3.21), (3.23) and (3.25) represent
kink type wave propagation (like Fig. 1) for same positive/negative
values of the arbitrary constants ¢; and ¢,. But to get single soliton like
wave propagation (like Fig. 2) from the same solution, we have to pick
opposite values of arbitrary constants ¢; and c,.

(3.26)

3.2. Example 2: A diffusive predator—prey model

In the predator-prey model including any type of natural disaster,
the cycle can be reflected as a flow that may be periodic or remain
unchanged like soliton and may be considered as a nonlinear wave phe-
nomenon allied to a large amount of significance in modern biophysics.
Here, we deliberate a model of two combined nonlinear models relating
the spatio-temporal kinetics of a predator-prey model,>*

{u,=uxx—ﬂu+(1+ﬂ)u2—u3—uu

, 3.27
0, = Uy + kuv — mo — 803 ( )

with positive constants k,5,m and f. Research has been done from
several angles to find a solution to the predator—prey model.>*34 For
further convenience, to visualize the kinetics of the dispersive predator—
prey model have expected the relations as m = g and k + 1/ \/3 =
p+1.
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Hence the Eq. (3.27) converted to

U, = Uy ﬂu+(k+1/\/_)u —u? —uv (3.28)
v, = Xx+kuu—ﬂv—5v
Analogously, we bring in the variable = x — wt, and make the

transformation u(x, 1) = u(z), to convert Eq. (3.28) as the following form:

" ’_ 2 3 = =

W'+ cu ﬂu+(k+1/\/§)u w—uw=0 (3.29)
U+ eV + kuv— fu—6v° =0

for ¢ #0.

To solve the Eq. (3.29), consider the relation v = u/\/g to convert

the system to a single equation and we finally attain,
e — pu+ ku* —u =0. (3.30)

Balancing »* and " in Eq. (3.30), yields m +2 = 3m — m = 1. So Eq.
(3.30) has the following solution

u(n) = ag + a; =0 (3.31)

Q@)
where a, and q; are constants and need to be determined. Inserting
Eq. (3.31) in Eq. (3.30) and equating the coefficient of same powers of
(@)™, i=0,1,...,3 and setting each of them is identical to zero; we
have an algebraic system as below

and a; #0,

kaé—ﬂao—a?):O

wa, 2" (n) — (Bay + 3aga; — 2kaga))2'(n) + a; 2" () =0
~3a; (2' W) (2" ) ~ (way — ka? +3a,a}) (') =
(20, - a}) (@)’ =0

From first and last equation of the above algebraic system, we get three
types of solutions

ay = 0,a; = +V2 and q; = %(k+ VKkZ—4p), a; = +v/2 and ay =
1
L=k =4p), ay = £V2.

Casel: When we consider gy =0 and a; = +/2.

Set-1: For the solution g, = 0 and a; = \/5, we get other parametric

1
values w = %i(k +3Vk2 —4p) and Q(p) = ¢, + cze‘i(“"ﬁ"”’.
Using these parametric values in Eq. (3.31), we can find the solution
of the Eq. (3.28) as follows
V2 aw-V20

-y , 3.32
! 3 ¢y +cj(coshd + sinhd) ( )

wheren—x——(k+3\/k2 4y and 9 = 3w — v2k)n.

Set-2: For the solution ¢y = 0 and ¢, = -2, we get remain-
ing parametric values w = —%(k + 3vk2—4p) and Q(n) = ¢, +

o o~ 30 HV20n

Using these parametric values in Eq. (3.31), we can find the solution
of the Eq. (3.28) as follows

V2w +V2k) 3.33)
u=— , .
3 ¢y +ci(coshd +sinhd)

where 5 = x + \/Ti(k +3k2 —4f)y and 9 = L(w + V2k)n.
Case-2: When we consider g = %(k +1k?—4p) and a; = 1\/5.

Set-1: For the solution a, = %(k + Vk2—-4p) and a; = \/5, we get
remaining parametric values
V2
w= —\/Lik, V25 Z3y/KZ—25) and Q(n) = | + cye™ 6 (V2UHkEIVIT=AD,
Using these parametric values in Eq. (3.31), we can find the solution
of the Eq. (3.28) as follows

__(k+\/k2—) 1c2(\/_w+k+3\/k2—)

¢y + c¢q(coshd + sinhd)

(3.34)
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wheren—x——(k 32 - )zorn—x+7ktands——2(\/§w+
k+3vVKkZ — 4p)n.

Set-2: For the solution q, = %(k + Vk%2—4p) and a; = —\/5, we get
remaining parametric values
V2 (kR
V2(k 3R —4p) and Q(n) = ¢, + cye 5 V2ekVEID,
Using these parametric values in Eq. (3.31), we can find the solution
of the Eq. (3.28) as follows

k—3vk? -
_(k+ T )+1c2(\/'w ViZ=4p)
¢y + ¢y (coshd + sinhd)
h — \6 2 — 1 = ‘/5
where 5 = x + Y2 (k - 3v/k2 — 4p)r oy =x— skt and § = Y (aw -
k=3vk2—4p)n.
Case-3: When we consider g = %(k —Vk?—-4p)and a, = 1\/5.

Set-1: For the solution a, = %(k — Vk2—-4p) and a; = \/E, we get
remaining parametric values

V2 N
ﬁk, V25 4 39/KZ—25) and () = ¢; + cye™ 6 V23V,

Using these parametric values in Eq. (3.31), we can find the solution
of the Eq. (3.28) as follows

__(k NS 102(\/_w+k 32 — 4p)

¢y + ¢y (coshd + sinhd)

w:Lk’_
2

(3.35)

w=-

(3.36)

wherer]—x——(k+3\/k2 )torn—x+7ktandt9— 2(\/§w+
k —3v/k2 — 4p)n.

Set-2: For the solution q, = %(k — Vk2—-4p) and a; = —\/5, we get
remaining parametric values
V2
w = \/lik, —‘/Ti(k +3VKZ=25) and () = ¢| + cye™ 6 (V2UTkEIVIT=D,
Using these parametric values in Eq. (3.31), we can find the solution
of the Eq. (3.28) as follows

_(k \/—)+1cz(\/_w k+3vk2—4p)

3.37
¢y + ¢y (coshd + sinhd) ¢ )

where 7 = x + %(k+3\/k2 —4p)torn=x— \/Likt and 9 = \/?E(\/Ew -
k+3vk2—4p)n.

If we plot Eq. (3.32) with particular choose of the constants such
that k2 — 4 > 0, then we achieved progress of spaces as kink type that
is population density is stable and lies between two asymptotic state
u=0tou=085 withe¢, =c¢, =w = =1,k =2 (see Fig. 3a). But
if we set the constants such that k* — 4 < 0, then most of the times
population are stable except some times and periodic (see Fig. 3b with
¢y =c¢, =w=f=1,k=1). On the other hand when ¢, or ¢, negative,
then density of species unstable and increases unexpectedly (see Fig. 3c
with ¢ = -1,¢, = w = f = 1,k = 2). Fig. 3d: perspective view of
Eq. (3.33) for ¢; = ¢; = w = f = 1,k = 1. The other solution gives the
same type of situation with similar conditions on the parametric values.
So we avoid the similar figures again.

4. Comparison

Here, we compare our solutions with the solutions of other re-
searchers obtained by some renowned schemes as exp-function scheme,
first integral scheme and Bernoulli sub-equation function scheme. The
details are included as follows:

(a) Comparison with Exp-function scheme Ref. 11: Ugurlu'! ob-
tained some solutions of the Cahn-Allen model via exp-function scheme
in which solutions ug, ug are identical with our solution Eq. (3.21) when
b = 1,a = by and the other solutions are different with their solutions
(For more see the Ref. 14).

(b) Comparison with first integral scheme Ref. 16: Tascan and
Bekir!® obtained some solutions of the Cahn-Allen model via first
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Fig. 3a. Kink wave view of Eq. (3.32) for ¢, =¢c, =w=f=1,k=2.

Fig. 3c. Singular-kink soliton view of Eq. (3.32) for ¢, = -l,c,=w=f=1,k=2.

integral scheme in which solutions Eq. (3.16) are identical with our
solutions Eq. (3.21) (when in our study a = b = 1,k = —1/\/5 and
in their study ¢, = 0) and ug, uy are identical with our solutions Eq.
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Real u

Fig. 3d. Kinky-periodic lump wave view of Eq. (3.33) for ¢, = ¢, =w=pf=1Lk=1.

(3.21) when b = 1,a = b, and the other solutions are different with
their solutions.
(c) Comparison with the Bernoulli sub-equation function scheme
Ref. 35: Bulut et al.>> derived six solutions of Cahn-Allen model and all
of these are special case of our solutions. When we put k = —\/5/3, c) =
ay,2¢,k> = E; k = —\/2/3,¢, = 21/2d,2¢,k> = E and k = —\/2/3,¢, =
3\/§d,2c1k2 = E in our solution (Case-I i.e., Eq. (3.15)) reduces to
solutions u,, u, and us of Ref. 35 respectively. Similarly, we see that
the solutions u,,us,us are special case of our solution (Case-II i.e., Eq.
(3.18)). Our results have more free parameters which can be converted
to diverse types of dynamical behavior for diverse choices of free
parameters.

In contrast, by employing the MSE scheme in this manuscript we
have achieved four solutions with simple calculations.

5. Conclusions

In this paper, the MSE scheme has been effectively employed for
finding the exact solutions and dynamics of the Cahn-Allen model
and the dispersive predator-prey model. We presented abundant new
exact explicit solutions of the exponential form of both Cahn-Allen
and diffusive predator-prey models with some free parametric values.
We derived particular solutions from the general exponential function
such as stable kink soliton and kinky-periodic rogue wave solutions;
unstable singular kink wave solutions of both models. We also derive
particular solutions from the explicit solutions selecting some definite
values of the free parametric values. Lastly, the variety and graphic
representations of the composition make the models dynamic. Stable
and unstable situations are explained in detail from the analysis of
the profiles. By comparing the MSE scheme with different schemes,
we can claim that the MSE scheme is frank, simple, proficient, and
can be applied in numerous nonlinear models. In existing schemes, for
example, the (G'/G)-expansion scheme, the Exp-function scheme and
the tanh-function scheme, it is essential to employ suggestive calcula-
tion software like Mathematica or Maple to solve the intricate algebraic
equation. No auxiliary equations are needed to solve non-linear models
by using the MSE scheme.
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OCIS: This work retrieves polarized optical soliton solutions for pulses in birefringent fibers that are modeled by
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060.4510 fails to retrieve the much needed bright and dark soliton solutions. These singular solitons exist with restricted
060.5530 parametric conditions that are also exhibited.
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Introduction

Optical soliton dynamics is an engineering marvel in telecommu-
nications industry [1-10]. An inherent problem with the dynamics of
pulse propagation across trans-oceanic and trans-continental distances
is its polarization. This is attributed to several factors such as the
randomness of fiber diameter, rough handling of optical fibers and
many others. These factors occasionally lead to hi-bi fibers. It is often
a challenging task to retrieve the soliton solutions to the models that
are studied in the context of high birefringence.

One such model that has been around for a fairly long period is
the Lakshmanan-Porsezian—-Daniel (LPD) model that was first reported
in 1988 and later gained a lot of popularity [11]. A wide range of
integration algorithms have been implemented to secure soliton and
other solutions to LPD model in the context of polarization-preserving
fibers [12], including exp(—¢(&))-expansion scheme [13], trial equation
scheme [14] and many more [15-18]. Today’s work will retrieve

* Corresponding author.
E-mail address: mehmet.ekici@bozok.edu.tr (M. Ekici).

https://doi.org/10.1016/j.rinp.2021.103958

soliton solutions to LPD model with differential group delay by uni-
fied approach that was first reported during 2018 [19]. As it will be
revealed, the algorithm could only expose singular solitons. The details
are jotted in the rest of the paper after a quick re-visitation of the model
and the integration algorithm.

Governing model
The dimensionless LPD model with Kerr law nonlinearity has the
following form [15,16,20]:
. ; 2
iy, +ap by + Py = oy + pulyt alu ] v v P,
+ Ayt +slwlty. @

In Eq. (1), x and ¢ represent independent spatial and temporal variables,
respectively. The dependent variable y represents the complex wave
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function. Next, the parameters a4, b, ¢, o and s signify group velocity
dispersion, spatio-temporal dispersion, the coefficient of Kerr law non-
linearity, the coefficient of fourth order dispersion and the two-photon
absorption, respectively. Finally, the p, ¢, r and A terms account for
several forms of the nonlinear dispersion. Solitons are possible for a
sustained delicate balance of dispersion with the nonlinear terms.

