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Abstract

Gamma ring was first introduced by N. Nobusawa as a generalization of a classical

ring. W. E. Barnes generalized the definition of a gamma ring due to Nobusawa.

Presently the gamma ring due to Barnes is known as a gamma ring and gamma ring

due to Nobusawa is known as gamma ring in the sense of Nobusawa and is denoted

by ΓN -ring. It is clear that every ring is a gamma ring and every ΓN -ring is also a

Γ-ring. Actually, W.E.Barnes, J.Luh and S.Kyuno studied the structures of Γ-rings

and obtained various generalizations analogous to the corresponding parts in ring

theory. Afterwards, a number of algebraists have determined a lot of fundamental

properties of Γ-rings to classify and extend numerous significant results in classical

ring theory to Γ-ring theory. This thesis, entitled “Characterizations of Prime and

Semiprime Gamma Rings with Derivations and Lie Ideals”, aims to characterize prime

and semiprime Γ-rings with various types of left derivations, derivations, generalized

derivations, higher derivations, derivations on Lie ideals and (U,M)-derivations. All

the necessary introductory definitions and examples of Γ-rings are discussed in con-

siderable details in the introduction chapter.

The notions of derivation and Jordan derivation in Γ-rings have been introduced

by M. Sapanci and A. Nakajima. Afterwards, in the light of some significant results

due to Jordan left derivation of a classical ring obtained by K.W.Jun and B.D.Kim,

some extensive results of left derivation and Jordan left derivation of a Γ-ring were

determined by Y.Ceven. In classical ring theory, Joso Vukman proved that if d is

a Jordan left derivation of a 2-torsion free semiprime ring R and if there exists a

8
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positive integer n such that D(x)n = 0 for all x ∈ R, then D = 0. He also proved

that for a 2-torsion free and 3-torsion free semiprime ring R admits Jordan derivation

D and G : R → R such that D2(x) = G(x) for all x ∈ R, then D = 0. In chapter

1, we extend this result to the Γ-ring theory in the case of Jordan left derivations.

Then we construct some relevant results to prove that under a suitable condition

every nonzero Jordan left derivation d of a 2-torsion free prime Γ-ring M induces the

commutativity of M , and consequently, d is a left derivation of M .

Developing a number of important results on Jordan derivations of semiprime Γ-

rings, we then prove under a suitable condition, every Jordan derivation of a Γ-ring

M is a derivation of M , if we consider M as a 2-torsion free (i) semiprime, and

(ii) completely semiprime Γ-ring, respectively. We examine all these statements in

chapter 2 for the clear understanding of the concepts.

M. Asci and S. Ceran obtained some commutativity results of prime Γ-rings with

left derivation. Some commutativity results in prime rings with Jordan higher left

derivations were obtained by Kyuoo-Hong Park on Lie ideals and obtained some fruit-

ful results relating this. We work on Jordan higher left derivation on a 2-torsion free

prime Γ-ring and we show that under a suitable condition, the existence of a nonzero

Jordan higher left derivation on a 2-torsion free prime Γ-ring M forces M commuta-

tive. For the classical ring theories, Herstein, proved a well known result that every

Jordan derivation in a 2-torsion free prime ring is a derivation. Bresar proved this re-

sult in semiprime rings. Sapanci and Nakajima proved the same result in completely

prime Γ-rings. C. Haetinger worked on higher derivations in prime rings and extended

this result to Lie ideals in a prime ring. We introduce a higher derivation and a Jor-

dan higher derivation in Γ-rings. Then we determine some immediate consequences

due to Jordan higher derivation of Γ-rings to prove under a suitable condition every

Jordan higher derivation of a 2-torsion free prime Γ-ring M is a higher derivation of

M . Y. Ceven and M. A. Ozturk worked on Jordan generalized derivations in Γ-rings

and they proved that every Jordan generalized derivation on some Γ-rings is a gen-

eralized derivation. A. Nakajima defined the notion of generalized higher derivations
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and investigated some elementary relations between generalized higher derivations

and higher derivations in the usual sense. They also discussed Jordan generalized

higher derivations and Lie derivations on rings. W. Cortes and C. Haetinger proved

that every Jordan generalized higher derivations on a ring R is a generalized higher

derivation. M. Ferrero and C. Haetinger proved that every Jordan higher derivation

of a 2-torsion free semiprime ring is a higher derivation. C. Haetinger extended the

above results of prime rings in Lie ideals. By the motivations of above works, we

introduce a Jordan generalized higher derivations in Γ-rings. We prove that every

Jordan generalized higher derivation in a 2-torsion free prime Γ-ring with the condi-

tion aαbβc = aβbαc for all a, b, c ∈M and α, β ∈ Γ, is a generalized higher derivation

of M . Chapter 3 deals with all these important results elaborately.

The relationship between usual derivations and Lie ideals of prime rings has been

extensively studied in the last 40 years. In particular, when this relationship involves

the action of the derivations on Lie ideals. In 1984, R. Awtar extended a well known

result proved by I. N. Herstein to Lie ideals which states that, “every Jordan derivation

on a 2-torsion free prime ring is a derivation”. In fact, R. Awtar proved that if U * Z

is a square closed Lie ideal of a 2-torsion free prime ringR and d : R→ R is an additive

mapping such that d(u2) = d(u)u+ ud(u) for all u ∈ U , then d(uv) = d(u)v + ud(v)

for all u, v ∈ U . M. Ashraf and N. Rehman studied on Lie ideals and Jordan left

derivations of prime rings. They proved that if d : R → R is an additive mapping

on a 2-torsion free prime ring R satisfying d(u2) = 2ud(u) for all u ∈ U , where U

is a Lie ideal of R such that u2 ∈ U for all u ∈ U then d(uv) = d(u)v + ud(v) for