For birefringent fibers, the model can be divided into two parts of
a vector representation. Avoiding the properties of 4WM, the above
model reduces to [13,14]:

iug + ayuy, + by + (C| |u|2 +d, |U|2) u
=0ty + (plui +qlui) ut + (rl |ux|2 + 5 |vx|2) u
+ ('11 |u|2 + 91 |U|2) Uxx + (){1142 + ”11}2) uix

+ (11l + @y ul® 101 + 9y [0]*) u @

i+ ay0, + by + (02 lv|? + d, |u|2) v
= 0yUppxx T (1’2”)2: + qzui) v* + (r2 |vx|2 + 5, |ux|2) v
+ (’12 |U|2 + '92 |“|2) Uxx + (XZUz + "2'42) Uix

+ (f2|l)|4'"¢2|v|2 |M|2+192 |u|4) v. 3)

In Egs. (2) and (3), ¢ fj for j = 1,2 represent the self-phase and
d;,¢;,9; with j = 1,2 stand for the cross-phase modulation effects,
respectively.

Mathematical analysis

Consider the following transformation of this coupled system

u(x,1) = H,(§) exp(ip) ()]

u(x, 1) = Hy (&) exp(io) (5)
where H, and H, are the soliton amplitude components and
{=x—wt (6)

is the traveling wave variable with the soliton speed w. The phase
component ¢ is as below:

@=—kx+wt+e @]

with frequency k, wave number w and phase shift €. Inserting Egs. (4)
and (5) into Egs. (2) and (3) and sorting out the real and imaginary
parts leads to the following equations. The real part is

(W + a,k* — bkw + k*o,)H, — (¢, + k*(p, — 1y + Ay + g,V H

+ Sy Y = (dy + K2 (g, = 5, + 0y + 0,0 Hy (Hp) + b, (H,)* (Hz)

+ 8, H,(H)* + (9, + r,) H,(H,)* + (g, + 5,) H,(H})*

—(a, - byw +6k*c,)H + (A, + y,)H H!

+(, + 0, H)*H! +6,HY =0 (8)
while the imaginary part is
(@ + 2a,k — b,(kw + w) + 4k>6,)H! — 2k(p, + A, — x, ) H>H'

+2k(n, — 0,)H!(Hy)* - 2q,kH,H;H — 4ko, H® =0 9
with n = 1,2 and 7 = 3 — n. By the balancing principle, one can write
H; =H,. 10)
From Egs. (8) and (10), we can rewrite
(W + a,k? = bkw + k*e,)H, — (¢, + d,, + k*(h, + R)H} + J, H>

+L,H,(H)* - (a, - byw +6k’c,)H + R,H’H + 6, H?Y =0 (11)
where

Jn=fn+¢n+19ns hn=pn+qn_rn_sn’
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L,=p,+q,+r,+5s, Ry=m+0,+,+, (12)
From Egs. (9) and (10), one can rewrite
(@ +2a,k — b,(kw + w) + 4k, ) H!

= 2k(p, +q, — 1, + 0, + A, — x)H-H, — 4ko, HY = 0. 13)

Thus, the third expression of Eq. (13) gives o, = 0. Hence the solutions
of the coupled system Egs. (2) and (3) will be presented for the
fourth order dispersion omitted. The other terms in Eq. (13), yield the
following relation

M+ Xy =Py +q,+0,+4, a4

and therefore the soliton speed is

v,w —2a,k
- 15
“ 1-v,k (15)

for b, = % Comparing the values of the soliton velocity, Eq. (15) gives
(1 = by k)(byw — 2ask) = (1 — byk)(bw — 2a, k). (16)
Therefore Eq. (11) can be written as

(W + a,k? = bkw)H, — (¢, +d, + kK*(h, + R)YH> + J,H> + L, H,(H')

- (a, - b,m)H! + R,H>H!' =0. a7

Application of unified method to LPD model
Assume the trial solution of Eq. (17) is

N

H,©) =Y A"SE) + B S (18)
i=0

where Af)"),Af.m and Bf") for i = 1,2,..., N are real constants and S(¢)

satisfies Riccati equation:

8" =SHO) +1. 19

Eq. (19) has nine solution categories according to three cases:

Case-1: Hyperbolic functions (when / < 0):

\/=(CZ + D2)I — C\/=i cosh(2\/=I(¢ + E))
Csinh@V/—=I( + E)) + D

—\/=(CZ + D)l — C\/—=I cosh2V/=I(¢ + E))

Csinh@V/—=I(¢ + E)) + D (20)
20—

C + cosh2V/=I(¢ + E)) — sinh@\/—I({ + E))
204/-1

C + cosh@y/—I( + E)) — sinh@V/—I( + E))

B

NOES

Nt

—V=i+

Case-2: Trigonometric functions (when / > 0):

V(€2 = D2 = C\/1cosVI¢ + E))
Csin@VI(¢ + E) + D

—V(CT= D) - C\lcos@VI( + E))

B

Csin@VI¢ +E)+D 1)
—2iC\/I

iVi+ ,
C + cos@VIC + E)) — i sin@VI( + E))

—i\/; + ZIC\/Z ’

C + cos@VIE + E)) — isin@VI( + E))

where C # 0 and D, E are real arbitrary constants.

B

S =1

Case-3: Rational function solution (when / = 0):

1
S(()—H—E- (22)
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To identify the value of N in Eq. (18), balancing H>H!' with H? yields
N = 1. Eq. (18) takes the form

H, (&)

Then putting Eq. (23) along with Eq. (19) into Eq. (17) and after some
calculations, we pose the following sets of solutions:

=AV +AVSO) + B SO (23)

Set-1: Al =0, A = M,, B"” =0
w = (K*J,a,b, — kA*L?b, — 2kI*L,R,b, + 2kiJ,a,b, — k*J,a,
+1PL2+ 212Lan +21J,a,)/(J,(K*b2 + 21b2 — 2kb,, + 1))

¢y = —(k*n, L,b2 +2k*h, R, b> + k* L, R,b? + 2k* R2b? + 2K21h,, L, b2
+4k21h, R, b — 2k*1L26> — 4k*I L, R,b* — 2k>h, L,b, — 4k*h,R,b,
—2k3L,R,b, — 4k>R2b, + K*L,b2d, + 2k* R, b*d, — 21* L*b?
—812L, R, b2 — 81> R>b? + 4kI L2b, + 12kIL, R,b, + 8kIR2b, +2IL,b*d,
+4IR,b*d, + k*h, L, +2k*h, R, + k*L,R, + 2k*R2 — 2k L,b,d,,
—4kR,b,d, —21L* — 6IL,R, — 4IR> — 2J,a, + L,d, + 2R,d,)/(k*L,b*
+2k>R,b2 + 21L,b2 + 4IR, b2 — 2kL,b, — 4kR,b, + L, +2R,)

.oam _ ) _ (n) _
Set-2: A)” =0, A =0, B" = M,I
= (k’J,a,b, — kA*L?b, — 2kiI*L,R,b, + 2kl J,a,b,

+202L, R, + 21J,a,)/(J,,(K*b? + 21b> — 2kb,, + 1))

2 272
—k“Ja,+1°L;

¢y = —(k*h, L,b> + 2k*h, R, b> + k* L, R,b> + 2k* R2b? + 2k21h,, L,b?
+4k*1h, R, b — 2k*1L26% — 4k*IL, R,b* — 2k>h, L,b, — 4k>h,R,b,
—2k3L,R,b, — 4k* R%b, + K> L,b2d, + 2k* R, b*d, — 21> L* >
—81L, R, b2 — 8I°R>b? + 4kIL2b, + 12kIL, R, b, + 8kIR2b, +2IL,b*d,
+4IR,b>d,, + k>h, L, +2k>h, R, + k*L,R, + 2k* R — 2k L,b,d,,
—4kR,b,d, —21L* — 6IL, R, — 4IR> —2J,a, + L,d, + 2R,d,) /(K> L,b*
+2k*R,b2 + 21L,b2 + 4IR, b2 — 2kL, b, — 4kR,b, + L, +2R,)

Set-3: A1 =0, A" = M,. B = M,

=—(@8M2IkJ,L2b, + 16M2I*kJ,L,R,b, — 6M 1kJ a,b, — k*J,L,a,b

n=n"*n"n n“n%n n=n%n"n

—2k‘Jana,,b,, +8kI*L2b, + 321> L2R,b, + 32kI* L, R>b, — 8MI*J, L’
—16M>1*J,L"R, — 2klJ,L,a,b, — 4klJ,R,a,b, — 6M21T a, + k*J,a,
321°L’R, - 32I°L,R> - 21J,L,a, - 41J,R,a,)

—2kL,b,

+2k*J,R,a, - 8I°L? —

n=tn=n
/(J,(6J,b>2 M2 + K> L, b2 + 2k2Rnbg +2IL,b +4IR, b
—4kR,b, + L, +2R,))

= —(6k*h,J,b2M? — 6k*J, L, b2M>1 + 12kJ, L,b,M>1 + 12kJ, R, b, M?]

n nYn"y n*=nYy n=nn n*n%n

+2k%1h, L, b + 4K*1h, R,b> — 4k*IL, R b* + 12kIL,R,b, — 6J,L, M2

n*nn

2112 —4IR? + L,d, +2R,d, — 241> L2}’

—80I°R2b* + k*h, L, + 2k*h,r, + k*L, R

ntn

— 2K L2D?

—6J,R,M* —2a,J, +2k*R? —
+2k* R2b2 — 41 R2b, —
—881°L, R, b + k*h, L,b> +2k*h,R,b> + k* L, R, b
—4k3h,R,b, — 2k L, R,b, + k*L,b’d, + 2k* R, b2d,, + 4kIL2b, + 8kIR2b,

—6lL,R,
—2k3h,L,b,

+2IL,b2d, +4IR,b2d, — 2kL,b,d, — 4kR,b,d, — 81*J,b2M* — 24I*J, R, b> M
+6J,62d, M21)/(6J,b2 M2 + k*L,b> + 2k* R, b + 21 L, b + 4IR,b> — 2kL,b,
—4kR,b, + L, +2R,)

for

M, =+ \/—Jn(in + 2Rn).

Using Egs. (20)-(21)—(22) and Egs. (4)—(5), with the help of the solu-
tion Set-1, we obtain the following eighteen exact solutions of Egs. (2)
and (3):

V—=(C?% + D?)I — C\/—I coshQy/—I(¢ + E)) )
up(x, 0= M, explig]
Csinh(2v/—I(¢ + E))+ D
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V/=(CZ + D)l — C/=I cosh@V/~I(¢ + E)) _
v (x, 1) =M, explig]
Csinh2V/=I(¢ + E)+ D
— 2 2] — — —
wso = M, ( V=(CZ+ D) — Cv/=I cosh@v/=I(¢ + E))) explio]
Csinh(2V/=I( + E)) + D
—\/=(CZ + D)l — C\/—I coshV/=I(¢ + E)) ‘
v1o(x, 1) = M, explig]
Csinh(2V/=I( + E)) + D
201
us(x,) =M \/?l+ explig]
. ! < C + cosh2V/=I(¢ + E)) — sinh@V/—=I( + E)) >
20v/=1
vy 3(x,1) = M. \/—_l+ explig]
. : < C + cosh2V/=I(¢ + E)) — sinh2v/—=I( + E)) >
20v/=1
U x,)=M —\/?1+ explig]
e : < C + coshQV/=I(¢ + E)) — sinh2/—I( + E)))

2C\/ -1
V4, ) =M, | -V-I+ explig]
14 ? ( C + cosh(2V/—I({ + E)) — sinh(2y/=I({ + E)))

which are all singular soliton pairs. Further, one arrives at the following
periodic solutions:

V(€2 = D)l - C/Icos@VI(E + E)) ,
explig]

Csin@VI(¢ + E)+ D

uys(x,1) =M, (

2 —_
s = M, < — D) — C\/lcosVI(E + E)) ) explie]
Csin@VI(¢ + E)+ D
2 —
o) = M, < _DhHi-C zcos(Z\f(C+E))>eXp[i(p]
Csin@VI(¢ + E)+ D
2 —
oaet) = M, < — D) — Cy/lcos@VI(¢ + E)) > explio]
Csin2VIE +E)+ D
up 4 (x,0) = M, ( ~2ic VI )exp[uﬂ]
C +cos@VIC + E)) — i sin@VIE + E))
—2icy/1
vy 7(x,1) = M, explig]
v ? ( C +cos2VI(E + E)) — i sin@VI(¢E + E)) )
uy g(x, 1) = M, (—1\/—+ acC I )eXpW]
C +cosVIE + E)) — isin2VI(E + E))
vy g1 = M,y (—z\/ + 2y ) explio]
C +cos@VI¢ + E)) — i sin@VI( + E))
Uy o(x,1) = § + exp[zqo]
_ M, .
Uy o(x,1) = T E explig]

where M, and w are come from Set-1 and ¢ = —kx + wt + £. Here u; o
and v, ¢ are the rational solutions to the model.

Using Egs. (20)-(21)-(22) and Egs. (4)-(5), with the help of the
solution Set-2, we obtain the following eighteen exact solutions of Egs.
(2) and (3):

Ml
—(CZ + DI — Cy/—1 cosh2y/—I(¢ + E))
Csinh(2V/=I( + E)) + D
M,l
\/=(CZ + D?)I — C\/=l cosh2V/=I( + E))
Csinh@V=I¢ + E)) + D
Ml
—1/=(C? + D%)I — C+/—I cosh(2\/—-I({ + E))
Csinh@V/=I(¢ + E)) + D
M,
—v/=(C2 + D)l — C\/=l cosh@V/—I( + E))

Csinh@V/—I( + E)) + D

Uy (x, 1) = explig]

vy (x,1) = explig]

Uy (x,1) = explig]

Uyo(x,1) = expliep]
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Ml
204/-1
C + cosh(2A/=I(¢ + E)) — sinh@V/=I(¢ + E))
M1
204/-1
C + cosh(2/=I( + E)) — sinh2V/=I(¢ + E))
Ml
2C\ -1
C + cosh2V/=I(¢ + E)) — sinh(2\/=I(¢ + E))
M,l
2C\ -1
C + cosh(2V/=I(¢ + E)) — sinh(2\/=I(¢ + E))
These constitute another set of singular solitons. Next, the periodic
solution pairs are

uy3(x,1) = explig]

N

Uy 3(x,1) = explig]

v+

Uy 4(x,1) = explip]

—V=1+

Uy 4(x,1) = explig]

—V-i+

M,
U, s(x,t) = explie]
25 Ve -pyi-c Icos(l\/Z(C + E))
Csin@VI(¢ + E)+ D
e Ml expliv]
Xf) = xplip
25 Ve -pyi-c ICOS(Z\ﬁ(C + E))
C sin(Z\ﬁ(C +E)+D
01 - liel
u x, — expli@p
26 —(CT= D) - cicosVI( + E))
C sin(2\/7(C +E)+ D
e M,1 expli]
Xf) = xplip
2.6 —-V(Cc2-p»i-C lcos(2\/7(§ + E))
Csin@VI(¢ + E)+ D
M, .
ty 7 (x.1) = exliel
is —2icy/1
C + cos@VI( + E) — i sin@VI( + E))
Myl .
03751 = Pl
i+ —2icy/1
C +cosVI(¢ + E)) — isin2VI(¢ + E))
Myl
uyg(x,1) = 1 explie]
i 2ic/1
C +cos@VI(¢ + E)) — i sinVI( + E))
M, -
0y = =Pl

—i\/7+ 2iC\/7
C + cosVI(¢ + E)) — isin@VI(C + E))
Uy o(x,1) = M I(§ + E)explig]

Uy 9(x, 1) = MyI(§ + E)explig]

where M, and w are come from Set-2 and ¢ = —kx + wt + €.

Similarly, using Egs. (20)—(21) and Egs. (4)—(5), with the help of
the solution Set-3, we obtain the sixteen exact solutions of Egs. (2) and
(3). But, Eq. (22) does not provide any exact solution of Egs. (2) and
(3) for the solution Set-3.

Conclusions

This paper revealed soliton solutions to LPD model with differential
group delay. The polarized solitons are thus retrieved and exhibited.
The scheme implemented is the unified approach which yielded sin-
gular soliton solutions only. Singular solitons are applicable to model
optical rogons, but not optical solitons, and the algorithm, evidently,
has a few drawbacks. The method fails to retrieve the much-needed
bright solitons and dark solitons. Also, this scheme is unable to produce
N-soliton solutions to the governing model. Moreover, a profound
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drawback is its inability to locate soliton radiation that is inevitably
present once linear and nonlinear dispersion terms are embedded in the
model. Thus, to conclude, the unified approach is not of much use in the
study of governing models that give rise to optical solitons. From the
applications perspective, this integration algorithm cannot be applied
to obtain bright or dark solitons in any model. It can only be used
to address optical rogons that are supposedly modeled with singular
solitons. In addition, singular solitons cannot be plotted. This paper
therefore concludes with analytical results for only singular solitons
obtained by the aid of the unified method.
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Abstract: In the current article, the generalized Kudryshov method is applied to determine exact solitary wave solutions
for the time fractional generalized Hirota—Satsuma coupled KdV model. Here, fractional derivative is illustrated in the
conformable derivative. Therefore, plentiful exact traveling wave solutions are achieved for this model, which encourage
us to enlarge, a novel technique to gain unsteady solutions of autonomous nonlinear evolution models those occurs in
physical and engineering branches. The obtained traveling wave solutions are expressed in terms of the exponential
and rational functions. It is effortless to widen that this method is powerful and will be applied in further tasks to create
advance exclusively innovative solutions to other higher-order nonlinear conformable fractional differential model in
engineering problems.

Keywords: The generalized Kudryshov method; exact solitary wave solutions; time fractional generalized Hirota-Satsuma
coupled (HSC) KdV system; conformable fractional derivative

1. Introduction

Nearby, great interest in fractional calculus applied in various fields such as electrical networks, control theory of
dynamics, statistics, electro-chemistry of oxidization, acoustics, nonlinear optical fibre, plasma and solid state physics,
chemical kinetics and geochemistry phenomena, signal processing and data mining can be effectively formed by means of
nonlinear fractional order differential systems !** Modeling of a range of physical phenomena in terms of nonlinear time
fractional evolution equations has played a significant factor in numerous efficient applications in the above mentioned
fields.

The time fractional generalized HSC KdV system is vital nonlinear model occurs in the Toda lattice equation, a
recognized (1+1) dimension soliton equation. This system can also be utilized as the model of interaction of neighboring
particles of the same mass in a lattice formation with a crystal as well as illustrated basic characteristics of string dynamics
in constant curvature space !"*).

The more general form of time fractional generalized HSC KdV system can be written as follows !'"'"*

o =lhm+3hhv+3(w—v2)x

o 4 '

v 3, 0<a<l. (1
ot” 2 :

a w:_lwrtx_3hwx

ot” 2 -

Recently, searching exact solutions of the system Eq.(1) was found by renowned researchers "> '"*).Guo et. al. '
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applied the improved fractional sub-equation method to construct analytical solutions to the space—time fractional
equations arises in fluid mechanics. The exact and complex traveling wave solutions to the time fractional generalized
Hirota-Satsuma coupled KdV system are deliberated by Neirameh " using the direct algebraic method.

Considerable effort have been paid by many dynamical researchers to investigate exact solutions for FDEs such as the
impulsive fractional differential equations with different boundary conditions "'*'> ' nonlinear impulsive hybrid boundary
value problems involving fractional differential equations "', Space-Time fractional Burgers equation "*), time fractional
Burgers equation in fluid flow """ the fractional coupled viscous Burgers’ equation **, Time-fractional KdV equations *"
and so on.

The objective of this paper is to apply the generalized Kudryashov method for finding the exact solitary wave
solutions of the time fractional generalized HSC KdV system, which take part in a key task in mathematical physics.

This paper is organized as follows: fundamental properties of conformable fractional derivative are presented in
section 2. The brief description of the generalized Kudryashov methods is given in section 3. Then in section 4, this
method has been applied to establish exact solutions for the time fractional general HSC KdV system. The obtained results
are presented graphically and the relevant physical illustrations are provided in section 5. Finally, concluding remarks are
drawn in section 6.

2. Conformable fractional derivative and its properties

For a function ¢ : (0, ) —> R , the conformable fractional derivative of ¢ for order o, is defined > as

g lim gera™)-g0)

. t>0 and O<a<l1
ot -0 &

Some important properties of the conformable fractional derivative are as follows:

o” 0" o”
P (agp+bp)=a P (P)+ bat—a(qa), Ya,b eR.
a t"y=pt" VB eR and a (A1) =0,4 =const.
ot” ’ ot” ’
aa I—a s '
e (o)1) =179 (p(1))p'(2).
3. The Method

Let us assume a general nonlinear evolution equation in x and 7 as
N bbb, ) =0,xeR,t>0 @

where the function 4 = & (x,£) is unknown and { is a polynomial function with respect to some functions or specified
variables, which have nonlinear terms and highest order derivatives of the unknown function. The key steps of the

generalized Kudryashov method are as "'
Step 1: Consider the following traveling wave transformation

ct”

h(x,t)=H(§),§=x—? 3)

where c is the velocity of the relative wave mode. By using the above transformation the nonlinear partial differential
equation (3) is reduced to a nonlinear ordinary differential equation (ODE)

y(H,H',H",.)=0, 4)
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where the prime denotes the derivative of H with respect to ¢ and X isa polynomial of H(S).
Step 2: Let us assume that the solution of Eq. (4) has the following form:

2 a8 ($)
H(J) :—;0 ' %)
ij¢’(§)

where g, and b; are real constants, N and M are positive integers such that ay, b,# 0 and @(&) satisfies the following
ordinary differential equation:

() =0 () -e(). (6)

The general solution of Eq. (6) is of the following form:

#E)=—
=, -
1+ Ae* )
where A is any arbitrary constant.
Step 3: Determine the positive integers N and M in Eq. (5) by balancing the highest order derivative term with the

nonlinear term of A (¢) in Eq. (2) or Eq. (4). Moreover, we define the degree of H (&) as D(H(¢) =N -M, which gives
rise to the degree of other expression as

d'H d'H
)=N-M+q,D(H"(
dee dce
where p, g, s are integer numbers.

Thus, we can find the value of N and M in Eq. (5).

Step 4: Inserting Eq. (5) along with Eq. (6) into Eq. (4) and collect all terms with the same powers of @ together.
Setting each coefficients of this polynomial @ to zero, we obtain a system of algebraic equations for a;,b;and c .

D(

))=(WN-=M)p+s(N-M+q),

Step 5: By inserting the values of parameters gained in previous step and #(<) into the Eq. (5), then the solutions of
Eq. (2) can be constructed.

4. Applications

Consider the following traveling wave transformation:

hx,0) =~ H2 (&)

c
vix,t)=—c+H()

®
w(x,t)=2c* = 2cH (&)
where E= x—i.ta .
(24
Inserting Eq. (8) into Eq. (1) reduced into ordinary differential equations
¢(H.)’ +cHH, +3H"* —4c’H? +6¢" +2c’R=0 ©)
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and cH,, +2H" -2¢’H =0. (10)

where R is an integration constant to be evaluated later.

Case 1: By balancing the highest order derivative term HH,, with the nonlinear term H'in Eq. (9) gives N= M+ 1
Setting M =1, we have N = 2 . Therefore Eq. (5) reduces to

2
a,+aQ+a
H(g) — 0 1¢ 2¢
by +b,¢ (11)
Inserting Eq.(11) along with Eq.(6) into Eq.(9), we have a polynomial of ¢k,(k =0,1,2,...). Equating the
coefficients of this polynomial of the same powers of ¢ to zero, we obtain a system of equations yields the values for R,c,
a,, 4, 4y, by and b,.

Set1: R =—%,c = —%,ao =—%b0,a1 =—%b1 +%b0,a2 =%b1,bo,b1 = const.

5 1 1
Set 2: R =—§,c =-1Laq, ZEb"al =-b,a,=b,b, = —Eb],b1 = const.

Set3: R =—%,c =-1l,aq, =—%bl,a1 =b,,a, =-b,b, :—%bl,b1 = const.

5 1 1 1 1 1
=700 :Zbl —Ebo,a2 :—Ebl,bo,b1 = const.

b,a, =_Lb1,bO =—%b1,b1 = const.

NG

For set 1, the time fractional generalized HSC KdV equations hold the solution as:

Set 5:R :—%,c :%,ao =0,q, =

her) =L 1=4¢ 2
' 4 (1+4¢°
V()C [) = ;
U 2(1+ 4ef) (12)
1
WX, 1) = ———
41+ Ae®)
ta
where £ — x4 —
4a
For set 2, the time fractional generalized HSC KdV equations hold the solution as:
2
1+ A%e*
hen= {T
2
vout) =T (13)
4
w(x,t) = Iy
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ta
where §:x+—'
(04

For set 3, the time fractional generalized HSC KdV equations hold the solution as:

2
1+ A%e*
heen = ‘{I_A—¢
24%e*
v(x,t)=————>+
(x.1) 1— A%e* (14)
44%e**
WD =TT e
a
where & = x +—
a
For set 4, the time fractional generalized HSC KdV equations hold the solution as:
2
1{1-4e
h(x,t)=——<———
(1) 4 {1 +Ae* }
£
V(x,t) = _de
2(1+ Ae*) (15)
¢
w(x,t) = _Ade
4(1+ Ae°)
ta
where E=x+—:
4o
For set 5, the time fractional generalized HSC KdV equations hold the solution as:
M) = —4 +(1+ 4¢5)F1)
' 1+ A%
o t)_—(1—Azezf)mz\/i(lmef)iizﬁ (16)
’ 2(1- A%e*) ’
N 1- A%e* Fi2\2(1+ 4e) +i22
W(x’ )_ 1—A26‘25
ta

where f = x—

2a'

Case 2: Balancing HH . with H' in equation (10) gives N= M + 1, Setting M =1 , we obtain N=2 .