all u, v ∈ U . A. K. Halder and A. C. Paul extended the results of Y. Ceven in Lie

ideals. We generalize the Awtar’s result in Γ-rings by establishing some necessary

results relating to them at the beginning of the chapter 4, we then prove if U is

an admissible Lie ideal of a 2-torsion free prime Γ-ring M satisfying the condition

aαbβc = aβbαc for all a, b, c ∈ M ; α, β ∈ Γ and d : M → M is a Jordan derivation

on U of M , then d(uαv) = d(u)αv + uαd(v) for all u, v ∈ U ;α ∈ Γ and if U is a

commutative square closed Lie ideal of M , then d(uαv) = d(u)αv + uαd(v) for all
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u, v ∈ U and α ∈ Γ. Accordingly, we then define Jordan higher derivation and higher

derivation on Lie ideals of Γ-rings and construct some relevant results to prove the

previous results analogously in case of Jordan higher derivation on Lie ideal of a Γ-

ring. Chapter 4 is devoted to a study of these materials in order to bring out the

concepts defined clearly.

M. Ashraf and N. Rehman considered the question of I. N. Herstein for a Jor-

dan generalized derivation. They showed that in a 2-torsion free ring R which has

a commutator right nonzero divisor, every Jordan generalized derivation on R is a

generalized derivation on R. In 2000, Nakajima defined a generalized higher deriva-

tion and gave some categorical properties. He also treated generalized higher Jordan

and Lie derivations. Later, Cortes and Haetinger extended Ashraf’s theorem to gen-

eralized higher derivations. They proved that if R is 2-torsion free ring which has a

commutator right nonzero divisor, then every Jordan generalized higher derivation on

R is a generalized higher derivation on R. Following the notions of Jordan derivation

and derivation on Lie ideals of a Γ-ring in the previous chapter we then introduce the

concepts of a Jordan generalized derivation and generalized derivation on Lie ideals

of a Γ-ring and we extend and generalized the above mentioned result by these newly

introduced concepts. Accordingly, we then define Jordan generalized higher deriva-

tion and generalized higher derivation on Lie ideals of a Γ-ring and generalized the

same result by these concepts. We examine all these statements in chapter 5 for the

clear understanding of the concepts.

(U,R)-derivations in rings have been introduced by A. K. Faraj, C. Haetinger and

A. H. Majeed as a generalization of Jordan derivations on a Lie ideal of a ring. We

introduce (U,M)-derivations in Γ-rings as a generalization of Jordan derivations on a

Lie ideal of a Γ-ring. We construct some useful consequences of (U,M)-derivation of

a prime Γ-ring to prove first that, d(uαv) = d(u)αv + uαd(v) for all u, v ∈ U, α ∈ Γ,

where U is an admissible Lie ideal of M and d is a (U,M)-derivation of M . We

also prove that, if uαu ∈ U for all u ∈ U and α ∈ Γ then d(uαm) = d(u)αm +

uαd(m) for all u ∈ U,m ∈ M and α ∈ Γ. After introducing (U,M)-derivation in
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Γ-rings, we then introduce the concept of higher (U,M)-derivation in Γ-rings. We

conclude the chapter 6 by proving the analogous results corresponding to the previous

results considering higher (U,M)-derivations of prime Γ-rings almost similar way after

developing a number of results regarding this newly introduced concept.

Following the notion of (U,M)-derivation and higher (U,M)-derivation of a Γ-

ring in the previous chapter here we introduce the concept of generalized (U,M)-

derivation and generalized higher (U,M)-derivation in Γ-rings. By establishing some

necessary results with generalized (U,M)-derivation, we then prove the analogous

results considering generalized (U,M)-derivation of prime Γ-rings corresponding to

the results of (U,M)-derivation of the previous chapter. A. K. Faraj, C. Haetinger

and A. H. Majeed extended Awtar’s theorem to generalized higher (U,R)-derivations

by proving that if R is a prime ring, char.(R) 6= 2, U is an admissible Lie ideal of

R and F = (fi)i∈N is a generalized higher (U,R)-derivations of R, then fn(ur) =∑
i+j=n fi(u)dj(r) for all u ∈ U, r ∈ R and n ∈ N . Chapter 7 also extends this result

in the case of generalized higher (U,M)-derivation of prime Γ-rings. Actually, it aims

to prove that if U is an admissible Lie ideal of a prime Γ-ring M and F = (fi)i∈N is

a generalized higher (U,M)-derivation of M , then (i) fn(uαv) =
∑

i+j=n fi(u)αdj(v)

for all u, v ∈ U, α ∈ Γ and n ∈ N; and also, that (ii) fn(uβm) =
∑

i+j=n fi(u)βdj(m)

for all u ∈ U,m ∈M,β ∈ Γ and n ∈ N.
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Introduction

As an immense generalization of the theory of rings, the concept of a Γ-ring was

introduced. From its first advent the enlargement and generalization of many signif-

icant results in the theory of rings to the theory of Γ-rings have interested a wider

observation as an emerging field of research to the modern algebraists to enhance the

world of algebra. A number of renowned mathematicians have worked out on this

attractive area of research to determine various basic properties of Γ-rings and have

extended a lot of important results in this topic in the last four decades. There is a

huge number of researchers all over the world who are recently occupied in trying to

achieve more and more fruitful and inventive results of Γ-ring theory.

The notion of a Γ-ring has been introduced by N. Nobusawa [33] (which is presently

known as a ΓN -ring), as a generalization of a ring. Following W. E. Barnes [4] gener-

alized the concept of Nobusawa’s Γ-ring as a more general nature. As an immediate

consequence, this generalization states that every ΓN -ring is a Γ-ring, but the con-

verse is not always true in general. They obtained many important basic properties

of Γ-rings in various ways, while in a consecutive succession S. Kyuno [25, 26, 27, 28]

, J. Luh [29], G. L. Booth [5] determined some more remarkable characterizations of

Γ-rings. Nowadays, Γ-ring theory is a showpiece of mathematical unification, bringing

15
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together several branches of the subject. It is the best research area for the Mathe-

maticians and during 40 years, many classical ring theories have been generalized in

Γ-rings by many authors (mentioned hereafter within the scope of this study). Some

of those are discussed in considerable detail in this chapter including all the necessary

introductory definitions and examples.

0.1 Gamma Ring

We begin with the general definition of a Γ-ring. The notion of a Γ-ring was introduced

by N. Nobusawa [33] and generalized by W. E. Barnes [4] as defined below.

Definition 0.1.1. Let M and Γ be additive abelian groups. If there is a mapping
M × Γ×M →M such that the conditions

• (x+ y)αz = xαz + yαz, x(α+ β)y = xαy + xβy, xα(y + z) = xαy + xαz;

• (xαy)βz = xα(yβz)

are satisfied for all x, y, z ∈M and α, β ∈ Γ, then M is called a Γ-ring . This concept
is more general than a ring.

From the definition it is clear that every ring is a Γ-ring but the converse is not

necessarily true. For example, we observe that.

Example 0.1.1. Let R be a ring having unity element 1 and M = M2,3(R) be the
set of all 2 × 3 matrices over R. If we take Γ = M3,2(R), then M is a Γ-ring under
the operations of addition and multiplication of matrices.

In general, we get the following.

Example 0.1.2. If R is a ring with unity element 1 and M = Mm,n(R) is the set of
all m× n matrices over R. Then M is a Γ-ring under the operations of addition and
multiplication of matrices if we take Γ = Mn,m(R).

The following is an example of a Γ-ring.
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Example 0.1.3. Let R be a commutative ring with characteristic 2 having unity ele-

ment 1. Let M = M2,2(R) and Γ =

{(
n1.1 n3.1
n2.1 n4.1

)
: ni ∈ (Z − 2Z);n1 = n4, n2 = n3

}
.

Then M is a Γ-ring.

The following is another example of a Γ-ring given by S. Kyuno [25].

Example 0.1.4. Let R be an ordinary associative ring, U be any ideal of R, and I
be the ring of integers. Then R is a Γ-ring if we choose Γ = R or, Γ = U or, Γ = I.
Also, U is a Γ-ring with Γ = R.

Now we recall the initiatory definition of a Γ-ring given by N. Nobusawa [33]

appeared for the first time that has been creating a new extent to enhance the theory

of rings significantly.

Definition 0.1.2. LetM and Γ be additive abelian groups. If there are two mappings
M × Γ×M →M and Γ×M × Γ → Γ such that

• (x+ y)αz = xαz + yαz, x(α+ β)y = xαy + xβy, xα(y + z) = xαy + xαz;

• (α+ β)xγ = αxγ + βxγ, α(x+ y)β = αxβ + αyβ, αx(β + γ) = αxβ + αxγ;

• (xαy)βz = x(αyβ)z = xα(yβz);

• xαy = 0 implies α = 0

hold for all x, y, z ∈ M ;α, β ∈ Γ, then M is called a Γ-ring in the sense of N.
Nobusawa [33] and we express it by saying that M is a ΓN -ring.

Example 0.1.5. Let D be a division ring and M = D2,3(D) be the set of all 2 × 3
matrices over D. If we choose Γ = D3,2(D), then M is a ΓN -ring under the operations
of addition and multiplication of matrices.

In general, we get the following:

Example 0.1.6. If D is a division ring and M = Dm,n(D) is the set of all m×n ma-
trices over D. Then M is a Γ-ring under the operations of addition and multiplication
of matrices if we choose Γ = Dn,m(D).

The following is another example of a ΓN -ring given by S. Kyuno [25].
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Example 0.1.7. Let R be an ordinary associative ring with unity element 1. Then
R is a ΓN -ring if we choose Γ = R.

The following three examples of a ΓN -ring are given by N. Nobusawa [33].

Example 0.1.8. Let vn(F ) be a vector space of dimension n over a field F . For
a, b, c are vectors in it, define abc = (a · b)c, where (a · b) is the inner product of a and
b. For b, c, d ∈ Vn(F ), define (bcd)′ = b(c · d). Then ab(cde) = (a · b)(c · d)e = a(bcd)′e
i.e, vn(F ) is a ΓN -ring with Γ = vn(F ).

Example 0.1.9. Let D be a division ring and M = Dn,m(D). If a, b, c ∈ M , define
abc = abtc, where bt is the transpose of the matrix b, and the above product is well
defined. For b, c, d ∈ M , define also (bcd)′ = dctb. Then ab(cde) = abtcdt = a(bcd)′e
i.e, M is a ΓN -ring with Γ = Dm,n(D).

Example 0.1.10. Let I be the set of all purely imaginary complex numbers. Then I
is a ΓN -ring with usual multiplication if we choose Γ = I.

0.2 Preliminaries

We recall some important definitions which are useful for us within the scope of this

study as follows.

Definition 0.2.1. An additive subgroup H of a Γ-ring M is said to be a Γ-subring
of M if H is itself a Γ-ring. That means, it follows that an additive subgroup H of a
Γ-ring M is a Γ-subring of M if HΓH ⊆ H.

The following is an example of a Γ-subring.

Example 0.2.1. Let R be a ring of characteristic 2 having a unity element 1. Let

M = M1,2(R) and Γ =

{(
n.1
n.1

)
: n ∈ Z

}
, then M is a Γ-ring. Let N = {(x, x) :

x ∈ R} ⊆M , then N is also Γ-ring of M , in which we can say that N is a Γ-subring
of M .