Therefore Eq. (5) reduces to

a, +a,¢+ a2¢2

He)="— T b

Volume 1 Issue 1|2019| 29

(17)

Contemporary Mathematics



Inserting Eq.(17) along with Eq.(5) into Eq.(10), we get a polynomial of ¢k,(k =0,1,2,...) - Equating the
coefficients of this polynomial of the same powers of ¢ to zero, we obtain a system of equations yields the values forc, a,,
a,, ay, byand b, .

1 1 1 1 1
Set1: ¢ :—Z,ao :—Zbo,a1 :_Zbl +§bo,0¢2 :Ebl,bo,bl = const.

Set2: ¢ =—1,q, =%bl,a1 =-b,,a, =b,,b, =—%bl,bl = const.

1 1
Set3: c=—1,qa, z—zbl,a, =b,,a,=-b,b, :_Ebl’b' = const.
1 1 1 1 1
Set4: ¢ =% :Zbo,a1 :Zbl —Ebo,a2 :—Ebl,bo,b1 = const.

Set5: ¢ = %,ao =0,a, = ii\/EbO,a2 = $i\/§b0,bo = const, b, =2b, .

From some simplification, we see that the set-1 to set-4 gives the same results as in case-1. But only set-5 is different
which gives solution as

2
+(1+ 4e°)F1
h(x,t)=—-4]——22JF
(o0 { L+ A
W t) = 1- A% +i2\2(1+ 4e°) Fi2\2
’ 2(—1+A4%*) ’ (18)
—1+ A2 Fi2(1+ Ae) 12
W(x7t)= 2 2¢
2(—1+ A%*)
ta
where §=X——'
2a

5. Graphical representations

Ten set of results are achieved in this research. All of the results are analyzed and some of them depicted in the Figs.
1-2. The graphs signify the change of amplitude, shape of wave and nature of the solitary waves for each acquired wave
solutions in space x at time t. The solution /4 (x,f) of Eq.(12) represents bright bell solitary wave (Fig-1(a)) for the physical
parameters A=0.5, 0=0.67 The solution both v (x,f) and w (x,?) of Eq.(12) represents similar kink solitary wave. Fig-1(b)
expressed the shape of the kink wave v (x,f) of Eq.(12) for the physical parameters 4=0.5, a=0.67.

The solutions / (x,f)of Eq.(15) represent bright bell solitary wave solutions and all of them are similar like to the
graph Fig-1(a) of 4 (x,f) in Eq.(12). We also see that the solutions v (x,f), w (x,f) of Eq.(15) represent kink solitary wave
solutions and all of them are similar like to the graph Fig-1(b) of 4 (x,f) in Eq.(12). So we omit the similar type of figures.

The solution £ (x,f) of Eq.(13) represents dark solitary wave (see Fig-2(a)) for the physical parameters 4=0.5, a=0.5
in space x at time t. The solution both v (x,f) and w (x,f) of Eq.(13) represents similar singular kink solitary wave. Fig-2(b)
expressed the shape of the singular kink solitary wave v (x,f) of Eq.(13) for the physical parameters 4=0.5, a=0.5.

The solutions / (x,f) of Eq.(14), Eq.(16) and Eq.(18) represent dark bell solitary wave solutions and all of them are
similar to the graph Fig-2(a) of 4 (x,?) in Eq.(13). We also see that the solutions v (x.f), w (x,f) of Eq.(14) and complex part
of v (x,f), w (x,f) of Eq.(16) and v (x,?), w (x,f) of Eq.(18) represent singular kink solitary wave solutions and all of them are
similar like to the graph Fig-2(b) of 4 (x,7) in Eq.(13). So we omit the similar type of figures. Real part of in Eq.(16) and
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Eq.(18) gives constant solution that represent in x¢ plane.

Figure 1 (a) Represent bright bell solitary wave solution / (x,?) of Eq.(12) for the physical parametric values 4=0.5, =0.67 and (b)
Represent kink solitary wave solution v (x,?) of Eq.(12) for the physical parametric values 4=0.5, a=0.67.

)

Figure 2 (a) Represent dark bell solitary wave solution 7 (x,?) of Eq.(13) for the physical parametric values 4=0.5, a=0.67
and (b) Represent kink solitary wave solution v (x,?) of Eq.(13) for the physical parametric values 4=0.5, ¢=0.67.

6. Conclusions

In this article, we have successfully used a mathematical apparatus named the generalized Kudryashov method for
creating exact solitary wave solutions to the time fractional generalized Hirota-Satsuma coupled KdV system. The achieved
solitary wave solutions are expressed in terms of the exponential and rational functions. The acquired results will serve
as a very important milestone in the study of interaction of neighboring particles of the same mass in a lattice formation
with a crystal and long water wave phenomena. We also have demonstrated that the generalized Kudryashov method is an
effective solvable tool for large classes of system of conformable nonlinear fractional differential equations.

Conflict of Interest: The authors declare that they have no conflict of interest.
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In this manuscript, the (2+1)-dimensional Bogoyavlenskii’s breaking soliton (BBS) model is considered. At-
first, we reduce the model into its bilinear form using the Hirota bilinear approach. We then analytically
construct lump waves and collision of lump with periodic waves via the Hirota scheme. We also present
collision between lump wave and single-, double-kink soliton solutions, and the collision among lump,
periodic and single-, double-kink soliton solutions of the model. In addition, we explain the fission

properties of the collisions. It is noticed that collision of lump-kink waves split into double kinky-lump
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waves and gradually increases the number of such waves as the increase of A, which was not found in
the previous literature. Finally, we graphically present the nature of the collision solutions of the model
in 3D and contour plots. The derived such wave solutions may have much more important for controlling
unpredictable harmful waves arises in nature.

© 2021 Elsevier B.V. All rights reserved.

1. Introduction

The soliton theory, which is one of the three sections of non-
linear science, is broadly used in various areas of physical science
such as fluid mechanics, nonlinear optics, mathematical biology,
ecology, chemical kinetics, plasma waves and others [1-8]. Various
reliable and effective approaches have been suggested to address
the solitary waves such as the (G’/G)-expansion method [9], the
generalized Kudryashov method [10], the Hirota bilinear method
[11], the tan-cot method [12], the tanh-coth method [13], the di-
rect algebraic method [14], the Modified simple equation method
[15], F expansion method [16], the sine-Gordon expansion method
[17,18], etc. Lump wave is one of the most important parts of
solitary waves and have diverse properties [19-25]. In 1977, the
simplest lump wave solution was primary reported by Manakov et
al. [26]. The study of lump wave solutions has been used in op-
tical fiber [3], oceanic science [27], atmospheric science [28] and

* Corresponding author.
E-mail addresses: safi.ru1985@gmail.com (M.S. Ullah),
harunorroshidmd@gmail.com (H.-O. Roshid).

https://doi.org/10.1016/j.physleta.2021.127263
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so forth. Recently, the multi-type collisions between lump/rogue
and periodic waves are investigated in [29], and collisions between
higher-order rogue waves and diverse types of n-soliton solutions
are investigated in [30] as well. Thus such studies are highly fo-
cused on the viewpoint of the combination of quadratic functions
with the exponential or trigonometric or hyperbolic functions to
explain the nature of the collision of kink, lump, rogue and pe-
riodic waves for produce kinky-lump, kinky-rogue, periodic-lump
wave, periodic-rogue waves and kinky-periodic-rogue wave for the
NLEEs [31-38]. Based on the motivation of the above study, we
consider the BBS model [39-42]:

¢xxxy + 4¢y¢xx + 4¢x¢xy + ¢xt =0 (1)

where ¢ is the function of spatial variables x, y and time vari-
able t; for the study of new dynamic phenomena and the physical
behavior of different collisions among lump, periodic and soliton
solutions.

Such interaction was not studied in the previous literature of
the BBS model. Fission phenomena of kinky-lump wave were not
derived in any nonlinear models and it is the first step of this
model. These type studies of the model are still unexplored and
have much scientific interest.
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We will here firstly obtain the bilinear formation of the model
Eq. (1) to construct lump and periodic wave solutions and their
various collision solutions. Then the dynamics of those solutions
will be clearly illustrated.

2. The bilinear formation of the BBS model

Consider the conversion relation as below

3
¢ = Z(I“ ¥x, (2)

with real function v (x, y,t) to be determined.
Inserting the relation Eq. (2), in Eq. (1), then we can write

(In Y )xxxxy + 60 Y )xy (IN YY) xxx
+ 60 V) xx (I Y)xxy + (N Y )xxe = 0. (3)
Integrating the Eq. (3) with respect to x, then we have

(Iny)xe + AnY)xxxy + 609 )xy.(INY)xx = 0. (4)

By considering the linear terms of Eq. (4), we have

(ln 1//))61' + (ln W)xxxy =0. (5)
By using the bilinear operator D, the Eq. (5) can be written as
(DyD¢ +DyD>) f.f =0, 6)

when the D-operator [11] is defined by
(Dx"Dy*D¢" f.g
_(a ~ a)m(a ~ a)"(a_a)"
0Xq 0Xx2 ay1 a0y2 Jatq dty
x [f(x1. y1.t1).8(X2, y2. 1) ].
Thus Eq. (5) reduces to

Yo — Yex + 31//xx1pxy - 31//x‘,”xxy + I)”l”xxxy - Iﬁxxxlpy =0. (7)

Clearly if ¢ satisfies Eq. (1), then ¢ = %(ln Y¥)x directly generates
the solutions of the governing model Eq. (1).

3. Lump wave solution of BBS model

To obtain the lump wave solutions of the BBS model, consider
an ansatz of the following form

¥ = (p1x+ p2y + p3)* + (@1X + @2y + q30)* +1, (8)

where pi, p2,P3,491,92,93 and | are free parameters. Setting
Eq. (8) in Eq. (7), we have an algebraic system in pq, p2, p3,
q1,92,q3 and [. By solving this system via Maple 18, we have

p3=a3=0 p1=p1, p2=-42, g1 =q1, @2 =q2, | =1, then
the Eq. (8) can be written as

q1q2 2
V= (mx— ?y> + (X +q2y)° +1. 9)

By combining Eq. (9) and Eq. (7) and putting p1 =q1 =q2 =1=1,
we have the solution of Eq. (1) as depicted in Fig. 1. Due to guar-
antee ¢ is localized in every direction, | have to be considered as
a positive constant. In this case, the optimum amplitude of the

solution ¢ is occurred at the points (& /IMZIW’ 0) with the am-

: 3 /pi12+ai? _3 [p12+ai?
plitudes 3 I and —3 -
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Fig. 1. Profiles of the lump solution ¢ Eq. (1) for p1 =q1 =q2=1=1.

4. Collision among lumps, periodic waves, and soliton solutions
4.1. Collision between lumps and periodic waves

To study the collision scenarios between lump and periodic
waves, consider a function constructed by double quadratic form
and a sinusoidal function

¥ =(1x + a2y + a3t)® + (Bix + foy + B3t)?
+ 14+ Acos(y1x+ y2y + y3t), (10)

where o1, 02,03, 81, B2, B3, Y1, V2, V3,1 and A are free parame-
ters. Inserting Eq. (10) in Eq. (7), we have an algebraic system in
oy, 02,03, B1, B2, B3, V1, V2, V3,1 and A. By solving this system via
Maple 18, we get the following results:

Casel: py =3 =B = =y=y3=0rA=ra;=a1,p1 =
B, vi=y,l=L

Case2: oy =100 =-L2 a3 =p3=y1 =3 =01 =2, % =
B1.B2=P2, Y2a=y2.1=1

For case 1, the Eq. (10) can be written as

¥ = (@1%)? + (B1X)% + |+ A cos(y1 X). (11)

For case 2, the Eq. (10) can be written as

2
Y= (omx - ﬂ;{_fzy) + (B1x+ Boy)* +1+rcos(y2y).  (12)

Using Eq. (11) and Eq. (7) and selecting a1 =1 =y1 =1=1,
we have the solution of Eq. (1) (see Fig. 2). Fig. 2 exhibits as a
single kinky-lump wave for A =1 (see Fig. 2(a)) but it is going to
split into double kinky-lump waves even large number of kinky-
lump waves due to fission of wave for the increase of A (see the
Fig. 2(b-d)) gradually. Beside this, by choosing o1 =81 =2 =12 =
=1 and setting Eq. (12) in Eq. (7), we have the solution of Eq. (1)
(see Fig. 3). The solution in case-2 exhibits as a single lump wave
for L =1 (see Fig. 3(a)) but it is going to split into double lump
waves due to fission of lump wave for the increase of A (see the
Fig. 3(b-d)) gradually. The energy distribution is symmetric over all
the periodic lump waves while it travels (see Fig. 3).