Definition 0.2.2. A subset S of the Γ-ring M is a right ideal (or, left ideal) of M
if S is an additive subgroup of M and SΓM = {sαm : s ∈ S, α ∈ Γ,m ∈ M} (or,
MΓS = {mαs : s ∈ S, α ∈ Γ,m ∈ M}) is contained in S. If S is both a left and a
right ideal of M , then S is a two sided ideal of M , or simply an ideal of a Γ-ring M .
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Definition 0.2.3. Given a subset A of a Γ-ring M , the ideal generated by A is the
smallest ideal of M which contains A. In fact, it is the intersection of all ideals
which contain A. The elements of A are called its generator . In particular, if A =
{a1, a2, ..., an} then the ideal generated by A is denoted by (a1, a2, ..., an). An ideal is
said to be finitely generated if and only if it has a finite set of generators.

Remark 0.2.1. The ideal generated by a given set A can often be generated by a much
smaller subset of A.

Definition 0.2.4. Let M be a Γ-ring and m ∈ M . The ideal generated by m
(the intersection of all ideals of M containing m, that is, the smallest ideal of M)
is called the principal ideal of M and it is denoted by (m). More precisely, it is
the set of all finite sums of the form

∑
i(nim + xiαim + mβiyi + uiγimδivi), where

ni ∈ Z;xi, yi, ui, vi ∈ M and αi, βi, γi, δi ∈ Γ. That means, it follows that (m) =
Zm+MΓm+mΓM +MΓmΓM .

Definition 0.2.5. If I is any nonzero ideal of a Γ-ring M . Then an ideal E of a
Γ-ring M is said to be an essential ideal of M if E ∩ I 6= 0.

Definition 0.2.6. Let I be an ideal of a Γ-ring M , then the set Annl = {x ∈ M :
xΓI = 0} is called the left annihilator of I of M and the set Annr = {x ∈ M :
IΓx = 0} is said to be the right annihilator of I of M . If left annihilator and right
annihilator are identical, then the set Ann(I) = {x ∈ M : xΓI = IΓx = 0} is called
the annihilator I of M .

Obviously, if I is an ideal of a Γ-ring M , then Ann(I) is also an ideal of M .

Definition 0.2.7. Let M be a Γ-ring and x, y ∈M,α ∈ Γ, then (x ◦ y) = xαy+ yαx
is called the Jordan product of x and y with respect to α.

Definition 0.2.8. Let M be a Γ-ring ; for x, y ∈ M and α ∈ Γ, a new product,
known as Lie product defined by [x, y]α = xαy− yαx and it is called the commutator
of x and y with respect to α.

From the definition of commutators of two elements in a Γ-ring, we make the basic

commutators identities :

Lemma 0.2.1. If M is a Γ-ring, then for all x, y, z ∈M and α, β ∈ Γ:

• [xαy, z]β = [x, z]βαy + x[α, β]zy + xα[y, z]β.

• [x, yαz]β = [x, y]βαz + y[α, β]xz + yα[x, z]β.
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According to the condition xαyβz = xβyαz for all x, y, z ∈ M and α, β ∈ Γ, the
above two identities reduces to:

• [xαy, z]β = [x, z]βαy + xα[y, z]β.

• [x, yαz]β = [x, y]βαz + yα[x, z]β.

Lemma 0.2.2. If M is a Γ-ring, then for all x, y, z ∈M and α, β ∈ Γ:

• [x, y]α + [y, x]α = 0.

• [x, y + z]α = [x, y]α + [x, z]α

• [x+ y, z]α = [x, z]α + [y, z]α

• [x, y]α+β = [x, y]α + [x, y]β.

Remark 0.2.2. A necessary and sufficient condition for a Γ-ring M to be commutative
is that [x, y]α = 0 for all x, y ∈M and α ∈ Γ.

Definition 0.2.9. An additive subgroup U ⊂ M is said to be a Lie ideal of M if
whenever u ∈ U ;m ∈ M and α ∈ Γ, then [u,m]α ∈ U . A Lie ideal is called a square
closed Lie ideal if uαu ∈ U, for all u ∈ U ;α ∈ Γ. Furthermore, if the Lie ideal U is
square closed and U * Z(M), where Z(M) denotes the centre of M , then U is called
an admissible Lie ideal of M .

Example 0.2.2. Let R be a commutative ring of characteristic 2 having a unity

element 1. Let M = M1,2(R) and Γ =

{(
n.1
n.1

)
: n ∈ Z , 2 - n

}
, then M is a Γ-

ring. Let N = {(x, x) : x ∈ R} ⊆ M , then for all (x, x) ∈ N, (a, b) ∈ M and(
n
n

)
∈ Γ, we have

(x, x)

(
n
n

)
(a, b)− (a, b)

(
n
n

)
(x, x) = (xna− bnx, xnb− anx)

= (xna− 2bnx+ bnx, bnx− 2anx+ xna)

= (xna+ bnx, bnx+ xna) ∈ N.

Therefore, N is a Lie ideal of M .

The following is a very well-known result in group theory essential for us which is

known as Brauer’s trick .
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Brauer’s trick: If S and T are any two subgroups of a group G such that

G = S ∪ T , then either G = S or G = T . In other words, a group cannot be a set-

theoretic union of its two proper subgroups.

Definition 0.2.10. A Γ-ring M is said to be a commutative Γ-ring if xαy = yαx for
all x, y ∈M and α ∈ Γ.

The following is an example of a commutative Γ-ring.

Example 0.2.3. Let R be a commutative ring having a unity element 1. Let M =

M1,2(R) and Γ =

{(
n.1
0

)
: n ∈ Z

}
. Then M is a commutative Γ-ring under the

operations of matrix addition and matrix multiplication with char.M = 2.

Definition 0.2.11. Let M be a Γ-ring, then the set Zα = {z ∈M : zαm = mαz for
all m ∈M} is called the α− centre of a Γ-ring M , where α is an arbitrary but fixed
element of Γ.

Definition 0.2.12. Let M be a Γ-ring, then the set ZΓ = {z ∈M : zαm = mαz for
all m ∈M and α ∈ Γ} is called the centre of a Γ-ring M and it is denoted by Z(M).

It is a clear consequence that if Z(M) = M , then M is commutative.

Remark 0.2.3. The centre Z(M) of a Γ-ring M is always a Γ-subring of M .

Definition 0.2.13. An element m of a Γ-ring M is called a right (or, left) nonzero
divisor of M if for x ∈M,xαm = 0 (or, mαx = 0) implies x = 0 for all α ∈ Γ. If an
element is both a left and a right nonzero divisor of M , then it is called a two-sided
nonzero divisor of M , or simply a nonzero divisor of M .

In other words, a Γ-ring M is said to have no zero divisors if ∀ x, y ∈M,xαy = 0
implies x = 0, or y = 0 for all α ∈ Γ.

Definition 0.2.14. A Γ-ring M is said to be 2-torsion free or of characteristic not
equal to 2, denoted as char.M 6= 2, if 2x = 0 implies x = 0 for all x ∈M .

In general, we have the following.

Definition 0.2.15. A Γ-ring M is said to be n-torsion free or of characteristic not
equal to n (where n is a positive integer greater than 1), denoted as char.M 6= n, if
nx = 0 implies x = 0 for all x ∈M .
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Definition 0.2.16. An element m of a Γ-ring M is called a nilpotent element if, for
any α ∈ Γ, there exists a positive integer n (depending on α) such that (mα)nm =
(mα)(mα)...(mα)m = 0

Definition 0.2.17. An ideal I of a Γ-ring M is said to be a nilpotent ideal if there
exists a positive integer n such that (IΓ)nI = ((IΓ)(IΓ)...(IΓ)I = 0

Definition 0.2.18. An ideal I of a Γ-ring M is said to be a nil ideal if each element
of I is nilpotent.

Remark 0.2.4. Every nilpotent ideal of a Γ-ring is nil.

The concepts of a prime Γ-ring and a completely prime Γ-ring were introduced

by J. Luh [29] and some analogous results corresponding to the prime rings were

obtained by J. Luh [29] and S. Kyuno [27].

Definition 0.2.19. A Γ-ring M is said to be a prime Γ-ring if xΓMΓy = 0 (with
x, y ∈M) implies x = 0 or y = 0.

Definition 0.2.20. A Γ-ring M is said to be a semiprime Γ-ring if xΓMΓx = 0
(with x ∈M) implies x = 0.

Definition 0.2.21. A Γ-ring M is said to be a completely prime Γ-ring if xΓy = 0
(with x, y ∈M) implies x = 0 or y = 0.

Definition 0.2.22. A Γ-ringM is said to be a completely semiprime Γ-ring if xΓx = 0
(with x ∈M) implies x = 0.

It is obvious that every completely prime Γ-ring is prime but the converse is not

necessarily true. Similarly, every completely semiprime Γ-ring is semiprime but the

converse is not always true in general.

From the above definitions, it follows that every prime Γ-ring is semiprime and every

completely prime Γ-ring is completely semiprime.

Example 0.2.4. Let R be an integral domain with 1. Let M = M1,2(R) and Γ ={(
n.1
0

)
: n ∈ Z

}
, then M is a Γ-ring. Let N = {(a, a) : a ∈ R}, then N is a

Γ-subring of M . It is easy to verify that N is a completely prime Γ-ring and therefore
it is also a prime Γ-ring.



Chapter 1

Left Derivations

We begin by explaining the introductional background behind the notions of deriva-

tion and Jordan derivation of Γ-rings. Then we recall the definitions of left derivation

and right derivation of Γ-rings. We also recall the definitions of Jordan left derivation

and Jordan right derivation of Γ-rings in the first section.

The second section develops some useful consequences regarding Jordan left deriva-

tions of Γ-rings which are very much needed for proving the main results of this

chapter.

The result of the third section has been emanated from a theorem due to Joso

Vukman which states that, if R is a 2-torsion free and 3-torsion free semiprime ring

which admits Jordan derivations D : R→ R and G : R→ R such that D2(x) = G(x)

for all x ∈ R, then D = 0. Here, we extend this result to the Γ-ring theory in

the case of Jordan left derivation by showing that if M is a 2 and 3-torsion free

semiprime Γ-ring ; d : M → M and G : M → M are Jordan left derivations such

that d2(M) = G(M), then d = 0.

Finally, we conclude this chapter by showing that under a suitable condition

every nonzero Jordan left derivation d of a 2-torsion free prime Γ-ring M induces the

23
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commutativity of M , and accordingly, d is a left derivation of M .

1.1 Introduction

The notions of derivation and Jordan derivation of a Γ-ring have been introduced by

M. Sapanci and A. Nakajima [36]. Afterwards, K. W. Jun and B. D. Kim [24] obtained

some significant results due to Jordan left derivation of a classical ring. Y. Ceven [10]

worked on left derivations of completely prime Γ-rings and obtained some extensive

results of left derivation and Jordan left derivation of a Γ-ring. M. Soyturk [37]

investigated the commutativity of prime Γ-rings with the left and right derivations.

He obtained some results on the commutativity of prime Γ-rings of characteristic not

equal to 2 and 3. Some commutativity results of prime Γ-rings with left derivations

were obtained by Asci and Ceran [1]. A. C. Paul and A. K. Halder [35] worked on

Jordan left derivations of two torsion free ΓM -Modules. They proved that if M is a

prime Γ-ring, then every Jordan left derivation is a left derivation.