4.2. Collision between a lump and a single-kink soliton
To construct the collision of lump wave and a single kink soli-

ton, we consider a function constructed by double quadratic form
and an exponential function
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() A=16

Fig. 3. Profiles of collision solution ¢ of Eq. (1) for a1 =1 =B =y2=1=1.

¥ =(a1x+ a2y + ast)® + (B1x + B2y + Pat)
+ 14 rexp(mix +myy + mst), (13)

where o1, oz, a3, B1, B2, B3, my, my, ms,l and A are real free con-
stants. Setting Eq. (13) into the Eq. (7), we have an algebraic sys-
tem in a1, o2, @3, B1, B2, B3, My, mp, m3,l and A. By solving these
equations via Maple 18, we get o1 = 1,2 = —ﬂ&—‘fz, a3 =fB3 =
my=m3 =0, B1 =B1, B2 = P2, my =my, | =1, A = A, then the
Eq. (13) can be written as

2
Y= (mx - a—ly) + (B1x+ B2y)* + 1+ rexp(max).  (14)

Using Eq. (14) and Eq. (7) and selecting o1 =1 =B =mpy =1=1,
A =10, we have the solution of Eq. (1) (see Fig. 4). The Fig. 4
exhibits the dynamic processes of collision between lump waves
with a single kink wave solution. We observe that the lump wave
is downed and consumed by the kink compare with single lump
wave Fig. 1 and flow pattern being congested from one side.

4.3. Collision between a lump and a double kink soliton

To make the collision of lump wave and a two-kink soliton, we
assume a function constructed by double quadratic form and a co-
sine hyperbolic function

¥ =(1x + a2y +a3t)? + (B1x + foy + B3b)?
+ 1+ Acosh(81x + 82y + 83t), (15)

where o1, a2, a3, B1, B2, B3, 81,682,683, and A are free parameters.
Setting Eq. (15) in Eq. (7), we have a system of algebraic equations
in o1, az, a3, B1, B2, B3,681,82,83,1 and A. By solving these equa-
tions via Maple 18, we obtain a1 = a1, oy = —%, o3 = B3 =
81 =383=0, A=AB1 = B1, B2 = B2, 82 =&, | =1, then the Eq. (15)
can be written as

]

0.6+
0.4+

0.2-]

0~
.

~0.4—
-0.6—
-0.8+

-

Fig. 4. Profiles of collision lump solution ¢ of Eq. (1) for ¢y =1 =Br=my=1=1,
A =10.

2
Y= (oqx— ﬁ;—’?x> + (ﬂ1x+ﬂzy)2 + 14 Acosh(82y). (16)

By combining Eq. (16) and Eq. (7) and setting 1 =1 = B2 =8 =
I=1, A =10 and inserting, we have the solution of Eq. (1) (see
Fig. 5). The Fig. 5 exhibits the dynamic processes of collision be-
tween lump waves with two kink waves. We observe that the lump
wave is downed and consumed by the kink waves compare with
lump wave (see Fig. 1 and Fig. 4) and flow pattern being congested
from two sides.

4.4. Collision among lump, periodic and a single kink wave
To achieve the collision among a lump wave, a periodic and a

single kink solution of Eq. (1), we assume a function constructed
by double quadratic form, a cosine and an exponential function
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Fig. 5. Profiles of collision lump solution ¢ of Eq. (1) for 1 =1 =p2 =8 =1=1, »=10.

¥ =(a1x + a2y +ast)? + (B1x + oy + B3t): +1

+ A1 cos(y1x+ Y2y + ys3t) + Ax exp(mix +mpy +ms),
(17)

where o1, a2, a3, B1, B2, B3, Y1, V2, V3, m1,mp,m3, 1, A1 and A are
real free constants. Setting Eq. (17) in Eq. (7), we have a system of
algebraic equations in o1, a2, a3, B1, B2, B3, V1, Y2, Y3, M1, My, M3,
[, A1 and Ay. By solving these equations via Maple 18, we have
a1 =i, 012=—%. a3=B3=py1=y3=mp =m3=0, &,y =1y,
Ay =Aa, a2 =0z, p1=P1, fo = B2, Y2 = Y2, my=my, | =1, then
the Eq. (17) can be written as

2
v =<a1x - ﬂgfz y) + (Bix + B29)?
+ 1+ A1 c0s()2y) + Az exp(nzy). (18)

Using Eq. (18) and Eq. (7) and putting a1 =1 ==y =my =
=1, =2, we achieve the solution of Eq. (1) (see Fig. 6). The
Fig. 6 exhibits the dynamic processes of collision among lump
waves with single kink and periodic wave solution. We observe
that the lump wave is downed and consumed by the kink wave
compare with lump wave (see Fig. 1 and Fig. 4) and flow pattern
being congested from one sides. Besides this, effect of periodic
function makes the fission phenomena. The solution (see Fig. 6)
exhibits as a single lump wave for A; =1 (see Fig. 6(a)) but it
is going to split into double lump waves with A; = 15 (see the
Fig. 6(b, c) and Fig. 6(e, f)). In fact, it is shown that one lump of
them goes to diminish and another one still unchanged for A1 =17
or more increasing values.

4.5. Collision among lump, periodic and a double kink soliton

To construct the collision among a lump wave, a periodic and
a two-kink soliton, we assume a function constructed by double
quadratic form, a cosine and cosine hyperbolic functions

¥ =(1x + a2y +a3t)® + (Bix + foy + p3t)? +1

+ A1 cos(y1X + Y2y + y3t) + Az cosh(81x + 82y + 83t),
(19)

where o1, 02, @3, B1, B2, B3, V1, V2, V3, 61,82, 03,1, 41 and A are
free parameters. Setting Eq. (19) into the Eq. (7), we have an alge-
braic system in aq, a2, a3, 1, B2, B3, V1, V2, ¥3, 81,82, 83,1, A1 and

A2. By solving this system via Maple 18, we have a1 = a1, 2 =
—ﬂ&—?z,% =B =Y1=y3=86=08=01=r,A2=2,p =
B1, B2 = B2, V2 = ¥2,82 = 82,1 =1, then the Eq. (19) can be writ-
ten as

2
¥ =(a1x— —y) + (B1X + B2y)?
o1
+ 1+ X1 cos(y2y) + Az cosh(8ry). (20)

By using Eq. (20) and Eq. (7) and putting o1 =1 = =y2 =8 =
=1, X, =2, then we acquire the solution of Eq. (1) (see Fig. 7).
The Fig. 7 exhibits the dynamic processes of collision among lump
waves with double kink and a periodic wave solution. We observe
that the lump wave is downed and consumed by the kink com-
pare with lump wave (see Fig. 1 and Fig. 4) and flow pattern being
congested from two sides. Besides this, effect of periodic function
makes the fission phenomena. The solution Fig. 7 exhibits as a sin-
gle lump for Ay =1 (see Fig. 7(a)), but it is going to split into
double lump with the increase of A1 (see the Fig. 7(b-f)) gradually.

5. Conclusion

The main result in this paper is the procedure of obtaining the
lump wave solutions and a class of interactions among lump, peri-
odic and the soliton solutions of the BBS model by using different
ansatz functions. In particular, for the double quadratic polyno-
mials in the structure of the solution provide a lump wave so-
lution that profiles are depicted in Fig. 1. We explicitly present
interactions between lump and periodic waves, lump and single-,
double-kink soliton solutions of the model. We also show how to
interact lump with periodic waves, and single-, double- kink soli-
tons, and to produce dynamical various structures such as periodic
kinky-lump waves, periodic lump waves, lump-single, -double kink
solitons, periodic-single, -double kink solitons. All interaction soli-
tons are depicted in figures Fig. 2 to Fig. 7. It is observed that the
results are much interesting as they present the causes of fission
properties of the lump waves, which are presented in the figures
Fig. 3, Fig. 6 and Fig. 7. It is included that the new dynamics may
be enriched by the nonlinear behavior of the model and even can
be found in other nonlinear models.
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Fig. 7. Profiles of collision solution ¢ of Eq. (1) for a1 =1 ==y =8 =1=1, 10 =2.
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ARTICLE INFO ABSTRACT

Keywords: In this article, we consider a (3 + 1)-dimensional Sharma-Tasso-Olver-like (STOL) model
Sharma-Tasso-Olver-like (STOL) equation describing dynamical propagation of nonlinear dispersive waves in inhomogeneous media.
Soliton

Applying Hirota’s bilinear technique and a trial function, we explore nonlinear dynamical

Lump wave properties of basic solutions to the STOL model. We find that the fission fusion pattern occurs in
rogue wave .. R L. o

kinky periodic wave the collision between the lump and kink waves, the collision between the lump and periodic
PACS Nos: waves, and the collision among the lump, kink and periodic waves, which is a novel fascinating
02.30.Jr ) collision pattern. We also observe that a large value of the coefficient in the periodic function
02:70:Wz produces a hybrid lump wave by fission in the collision solution. To better understand the dy-
05.45.Yv namic properties of the obtained collision solutions, we plot a number of 3D and contour dia-
94.05.Fg grams by choosing suitable parametric values with the aid of the computational software Maple

18.

1. Introduction

Nonlinear evolution equations (NLEEs) applicable not only the areas of mathematical physics, but also other branches of nonlinear
science for instance optics, plasma physics, atmospheric, geochemistry and oceanic sciences etc. [1-4]. Complication of NLEES and
challenges in their analytical study has engrossed a lots of effort from renowned scientists who are involved with nonlinear dynamics.
As a result, exploration of exact solutions of NLEEs is a vital anxiety for dynamical researchers. There are diverse categories of exact
solutions mainly soliton, multi-soliton, rational, periodic, breather line, breather kinky, lump and rogue wave solutions [5-12]. For
investigating the characteristics of solitary waves, there are various reliable and fruitful approaches such as inverse scattering scheme
[13], tanh function method [14], exp-function method [15,16], Darboux method [17], direct algebraic method [18], first integral
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Fig. 1.. (Color online) Outlook of lump wave solution u; of the Eq. (6) (For interpretation of the references to color in the text, the reader is referred
to the web version of this article.).

method [19, 20], exp (— ¢(£))expansion method [21], Hirota’s bilinear method [22-24] etc. Though, soliton should have elastic
property yet fission-fusion type non-elastic properties have been existed in few nonlinear models and investigated by many researchers
[12, 23-25].

In mathematical physics, the interaction of rogue wave with other soliton/periodic wave is a kind of remarkable task in nonlinear
sciences which are localized both in position and time, while lump wave is localized in every spaces only. Recently, combination of
positive quadratic polynomial functions with the exponential/trigonometric functions i.e. collision of kink, lump, rogue and periodic
waves produce kinky-lump, kinky-rogue, periodic-lump wave, periodic-rogue waves and kinky-periodic rogue wave for the NLEEs and
their nonlinear dynamics concerned a lot of interest [26-41]. In the existed literature, we observed that interactions as mixed
lump-kink [27, 28], lump solitons and the interaction phenomena [29-36], lump-stripe soliton solutions [37-38], non-elastic fusion
phenomena of multi-solitons [39], N th-order rogue waves [40], two lump solitons [41] are studied by recent dynamical researchers.
But it is still unexplored that both bright and dark kinks give the fission phenomena even produce hybrid lump waves, double
kinky-periodic-lump type wave exhibits as hybrid lump wave, fission and fusion properties exist in presence and without presence of
sinusoidal function and produces hybrid lump waves, both fission-fusion phenomena occurrences in both x-and y-periodic lump waves
into a double kink wave and produce hybrid lump waves, annihilations of lump-kink wave.

Motivated by the above works and new properties, we would like to derive novel higher order collision solutions which are not
reported in the previous literature for the (3 + 1)-dimensional classical STOL equation [42, 43]:

u + a[(3uux + u3)x + um] +b [(2uuy + u).();luy + uza;luiv)x + um,] (1)
+c[(2uu2 + uxa;luZ + uzt?;luz) + um] =0.
with real function u(x,y,z,t)and real constants a,b,c. Here d, lindicate integral operator and inverse of d.
In this article, our main goal is to construct more novel exact collision among lump, periodic and kinky wave solutions that
degenerate into periodic line breather waves, kinky periodic waves, double kinky periodic waves, periodic lump waves, double kinky
lump waves, kinky periodic lump waves, hybrid lump waves and fission fusion properties of the Eq. (1).