In view of the concepts of left derivation and Jordan left derivation of classical

rings developed by K. W. Jun and B. D. Kim [24], some important results due to

these concepts in case of certain Γ-rings have been determined by Y.Ceven [10] after

introducing the notions of left derivation and right derivation of Γ-rings as defined

below.

Definition 1.1.1. In a Γ-ring M , an additive mapping d : M → M is said to be

a left derivation if d(aαb) = aαd(b) + bαd(a) holds for all a, b ∈ M ;α ∈ Γ and d is

called a right derivation if d(aαb) = d(a)αb+ d(b)αa holds for all a, b ∈M ;α ∈ Γ.

Definition 1.1.2. Let M be a Γ-ring. An additive mapping d : M → M is said to
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be a Jordan left derivation if d(aαa) = 2aαd(a) holds for all a ∈ M ;α ∈ Γ and d is

called a Jordan right derivation if d(aαa) = 2d(a)αa holds for all a ∈M ;α ∈ Γ.

In [10], Y. Ceven gave an example of a left derivation and a Jordan left derivation

on a Γ-ring as follows.

Example 1.1.1. Let R be an associative ring with 1 and d : R → R be a left

derivation. Let M = M1,2(R) and Γ =


 n.1

0

 : n ∈ Z

, then M is a Γ-ring.

Define a mapping D : M →M by D((a, b)) = (d(a), d(b)), then D is a left derivation

on M . Let N = {(a, a) : a ∈ R} ⊂ M , then N is a Γ-ring. Define a mapping

D : N →M by D((a, a)) = (d(a), d(a)), then D is a Jordan left derivation on N .

Except otherwise mentioned, throughout this chapter, M represents a Γ-ring

satisfying the condition aαbβc = aβbαc for all a, b, c ∈ M ;α, β ∈ Γ and it is referred

to as the symbol (*).

1.2 Some Consequences of Jordan Left Derivations

We recall some useful results that have already been proved earlier. We begin with

the following Lemma proved by Y.Ceven [10].

Lemma 1.2.1. Let d be a Jordan left derivation of a two torsion free Γ-ring M . For

all a, b ∈M ;α ∈ Γ :

(i) d(aαb+ bαa) = 2aαd(b) + 2bαd(a);

In particular, if M is a 2-torsion free and satisfies the condition (*), then

(ii) d(aαbβa) = aβaαd(b) + 3aαbβd(a)− bαaβd(a);
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(iii) d(aαbβc+ cαbβa) = aβcαd(b)+ cβaαd(b)+3aαbβd(c)+3cαbβd(a)− bαcβd(a)−

bαaβd(c).

Some parts of the following lemma are essentially proved in [8, 9, 10, 24, 36]

Lemma 1.2.2. Let M be a two torsion free Γ-ring satisfying the condition (*) and

d be a Jordan left derivation on M . Then for all a, b ∈M ;α, β ∈ Γ :

(i) [a, b]αβaαd(a) = aα[a, b]αβd(a);

(ii) [a, b]αβ(d(aαb)− aαd(b)− bαd(a)) = 0;

(iii) [a, b]αβd([a, b]α) = 0;

(iv) d(aαaβb) = aβaαd(b) + (aβb+ bβa)αd(a) + aαd([a, b]β).

Proof. (i) By Lemma 1.2.1(iii), we have

d(aαbβc+cαbβa) = aβcαd(b)+cβaαd(b)+3aαbβd(c)+3cαbβd(a)−bαaβd(c)−bαcβd(a).

Replacing c by aαb, we get

d((aαb)β(aαb) + (aαb)αbβa) = aβ(aαb)αd(b) + (aαb)βaαd(b)

+ 3aαbβd(aαb) + 3(aαb)αbβd(a)− bαaβd(aαb)− bα(aαb)βd(a).

This implies,

2(aαb)βd(aαb) + d(aα(bαb)βa) = aβaαbαd(b) + aαbβaαd(b)

+ 3aαbβd(aαb) + 3(aαb)αbβd(a)− bαaβd(aαb)− bα(aαb)βd(a).

Using Lemma 1.2.1(ii), we obtain

−aαbβd(aαb)+aβaαd(bαb)+3aαbαbβd(a)−bαbαaβd(a) = aβaαbαd(b)+aαbβaαd(b)

+ 3aαbαbβd(a)− bαaβd(aαb)− bαaαbβd(a).
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⇒ −aαbβd(aαb) + 2aβaαbαd(b)− bαbαaβd(a) = aβaαbαd(b) + aαbβaαd(b)

− bαaβd(aαb)− bαaαbβd(a).

This yields,

(aαb− bαa)βd(aαb) = aβaαbαd(b)− aαbβaαd(b)− bαbαaβd(a) + bαaαbβd(a)

= aαaαbβd(b)− aαbαaβd(b)− bαbαaβd(a) + bαaαbβd(a)

= aα(aαb− bαa)βd(b) + bα(aαb− bαa)βd(a).

(1.1)

Replacing b by a+ b in (1.1), we get

(aαb−bαa)β(2aαd(a)+d(aαb)) = aα(aαb−bαa)βd(a+b)+(a+b)α(aαb−bαa)βd(a).

⇒ 2(aαb−bαa)βaαd(a)+(aαb−bαa)βd(aαb) = 2aα(aαb−bαa)βd(a)+aα(aαb−bαa)βd(b)

+ bα(aαb− bαa)βd(a).