2. Interaction solutions and dynamics of the solutions for STOL equation

Through the relation u = (Inf),, the Eq. (1)can be expressed as the form
Aff e + bffecy + e — Affire — By — fifene + M —ffi = 0, ()

with real function f(x,y,z,t)to be determined. When fsatisfies Eq. (2), u = (Inf), directly generates a solution of the main Eq. (1).
In order to evaluate fexplicitly, we assume an ansatz of the following form

f = (myx + myy 4 maz 4 myt + ms)* + (mex + myy + mgz + mot + myg)’

+myy + licos(mipx + myzy + mysz + myst + myg) 3)

+hcosh(myzx + migy + migz + maot + myy ),
where my,my,ms,.....M1q, l1and Lare real free constants, my 7, ......Mmy; are real/completely imaginary constants. Inserting Eq. (3) to Eq.
(2), collect every coefficients of x,y,z,t,cos,sin,cosh,sinhtogether and setting each of these expression equal to zero, we gain a system of
equations in my,my,ms, ...... ma1, liand L. Solving this system of algebraic equations by using Maple 18, we obtain the following four
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o0
-20

d) =6 () 1=16
Fig. 2.. (Color online) Fission-fusion profiles of the lump wave get into a duel kinky waves for the solutions Eq. (9) withly =a =b =1,c = —1,m
= 3,1112 = — 146,m3 = — 4.4,TH5 = 4,TT'L5 = 3,1117 = — 3.9,TT'L3 = 10.24,m10 = 1,m11 = 8.82,m17 = 1.05,m13 = 2.1,m19 = 4.6,m21 =0atz =

O(For interpretation of the references to color in the text, the reader is referred to the web version of this article.).
results,
Case 1:
L =0,,b=0,my=0,my =0, my=m(i=1,2,3,5,6,7,8,10, 11, -+, 21). “4)
Inserting Eq. (4) into the Eq. (3), we obtain
f = (mx + myy +msz 4 ms)’ 4 (mex + may + mgz +myg)” + my. 5)
Using the relation u = (Inf),, Eq. (5)offers the result

uy = [2(mix + myy + maz + ms)my + 2(mex + myy + mgz + muo)mg)/ ®)
[(mlx +myy +m3z + m5)2 + (mex + magy + mgz + mm)2 + mn]-

The result Eq. (6) contains nine free arbitrary constants and exhibits lump wave with the condition m;; > 0 in the xyplane. The line
soliton solution that is definitely dissimilar starting a moving line soliton, arise very quickly and disappear in the constant background
within tiny time but in the intermediate time it gives highest peak. It is well known that u — Oas the two quadratic functions tend to

i o . . . . o T meme—mym _
positive or negative infinity. [t maximum minimum amplitude occurs at the points ( e L & A/ imE s "1160) when z = 0. The
Fig.1 represents stretch of the lump wave solution Eq. (6), consists of one deep hole and one high crest for the particular valuesm; =2,

my =3,m3 =2,ms =1,mg =5m; =1,mg =5myo =1,my; =10, in the xyplane witht = 0,2 = 0. The peak of the lump wave locates

at (— Z+ @7 - %) , the valley locates at ( -Z- @7 - %) and maximum amplitude is @and deep is equal distance i.e. — @.

Case 2:

Iy =0,my =0,mg =0, myy = —m?7(am17 + bmyg + cmyg)

@)
L=bhLm=m(i=123,56,78,1011,17,18,19,21),

where a,band ccan take arbitrary values.
Inserting Eq. (7) into the Eq. (3), we emerge to
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d 1, =16 (e) [, =355 () [, =1045
Fig. 3.. (Color online) Diagrams of collision solution uzof Eq. (12) for the valuesa =3,b =3,c = —4,m; = —1,my =1,m3 = —2,;ms = —0.1,me
=1m; =1mg =2,mpo =0.1,m; =1,m2 =0,m3 =1,m4 = — 2,my¢ = O(For interpretation of the references to color in the text, the reader is

referred to the web version of this article.).

f=(mx+my+mz+ m5)2 + (mex + myy + mgz + m10)2 + my;

(8
+hcosh{myzx + migy + myoz — my; (amiz + bmyg + cmyo)t + my }.
Using the relation u = (Inf),, Eq. (8)provides the result
2(myx + may + maz + ms)my + 2(mex + myy + mgz + mg)m
U =
+12m17sinh{m17x + mgy +mjoz — mf7(am17 + bmyg + leg)t + m21}
9)

(Mix 4 myy + msz + ms)* + (mex + myy + mgz + my)* + my,

+hcosh{myx + mygy + myoz — mi; (amyz + bmyg + cmy)t + my; } .

In the solutions Eq. (9), we explore collision of the lump and a double kink waves through demonstration of the Fig. 2. It is seen that
only a double kink waves is visible in Fig. 2(a) at the time t = — 16and a small wave initiate at the lower kink (see from contour plot of
Fig. 2(a)) but in its propagation a lump wave come out at the time t = — 6from the lower kink (see Fig. 2(b)). So, the fission phe-
nomenon of lower kink is happened. As time goes, it moves to the upper kink and then get highest amplitude at t = Oas well as lump
reach in the middle of the two kinks (see Fig. 2(c)). After then the lump wave goes to the upper kink and amplitude of lump decreases
again as time increases (see Fig. 2(d)) and finally diminished to the upper kink at t = 16(see Fig. 2(e)). So, the fusion phenomenon of
upper kink is occurred. From the overall observation, we see the height of the double kink waves remain same in the overall prop-
agation before and after the collision.

Case 3:
L =0,my =0,mg = 0,mys = mi,(amys + bm;z + cmy,) (10)
L=1,m=m(i=1,273,5678,10,11,12 13,14, 16),
where a,band ccan take arbitrary real values.
Setting Eq. (10) to the Eq. (3), we acquire
f = (mx 4 myy + msz +ms)* + (mex + myy + mgz 4+ my)* + my an

+llcos{m12x + myzy + mysz + mfz(amlz + bmyz + cmyg)t + ml(,}.

Using the relationu = (Inf),, Eq. (11)offers the result
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(e) I, =16 €)1, =17
Fig. 4.. (Color online) Diagrams of the collision solution usof Eq. (12) for the valuesa =3,b =3,c = -4, m; = —1,mpy =1,m3 = —2,;ms = —
0.1,mg =1,m; =1,mg =2,my =0.1,m; =1,my =1,m3 =0,m4 = — 2,mye = O(For interpretation of the references to color in the text, the

reader is referred to the web version of this article.).

2(mix + moy 4+ maz + ms)my + 2(mex + may 4+ mgz + mig)me
Us = .
—llmlzsln{mlzx + myzy + muz + m%z(amlz + bmyz + cmyg )t + mlﬁ}mlz
(12)
(myx + myy 4+ maz 4+ ms)” + (mex + myy + mgz + my)” + myy

+llcos{m12x + myzy + miaz + mfz(amlz + bmyz 4+ cmy)t + m16} ’

Forl; =0, usreduces to single lump only like case-1 but for [; # 0, uzcomes in-terms of two quadratic polynomials and a sinusoidal
function (i.e. collision of lump and periodic wave), as depicted in the Figs. 3-5. Here, three sub cases are arising in the followings.

(i) When my; = 0and my3 # 0, usreduces to collision solution with following dynamics:

It is well-known that the lump form with a crest and a trough (observe Fig. 3(a)). But as the value of [, increases, the collision of
lump and periodic waves create a fission of lump wave i.e. a crest and a trough progressively split into two crests and two troughs
having the same height (observe Fig. 3(b)-3(d)) and propagate along y-direction initially. Thus the fission of lump wave is happened.
We also observe that fission of the lump wave is continuous process as for large values of I; = 355, the lump wave again generate
fission and split into four lump waves propagate along both in the xand y-directions, even if for ; = 1045, it gives six lump (hybrid
lump) waves (see Fig.3(e, f)) and so on.

(i) When my, # 0and m;3 = 0, uzreduces to collision solution with following dynamics:

It gives the similar collision solution (fission of lump) in the figures Fig. 4(b)-4(f) and produces more lump waves propagate
periodically toward the x-axis and also the extreme amplitude of the crests and the troughs gradually enlarges as [jincreases. In
contrast the Fig. 3 with Fig. 4, we observe that the lump wave in the collision solution locates toward the y-axis in Fig. 3but the lump
wave in the collision solution locates toward the x-axis in the Fig. 4.

(iii) When my, # Oand my3 # 0, usreduces to collision solution with following dynamics:

In fact, some interesting phenomenon can also be observed when both m;5 # O0and m;3 # Oand the value of coefficient [; increases
the trigonometric function that dominate on the values of coefficients in quadratic functions (lump wave) as depicted in Fig. 5(a)-(d).
We display the corresponding 3D plot (3D as in upper and contour plot as in lower), density and 2D profile in the xyplane (fory = — 3,
0,3in Fig. 5(c)) of the lump-periodic wave. Anyone can see that at y = Oamplitude of the lump gives highest peak (observe Fig. 5(c)).
On the other hand, another periodic-rogue wave can be observed in xtplane as in the Fig. 5(d).

Case 4:
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Fig. 5.. (Color online) Profile of the collision of lump and periodic waves solution uzof Eq. (12) forl; =15,a =1,b =2,c = —4,m; =0.5;mp = —
1,mg =1,ms = —0.5,mg = — 0.25,m; = — 3,mg = — 3.5;mp =1,my; =20,my3 = %‘mly, = %,m14 = — 0.8,m6 = 0: (a) the 3D plOt, (b) the
density plot and (c) the similar curve plot at z = 0,t = 0; (d) Periodic rogue wave at z = 0,y = O(For interpretation of the references to color in the
text, the reader is referred to the web version of this article.).

my =0,mg =0,ms = mfz(amn + bmyz + cmyg), myy = —mf7(am17 + bmyg + cmyg) 13)
Li=1,b=1l,m=m(i=17235,6781011,12,13,14,16,17,18,19,21),

where a,band ccan take any arbitrary values.
Putting Eq. (13) into the Eq. (3), offers the result

f = (myx + myy + msz +ms)* + (mex + may + msz + myo)* + my,
+hcos{mpx + mizy + myz + mi, (amyy + bmys + cmig)t + myg } (14)
+hcosh{myzx + migy + mioz — my; (amyy + by + cmyo)t + my; }.

Using the relationu = (Inf),, Eq. (14)offers the result

2(myx + mayy + msz + ms)my + 2(mex + myy + msz + myo)me
uy = | —lhimpsin{myx + myzy + mysz + my, (amiz + bmyy + cmyg)t + myg } /

+lzm17sinh{m17x + mgy + mygz — mf7(am17 + bmg + cmg)t + myy }
(15)

(mix + myy + maz + ms)2 + (mex + myy + mgz + m10)2 + my
+l,cos{m12x + myzy + myz + mfz(amlz + bmys + cmyg)t + m16}
+lzcosh{m17x + mygy + migz — m’ (amy; + bmyg + cmyg)t + mzl}
In the solution Eq. (15), comes in terms of two quadratic polynomials, a periodic and a hyperbolic function which exhibits double
kinky-periodic-lump type wave propagation forl, # 0, [; # 0. In this case, three clusters are arising in the followings.
Cluster-1 - Taking l;very small asl, — 0:

Taking l,very small, a dynamical situation viewed in the Figs.6-7 for the valuesa =5,b =1,c = — 1,m3 =ms =mg =myy =my;
=myy =1,me =0.1,m9 =7,my; = latz = 0. The solution usprovides double kinky-periodic lump wave in which somex-periodic-
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(d) 1, =10" (€ 1, =10"" (H 1, =0

Fig. 6.. (Color online) Profiles of collision solution usof Eq. (15) for the parameters m; =mg =myz =mg =0,my =my =mz =my; =1, =
0.5: (a)-(c) the periodic lump get into the double kinky wave for [, = 10~%; (d)-(e) increases of periodic lump into the double kinky wave for I, — 0;
(f) x- periodic lump wave for I, = O(For interpretation of the references to color in the text, the reader is referred to the web version of this article.).

lump with period 27/m;,get into the double kink and kinky wave moves through xaxis with time increases for the values as depicted in
the Fig. 6(a)-(c). In this case number of lump wave remains same with the same value of [, = 0.0001. But whenl, — 0, the number of
lump wave gradually increases as the values of I;decreases (observe Fig. 6(d)-(e)), even if, kink vanishes and only periodic lump exist
for I, = O(observe Fig. 6(f)) at t = 0.Actually, changing different parametric constraint of the solution Eq. (15) distinguish charac-
teristics again exhibits in Fig. 7(a)-(d) as y — periodic lump with period 2z/m;3get into the kink that arises with a constant background
and decay go back to the same previous background at a longer time. On the other hand, same behavior can be observed in line soliton
in the Fig. 7(e)-(h). Interesting characteristics can also be experienced when constant coefficients vanishes (i.e., ms =mjo =m;; =mye
= my; = 0) as depicted in the Fig.8(a)-(c) that behaved y — periodic bright-dark lump waves get into the double kink waves with
period 27/my3. The bright lumps get into the lower kink and dark lumps get into the upper kink. Both kinks give the fission phenomena
and produce hybrid lump waves in which height and number of lump increases as l;increase (observe Fig. 8(a)-(c)). These novel
nonlinear phenomena are the first reported for the (3 + 1)-dimension STOL equation.