Using (1.1), we obtain

2(aαb− bαa)βaαd(a) + aα(aαb− bαa)βd(b) + bα(aαb− bαa)βd(a)

= 2aα(aαb− bαa)βd(a) + aα(aαb− bαa)βd(b) + bα(aαb− bαa)βd(a).

⇒ (aαb− bαa)βaαd(a) = aα(aαb− bαa)βd(a).

Therefore,

[a, b]αβaαd(a) = aα[a, b]αβd(a).

(ii) Replacing a by a+ b inLemma 1.2.2 (i)

((a+ b)αb− bα(a+ b))β(a+ b)αd(a+ b) = (a+ b)α((a+ b)αb− bα(a+ b))βd(a+ b).

⇒ (aαb− bαa)β(aαd(a) + bαd(a) + aαd(b) + bαd(b)) = aα(aαb− bαa)β(d(a) + d(b))

+ bα(aαb− bαa)β(d(a) + d(b)).
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⇒ (aαb−bαa)βaαd(a)+(aαb−bαa)βbαd(a)+(aαb−bαa)βaαd(b)+(aαb−bαa)βbαd(b)

= aα(aαb−bαa)βd(a)+aα(aαb−bαa)βd(b)+bα(aαb−bαa)βd(a)+bα(aαb−bαa)βd(b).

Now, using Lemma 1.2.2(i), we have

aα(aαb−bαa)βd(a)+(aαb−bαa)βbαd(a)+(aαb−bαa)βaαd(b)−bα(bαa−aαb)βd(b)

= aα(aαb−bαa)βd(a)+aα(aαb−bαa)βd(b)+bα(aαb−bαa)βd(a)−bα(bαa−aαb)βd(b).

Thus, using (1.1)

(aαb− bαa)β(bαd(a) + aαd(b)) = (aαb− bαa)βd(aαb).

Therefore, we obtain

(aαb− bαa)β(d(aαb)− aαd(b)− bαd(a)) = 0.

This implies,

[a, b]αβ(d(aαb)− aαd(b)− bαd(a)) = 0.

(iii) Using Lemma 1.2.1(i) in Lemma 1.2.2(ii), we get

(aαb− bαa)β(−d(bαa) + 2aαd(b) + 2bαd(a)− aαd(b)− bαd(a)) = 0.

Therefore,

(aαb− bαa)β(d(bαa)− aαd(b)− bαd(a)) = 0. (1.2)

Subtracting (1.2) from Lemma 1.2.2(ii), we get

(aαb− bαa)βd(aαb)− d(bαa) = 0.

Therefore,

[a, b]αβd([a, b]α) = 0.
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(iv) From Lemma 1.2.1(i), we have

d(aαb+ bαa) = 2aαd(b) + 2bαd(a).

Replacing bβa for b, we get

d(aαbβa+ bβaαa) = 2aαd(bβa) + 2bβaαd(a). (1.3)

Again replacing aβb for b in Lemma 1.2.1(i)

d(aαaβb+ aβbαa) = 2aαd(aβb) + 2aβbαd(a). (1.4)

Subtracting (1.3) from (1.4) and using the condition (*), we get

d(aαaβb+ aαbβa− aαbβa− bαaβa) = 2aαd(aβb− bβa) + 2(aβb− bβa)αd(a).

Therefore,

d(aαaβb− bαaβa) = 2aαd(aβb− bβa) + 2(aβb− bβa)αd(a). (1.5)

Now, replacing aβa for a in Lemma 1.2.1(i) and using the condition (*)

d(aβaαb+ bαaβa) = 2aβaαd(b) + 2bαd(aβa) = 2aβaαd(b) + 4bαaβd(a)

⇒ d(aαaβb+ bαaβa) = 2aβaαd(b) + 4bβaαd(a). (1.6)

Adding (1.5) and (1.6), we get

d(2aαaβb) = 2aβaαd(b) + 2aαd(aβb− bβa) + 2(aβb+ bβa)αd(a).

Since M is 2-torsion free, we have

d(aαaβb) = aβaαd(b) + (aβb+ bβa)αd(a) + aαd([a, b]β).
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Lemma 1.2.3. Let M be a 2-torsion free and 3-torsion free Γ-ring, and d : M →M

be a Jordan left derivation. If d([[d(x), x]α, x]α) = 0 holds for all x ∈M ;α ∈ Γ, then

[d(x), x]ααd(x) = 0 is fulfilled for all x ∈M ;α ∈ Γ.

Proof. Since d([[d(x), x]α, x]α) = 0. Thus

0 = d([[d(x), x]α, x]α)

= d([(d(x)αx− xαd(x)), x]α)

= d(d(x)αxαx− xαd(x)αx− xαd(x)αx+ xαxαd(x))

= d(d(x)αxαx+ xαxαd(x))− 2d(xαd(x)αx).

Now, using Lemma 1.2.1(i) and Lemma 1.2.1(ii), we get

2(xαx)αd(d(x))+2d(x)αd(xαx)−2xαxαd(d(x))−6xαd(x)αd(x)+2d(x)αxαd(x) = 0.

⇒ 2xαxαd2(x)+4d(x)αxαd(x)−2xαxαd2(x)−6xαd(x)αd(x)+2d(x)αxαd(x) = 0.

⇒ 6(d(x)αx− xαd(x))αd(x) = 0.

Thus, we have

6[d(x), x]ααd(x) = 0.

Since M is 2 and 3-torsion free. Hence, we conclude that [d(x), x]ααd(x) = 0 for all

x ∈M,α ∈ Γ.

1.3 Jordan Left Derivations on Semiprime Γ-Rings

In classical ring theory, Joso Vukman [38] proved that if d is a Jordan left derivation

of a 2-torsion free semiprime ring R and if there exists a positive integer n such that

D(x)n = 0 for all x ∈ R, then D = 0. He also proved that for a 2-torsion free and
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3-torsion free semiprime ring R admits Jordan derivations D : R→ R and G : R→ R

such that D2(x) = G(x) for all x ∈ R, then D = 0.