Cluster-2 - Taking l;not so small:

Taking lxnot so small, a dynamical situation viewed to the solutionuy, provides double kinky waves in which two lump waves
periodically get into the kink waves and exhibits fission fusion phenomena. Solution Eq. (15), exhibits fission-fusion phenomena as
depicted in the Figs.9(a)-(f) and 10(a)-(f) which are similar to the fission-fusion phenomena of the Fig. 2. But the only different is that
yperiodic two lumps causes fission from the upper kink and then fused into the lower kink when m;; = 0, m;3 # O(observe Fig. 9(a)-
(e)) and xperiodic two lumps causes fission from the upper kink and then fused into the lower kink when m;, # 0, my3 = O(observe
Fig. 10(a)-(f)). Both the figures Figs. 9(a)-(f) and 10(a)-(f) are sketch with specific parametersl; =16,l; =0.5,a = —3,b =2,c =1,m
= - l,mz = 1,m3 = - 2,TTI5 =O,m6 = l,TH7 = l,ms =4,m10 =0Jfl11 = 1,m14 = 1,m16 =0,m17 = 1,m13 =0,m19 = Z,TTLzl =0atz
= 0. These novel nonlinear phenomenon is the first reported for the (3 + 1)-dimension STOL equation.

Cluster-3 - Taking lump vanish (i.e., m; =0;i =1,2,3,5,6,7,10):

Whenm; =0(i=1,2,3,5,6,7,10); lump waves being diminished and then collision between the kinky and periodic wave are
appeared in the solution Eq. (15), then we find

f=my + llcos{mnx + myzy + muz + mﬁ(amlz + bmyz + cmy )t + mlﬁ}

(16)
+lzcosh{m17x + mygy + mz — mf7(am17 + bimyg + cmyg)t + myy }

The solution Eq. (16) can convert to diverse collision solutions, selecting the constants m;;, mig, m;9,my are real/purely imaginary
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(a) 1 = —50 (b) 1=0 (©) 1=5 (d) =50
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Fig. 7.. (Color online) Annihilation properties of collision solution usof Eq. (15) forl; = 0.5, = 10~*at z = 0; (a)-(d) y — periodic lump wave get
into the kinky wave for my =m; =mjy =mg =0,m; =me = my3 = my7; = 1; (e)-(h) x- periodic lump get into the kink wave for my =my; =m3
=mg = 0,m; = mg = myy = my; = 1(For interpretation of the references to color in the text, the reader is referred to the web version of
this article.).

@)1 =5 (b) 1, =50 () I, =500

Fig. 8.. (Color online) Profiles of collision solution usof Eq. (15) forl, =10"%,a =5b =1,c = —1,my =mg =mia =myg=0,my9 =7,my =m3 =
m; =mg =my3 =my4 =my; = latt = 0,z = O(For interpretation of the references to color in the text, the reader is referred to the web version of
this article.).
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0
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d) t=4 (e) 1=8 (f) t=16

Fig. 9.. (Color online) Fission-fusion profile of y-periodic lump wave with the double kink wave of solution Eq. (15)for m;3 = 1(For interpretation
of the references to color in the text, the reader is referred to the web version of this article.).

value.

(i) For my7, myg, mig, my;are real valued, we acquire a collision wave of the Eq. (1) using the relation u = (Inf), as:

_llm12Sin{m12x + myzy + muuz+ m%z(amlz + bmyz + cmyy )t + mlﬁ}
Us =
+lzm17sinh{m17x + mgy +myz — mf7(am17 + bmyg + cmyg)t + mzl}
17
my + llcos{mlzx + myzy + muaz + m%z(amlz + bm13 + cm14)l + ml(,}

+lzcosh{m17x + mugy + migz — mi,(amyy + bmyg + cmyg)t + my }

Characteristics of the solution usfor the Eq. (17) are explained for diverse choose of the involve parametric values in the figure
Fig. 11 and corresponding contour line of the diagram are drawn bellow of the figures in Fig. 11(a)-11(d). For ; = 0, usreduces to
double kinky waves (see Fig. 11(a)) but for [; # 0, usis collision of a y- kinky periodic breather wave (see Fig. 11(b)-(d)). Evidently, as
tchanges the collision wave moves toward the x — axis and the phase of the periodic wave changes after ,ﬁ—l”salong y-axis.

In this case, we also observe that changing different parametric constraint in the solution Eq. (17) distinguish characteristics again
exhibits which are periodic line breather waves proceed in various directions as depicted in the Fig. 11(e)-(h), (i)-(1), (m)-(p). Each
group of periodic line breather waves begins with a constant background and decay return to the same previous background at a longer
time.

(i) For my7, myg, myg, myjare pure imaginary valued, i.e., my; = imy7,mg = imyg, Mg = iMyg, My = imgywith myy, myg, mygand
my; are real valued, we acquire a collision of two breather waves of the Eq. (1) using the relation u = (Inf),as:
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d) =6 (e) 1=9 (f) =20

Fig. 10.. (Color online) Fission-fusion profile of x-periodic lump wave with the double kink wave of solution Eq. (15)for m;2 = 1(For interpretation
of the references to color in the text, the reader is referred to the web version of this article.).

—llmlzsin{mlzx + myzy + muz + m%z(amlz + bmys + cmyg)t + mlﬁ}
—12ﬁ117sin{rh17x + Mgy + Moz + V;’l” (a}’;ln + bmyg + crh19>t + fhz]}

2 (18)
myy + Licos{mupx + mizy + myz + m, (amiy + bmyz + cmig)t + myg }

+12605{ﬁ117x + gy + Moz + ﬁ’l?7 (dﬁ117 + binyg + Cﬁ’lw) t + my; }

Lastly, the solution represented by Eq. (18) are different periodic waves for different chooses of parameters in iis. When [; =0, usis
a one periodic wave that confine in the position and time directions (observe Fig. 12(a)). Otherwise, when I; # 0, then usexhibits the
dual periodic waves in both xyand xz- planes (observe Fig. 12(b) and (c)).

3. Conclision

In summary, interaction solutions of the (3 + 1)-dimensional STOL equation have been determined successfully. With the aid of
Maple software, a test function is carefully used to derive different nonlinear dynamical properties. As a result, some novel collision
solutions among the lump, periodic and kinky waves are derived of the STOL model. We also established fission fusion properties for
the collision of lump and kink waves, lump and periodic waves and among the collision of lump, kink and periodic waves. We also
observed that fission and fusion properties exist in presence and without presence of sinusoidal function and produces hybrid lump
waves. By taking purely imaginary values of some parameters, we derived line breather and double periodic breather wave solutions.
To better understand the dynamic natures of the obtained collision solutions, we depict adequate 3d plots and contour diagrams by
choosing suitable parametric values with the aid of computational software Maple 18. It is expected that our achieved solutions can
improve the dynamical characteristics of the other higher order models.
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(m) £t =-50 (n)t=0 (0)t=5 (p) t=50

Fig. 11.. (Color online) Annihilation properties of the collision solution usof Eq. (17)fora =1,b = — 2,c =3,m;; =1500,m14 = — 2,m1¢ = 1,my7
=1,my9 = —1/12,my = land l, = 100: (a) double kinky waves for ; =mj2 =mg = 0,m;3 = 1; (b)-(d) y- periodic and double kinky waves for
I, =1000,mi3 = mg = 0, my3 = 1; (e)-(h) x- periodic and double kinky waves for I; = 1000,my3 = mg = 0,m12 = 1; (i)-(1) (x,y)- periodic and
double kinky waves for l; = 1000,m;g = 0,m12 =my3 = 1; (m)-(p) (x,y)- periodic and double kinky waves for l; =1000,m;2 =m;3 =mys = 1(For
interpretation of the references to color in the text, the reader is referred to the web version of this article.).
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U] X

(a) y=0,z=0

Fig. 12.. (Color online) Diagrams of the collision solution @isof Eq. (18) fora = — 1,b =1,c = — 0.6,m11 = 1,m2 = 0,m3 = 2,my4 = — 2,My5 =
1, =01 and my; = 1,Mmg = — 0.25,mM9 = — 1/12,my; = 1: (a) one periodic wave at l; = 0; (b)-(c) dual periodic wave at l; = 0.1(For
interpretation of the references to color in the text, the reader is referred to the web version of this article.).
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Abstract We derive a multi-soliton solution for the Bogoyavlenskii’s breaking soliton equa-
tion by utilizing the simplified Hirota’s approach. From this multi-soliton solution, we inves-
tigate various forms of single kinky—lump-type breather solitons, double kinky—lump-type
breather solitons, collision of a kink line soliton with a kinky-type breather soliton, and col-
lision of a pair of double kinky—lump breather solitons by the appropriate selection of the
involved parameters. These breathers hold unlike features in various planes even in various
times. Elastic and non-elastic collisions for double kinky-type lump breather are experienced
in various planes and in various times. The effect and control of the propagation direction,
energies, phase shifts and shape of waves by the parameters are also analyzed. Some figures
are given to illustrate the dynamics of the achieved solutions. The acquired results can enrich
the dynamical properties of the higher-dimensional nonlinear scenarios in the engineering
fields.

1 Introduction

Nonlinear partial differential models are extensively employed to interpret many complicated
areas of sciences and engineering issue, for instance, optical connections, oceanic scientific
problems, fluid dynamics, atmospheric, geochemistry, chemical physics and plasma physics
and others [1-5]. It has three sections specifically soliton, chaos and fractal. Concepts of
solitons are very significant and effective research area in nonlinear science. The hot topics
of solitons are lump, kink, rogue and breather solitary waves. To explore the features of soli-
tary wave, numerous reputed scientists have been developed by various reliable and fruitful
approaches mainly Exp-function method [6,7], (G’ / G)-expansion method [8], homogeneous
balance method [9, 10], homotopy perturbation method [11], F-expansion method [12], direct
algebraic method [13], Tan-Cot method [14], the inverse scattering transform [15], Darboux
transformation [16], and so forth. In 2004, a well-known approach called Hirota bilinear
method was firstly discovered by Hirota [17]. This method becomes effective and reliable
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within the short time and used to derive soliton, multi-soliton, lump waves, rogue waves,
breather waves and exciting localized formations of soliton solutions [17-20,24-28]. More
recently, Ma [29-31] determined lump wave solutions and their interactions with various
solitons for both linear and nonlinear PDEs. Ma [32] also derived long-time asymptotes for
a three-competent coupled mKdV model, and he used inverse scattering transforms [33] to
derive soliton solutions for nonlocal reverse-time nonlinear Schrodinger equations.

The prime aim of this work is to determine multi-soliton solutions and then construct
various new kinds of localized wave solutions to the following Bogoyavlenskii’s breaking
soliton (BBS) equation [21-23] via the Hirota bilinear technique.

(Dxxxy + 4®yd>xx + 4q)x(bxy + &y = 0 (1)

To reach our goal, this paper is arranged as follows: we employ the Hirota bilinear technique
to determine the n-soliton solutions of the BBS equation in Sect. 2. Section 3 offers the lump,
breather soliton and their collision solutions of the BBS equation. Finally, some conclusions
are drawn in Sect. 4.

2 Multi-soliton of the BBS equation
Dispersion relation for the BBS Eq. (1) can be evaluated considering a trial solution in an
exponential form as:
Q(x,y, 1) =exp(d), Vi =aix+biy— it 2)
Exerting Eq. (2) into the linear terms of Eq. (1), we get hold of the dispersion relation ; as
wi=a’b;, =12 - n (3)
and the resultant variables take place as
O =aix + by —albit, i=1,2,--- - ,n. 4)
Let us consider the conversion relation
P(x,y,t) =R(nt(x,y,1)),. (5)

Now exerting Eq. (5) with 7(x, y,t) = 1 + exp(¢) into Eq. (1) and then resolving R, we
acquire
3
R=-. 6
> (6)

To evaluate n-soliton solution, we must consider the supplementary function 7 (x, y, t) in the
following:

n n
Ty 1) =14 > exp() + Y Ayjexp(®; + )
i=1 i<j
n
+ Y AijAirAjiexp®; + 0 + %)
i<j<k
n
+o+ [ [T A exp(Zl?i). )
i=1

i<j
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AN

(b)
Fig. 1 Sketch of Eq. (5) with Eq. (7) and Eq. (10) for the values /| = I, m| = —1, p; = 1,91 = 1.a3D

shape of single-kink soliton (n = 1); b 3D shape of double-kink or two solitons (n = 2); ¢ 3D shape of
triple-kink or three solitons (n = 3)

Here we consider trial solution for two solitons as
T(x,y, 1) = 1 +exp(d1) + exp(P2) + A2 exp(P1 + U2). @)
Setting Eq. (8) with Eq. (5) and Eq. (6) into Eq. (1) and then solving for unknown Aj;, we
gain
(a1 —ap)(atby + 2arbyay — 2a1a2b) — bya3)
2T (a1 + a)(aibs + 2a1bas + 2a1a2bs + bm%).

9
In the similar way, we can get three, four and more soliton solutions from Eq. (7), where the
unknowns are given by

(a; — aj)(aizbj =+ Za,-b,-aj — 2a,-ajbj — bia]z)

N (a; +aj)(ai2bj +2a;bjaj + 2a;a;b; —i—bia?)

ij L, j=12,---,n (10)
providing (a; + aj)(al?bj + 2a,-b,'aj + 2a,-ajbj + b,-ajz.) # 0.

Profile of the solution Eq. (7) with Eq. (5) and Eq. (10) exhibits multi-soliton solutions or
n-kink soliton solutions as depicted in Fig. 1. Takingn = 1, 2 and n = 3, we get single-kink
wave (Fig. 1a), double-kink solitons (Fig. 1b) and triple-kink solitons (Fig. 1c), respectively.
It is evidently observed from Fig. 1b, c that before (¢ < 0) and after (# > 0) collision multi-
kink solitons remain their own properties (height, width and speed) which are same. That is,
the collisions are elastic.

3 Lump and breather soliton solution of the BBS equation

This section recalls the multi-soliton solutions to derive lump-type breather solution; collision
of a soliton and a lump-type breather soliton; and collision between two lump-type breather
solitons in the succeeding subsections.

3.1 Two-soliton and lump-type breather soliton solutions
Here, we would like to create lump-type breather wave propagation. To perform that, we have

to assume at least two soliton solutions by putting n = 2 and then let ay = I + im1,ar =
Iy —imy1, by = p1 +iq1, by = p1 — iqi, into Eq. (8) and Eq. (9) and then Eq. (5) gives
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[} 2 4 6 R ]

x

(@) 1=-5 (b) =0 (© (=5

Fig. 2 Outlook of Eq. (11) with the parametric values /| = 1,m; = —1, p; = 1, g1 = 1: 3D plot (upper)
and its contour plot (below)

D(x,y,t) = ;{ln(l + 2exp(Mq) cos(o1) + A1z exp(207) ). (11)

where My = lix + p1y — (3 p1 —mip) —2limiqt, o1 = mix + q1y — (3q1 —miq +
m1(2p111m1+q1112+3q1m%)
LhQqlimy+pim3+3p13)
The solution Eq. (11) comes from two-soliton solution and gives lump-type breather

propagation. Features of the solution Eq. (11) (Fig. 2 3D (upper) and its contour (below))
for the values I} = 1,m| = —1, p; = 1, q; = 1. Figures show that the solution exhibits as
lump-type breather propagations along the paradox in the xy-plane at t = 0 (Fig. 2b), for
different times (¢ 7% 0) it propagates not along paradox in the xy-plane but parallel to the
paradox (Fig. 2a, c) and in every case all lump gets into a kink wave. We also observe that
the kink waves as well as periodic lump lie in the negative quadrant for # < 0, move toward
the paradox with time increase and reach along paradox at ¢ = 0, and then move away from
the paradox into the positive quadrant for as # > 0 with an increase in time. Its swiftness,
breadth and direction remain unchanged on the whole dynamical system and periodic lump
occurs equidistance from each other in each system.

Alternatively, we experience different phenomena when profile observes in the x¢-plane.
In this case, the solution Eq. (11) exhibits as multi-lump waves periodically get into a single-
kink wave when y # 0 (Fig. 3a, c), but exhibits double kinky wave at y = 0 (Fig. 3b) and
periodic lump-type scratch is also viewed in both kink waves.

2lymyp1)t and A1y = —

3.2 Interaction of a soliton and a lump-type breather soliton from three-soliton solutions
In this case, we would like to determine a collision solution between periodic lump-type

breather waves that comes from two solitons and a kink soliton. In this regard, consider
the three-soliton solutions by putting n = 3 into Eq. (7) with Eq. (10), and then let a; =
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-4

(@y=-5 (b)y=0 ©r=>5

Fig. 3 Outlook of Eq. (11) with the parametric values /1 = 1,m| = —1, p; = 1, q1 = 1: 3D plot (upper)
and its contour plot (below)

li+imy,ap =11 —imy,a3 =c,by = p1+iq1, by = p1 —iq1, b3 = d into Eq. (7) together
with Egs. (5, 6, 10) which gives the resultant solution as

3
d(x,y,1) = 5 In{1 4+ 2 exp(M1) cos(o1) + A2 exp(201) + exp(cx +dy — czdt)

+2p1 exp(M1 +cx +dy — czdt) cos(oy + &) + A12p12 exp(2M;
+cx+dy—czdt)}x, (12)

_m1(2P111m1+qll%+3qlm%)
L Qqilymy+pim3+3pii3)°
o1 = mix +qy — (3q1 —miqy +2lymi py)t and Az = Py +i Q1 = p1 exp(i&;)(say),

then A;3 = P —i Q1 = pj exp(—i&p) in which p; = ,/Plz + Q% and & = tan’l(%‘).

In Eq. (12), solution comes in terms of the combination of exponential and periodic
sinusoidal function exhibiting collision of a kinky periodic lump-type breather soliton and a
kink-shaped line soliton, as viewed in Figs. 4, 5 and 6 for the values /1 = 1,m; = —1, p1 =
1,91 = 1, ¢ = 1. There are two sub-cases existed depending on the interaction direction.

Case (i): For d > 0, we observe (Fig. 4 3D (upper) and its contour (below)) that the two
waves are always parallel to each other, even at the time of interaction (see the contour plots in
Fig. 4 (below)). We also observe that the two waves (display as a double-kink wave) contain
periodically lump waves to get into the lower kink (Fig. 4a (upper)) before (¢ < 0) collision
and upper kink (Fig. 4c (upper)) after (+ > 0) collision in the xy-plane, respectively. They
are overlapped entirely at t = 0 where highest amplitude comes into sight (Fig. 4b (upper)).
Actually the whole collision processes are completely elastic which is evidently observed in
the contour plots in Fig. 4 (below) in the same plane.

where Ajp = Mi = Lx + piy — (}p1 —mip) — 2Limigi)t,
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(b5t=0

Fig. 4 Collision between breather lump soliton and kink line soliton of Eq. (12) for [y = 1,m; = —1,
p1=1,q1 =1,c=1,d = 1: 3D plot (upper) and its contour plot (below)

Case (ii): For d < 0, we observe (Fig. 5 3D (upper) and its contour (below)) that the two
waves (a kinky periodic lump-type breather soliton and a kink-shaped line soliton) interact
at a certain angle. We see that a kink wave interacts with the breather wave and shifting of
the collision changes along negative of y-axis (Fig. 5a) to positive of y-axis (Fig. 5¢), but at
the intermediate time they interact at the origin (Fig. 5b). The overall propagation process
is elastic. Beside this, when we take the plot into the xz-plane, similar elastic collisions are
also observed in the double-kink waves with the same parametric values (Fig. 6 3D (upper)
and its contour (below)).

3.3 Four solitons and interaction of two lump-type breather solitons

To determine interaction of two lump-type breather solitons, we have to consider at four
soliton solutions. In this regard, consider the three-soliton solution by putting n = 4 in Eq.
(7) with Eq. (10), and then leta; =1 +imy,a; =11 —imy,a3 =l +imo, a4 =l —imy,
by = p1+iq1,by = p1—iq1,b3 = pr+iq, ba = pr» —iqs into Eq. (7) together with Eqgs.
(5, 6, 10) giving the resultant solution as

O(x,y,t) = % In{1 4+ 2 exp(M1) cos(o1) + +2exp(M>) cos(oz) + A2 exp(2M)
+ Azqexp(2M2) + 2p1 cos(&) + o1 + 02) exp(M + M>)
+2p2 cos(§ + o1 — 02) exp(M + M>)
+2A120102exp(201 + 02) cos(Mz + &1 — §2)
+2A34p1 02 exp(o1 + 202) cos(M1 + &1 + &) + A12Azsexp(2o1 + 202) )«
(13)
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(a)t=-7

Fig. 5 Collision between breather lump soliton and kink line soliton of Eq. (12) for/; = 1,m| = —1, p; =
1,91 =1,c=1,d = —1: 3D plot (upper) and its contour plot (below)

(b)y=0 (©)y=5

Fig. 6 Collision between breather lump soliton and kink line soliton of Eq. (12) for/; = 1,m| = —1, p; =
l,q1 =1,c=1,d = —1: 3D plot (upper) and its contour plot (below)
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Fig.7 Collision of periodic lump and periodic line waves of Eq. (13) for/y = 1,m; = -1, p1 =1,q1 =1,
I, = —1.001,my =1, pp = 1, go = 1: 3D plot (upper) and its contour plot (below)

where My = lix + p1y — (3 p1 —mip1 —2limiqt, o1 = mix + q1y — (3q1 —miq +
2lymy p1)t,

My = bx + pay — (5 p2 — m5py — 2lmaga)t,

oy = max + @2y — (542 — m3q2 + 2bmypo)t,

_mi2pilhimy + @113 +3qim?) Ans — _ ma(2Zpalamy + @15 + 3gam3)
L qilimy 4 pim? 4+ 3pi13) *= L (2qolmy + pam3 + 3pal3)

Axg = P +iQ1 = prexp(i§)) (say) and Ay = P, +iQ1 = prexp(i§;) (say), then
Az = P —iQ1 = prexp(—i§i) and Arz = P, — i Qs = prexp(—i&1).

To find the values of py, p2, 91 and 92, we apply p = /P2 + Q% and ¥ = tan_l(%).

In the solution Eq. (13), comes in terms of exponential and periodic sinusoidal function
exhibits collision of a pair of periodic lump-type breather waves, as viewed in Fig. 7 with the
valuesli = 1,m=—1,p1=1,q1 =1, =—1.001,my=1,pp=1,gp=1latr =0.1t
is fascinating that collision of these breathers owns unlike dynamic natures in distinct planes.
Both elastic (Fig. 7a 3D (upper) and its contour (below)) and non-elastic (Fig. 7b, ¢ 3D
(upper) and its contour (below)) collision own different times and different planes. Figure 7a
exhibits double-kink-type X-shaped breather soliton for elastic collision as before and after
collision each lump-type breather wave remains their same solitonic natures and interacts
at the origin coming along opposite paradox in the xy-plane. It is observed that the some
lump waves are periodically got into each soliton, being at equal distance from each other.
On the other hand, when we take the same plot in the same xy-plane but in different times at
t = —4 it exhibits non-elastic fusion phenomena after collision as propagated from negative
to positive along y direction (Fig. 7b 3D (upper) and its contour (below)). Other behavior
also owns the collision when observed in the xz-plane. It is seen that a breather lump wave

Ap =

@ Springer



Eur. Phys. J. Plus (2020) 135:282 Page 9 of 10 282

interacts at + = 0 and then causes fission as it is split into two breather-type lump waves
(Fig. 7¢ 3D (upper) and its contour (below)) time goes by.

4 Conclusions

In the summary, we have successfully used Hirota bilinear method to gain multi-soliton solu-
tions Eq. (7) of the BBS equation; see Fig. 1. Various parametric values have been selected to
getdistinguish dynamical characteristics of single kinky—lump-type breather solitons (Figs. 2,
3a, c), double kinky—lump-type breather solitons (Figs. 3b, 4, 5, 6, 7a), collision of a kink
line soliton with a kinky-type breather soliton (Figs. 4, 5, 6), and collision of a pair of kinky—
lump breather solitons (Fig. 7a) by the appropriate selection of involved parameters from the
multi-soliton solutions of the models. These breathers hold unlike features in various planes
even in various times. Elastic (Figs. 1, 2, 3,4, 5, 6, 7a) and non-elastic (Fig. 7b, c) collisions
for double kinky—lump-type breather are experienced in various plane and in various times.
Some figures are given to illustrate the dynamics of the achieved solutions. This will also
prompt us to explore new approach to obtain more extensive and accurate solution to the
models. The acquired results can enhance the dynamical properties of higher-dimensional
nonlinear scenarios in the engineering fields.
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