Here, we extend the above mentioned result to the Γ-ring theory in the case of

Jordan left derivation.

Theorem 1.3.1. Let M be a 2-torsion free and 3-torsion free semiprime Γ-ring. If

d : M → M and G : M → M are Jordan left derivations such that d2(M) = G(M),

then d = 0.

Proof. Let x ∈M , then xαx ∈M . Putting xαx for x in d2(x) = G(x).

d(d(xαx)) = G(xαx).

⇒ d(2xαd(x)) = 2xαG(x).

⇒ d(xαd(x)) = xαG(x). (1.7)

Now, we prove that, for all x ∈M and α ∈ Γ.

d(d(x)αx) = 2d(x)αd(x) + xαG(x). (1.8)

Using Lemma 1.2.1(i), we have

d(d(x)αx+ xαd(x)) = 2d(x)αd(x) + 2xαd2(x).

Using (1.7), we obtain

d(d(x)αx) = 2d(x)αd(x) + 2xαd2(x)− d(xαd(x))

= 2d(x)αd(x) + 2xαG(x)− xαG(x)

= 2d(x)αd(x) + xαG(x)

= 2d(x)αd(x) + d(xαd(x)).
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Therefore,

d(d(x)αx− xαd(x)) = 2d(x)αd(x).

⇒ d[d(x), x]α = 2d(x)αd(x).

(1.9)

Linearize (1.9) and using (1.9), we get

d([d(x+ y), x+ y]α) = 2d(x+ y)αd(x+ y).

⇒ d([d(x) + d(y), x+ y]α) = 2(d(x) + d(y))α(d(x) + d(y)).

⇒ d([d(x), x]α + [d(y), x]α + [d(x), y]α + [d(y), y]α)

= 2(d(x)αd(x) + d(x)αd(y) + d(y)αd(x) + d(y)αd(y)).

⇒ d([d(y), x]α + [d(x), y]α) = 2d(x)αd(y) + 2d(y)αd(x).

Putting y = xαx in the above relation then using Lemma 1.2.1 and (1.9), we obtain

0 = d([d(x), xαx]α + [d(xαx), x]α)− 2d(x)αd(xαx)− 2d(xαx)αd(x)

= d([d(x), x]ααx+ xα[d(x), x]α) + 2d(xα[d(x), x]α)− 4d(x)αxαd(x)− 4xαd(x)αd(x)

= 2[d(x), x]ααd(x) + 2xαd([d(x), x)]α) + 2d(xα[d(x), x]α)− 4d(x)αxαd(x)− 4xαd(x)αd(x)

= 2d(x)αxαd(x)− 2xαd(x)αd(x) + 4xαd(x)αd(x) + 2d(xα[d(x), x]α)− 4d(x)αxαd(x)

− 4xαd(x)αd(x)

= −2d(x)αxαd(x)− 2xαd(x)αd(x) + 2d(xα[d(x), x]α).

Thus, we have

d(xα[d(x), x]α) = d(x)αxαd(x) + xαd(x)αd(x),∀ x ∈M,α ∈ Γ. (1.10)

We prove the identity

d([d(x), x]ααx) = d(x)αxαd(x) + xαd(x)αd(x),∀ x ∈M,α ∈ Γ. (1.11)
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Using Lemma 1.2.1(i) and (1.9), we have

d([d(x), x]ααx+ xα[d(x), x]α) = 2[d(x), x]ααd(x) + 2xαd([d(x), x]α)

= 2[d(x), x]ααd(x) + 4xαd(x)αd(x).

Now, applying (1.10), we obtain

d([d(x), x]ααx) = 2[d(x), x]ααd(x) + 4xαd(x)αd(x)− d(xα[d(x), x]α)

= 2d(x)αxαd(x)− 2xαd(x)αd(x) + 4xαd(x)αd(x)

− d(x)αxαd(x)− xαd(x)αd(x)

= d(x)αxαd(x) + xαd(x)αd(x),∀ x ∈M ;α ∈ Γ.

Which completes the proof of (1.11). Using (1.10) and (1.11), we obtain

d([[d(x), x]α, x]α) = d([d(x), x]ααx− xα[d(x), x]α) = 0. (1.12)

By Lemma 1.2.3, it follows

[d(x), x]ααd(x) = 0,∀ x ∈M ;α ∈ Γ. (1.13)

Using (1.13) and Lemma 1.2.1(i) , we obtain

d(d(x)α[d(x), x]α) = d(d(x)α[d(x), x]α + [d(x), x]ααd(x))

= 2d(x)αd([d(x), x]α) + 2[d(x), x]ααd(d((x)).

Using (1.9) and d2(x) = G(x), we have

d(d(x)α[d(x), x]α) = 4d(x)αd(x)αd(x) + 2[d(x), x]ααG(x),∀ x ∈M ;α ∈ Γ. (1.14)

Now, we prove the relation

d(d(x)α[d(x), x]α) = −6[d(x), x]ααG(x),∀ x ∈M ;α ∈ Γ. (1.15)
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Using (1.13) and Lemma 1.2.1(ii), we obtain

0 = d[(d(x), x]ααd(x))

= d(d(x)αxαd(x))− d(xαd(x)αd(x))

= d(x)αd(x)αd(x) + 3d(x)αxαd(d(x))− xαd(x)αd(d(x))− d(xαd(x)αd(x)).

Thus, we have

d(xαd(x)αd(x)) = d(x)αd(x)αd(x)+3d(x)αxαG(x)−xαd(x)αG(x),∀ x ∈M,α ∈ Γ.

Using Lemma 1.2.1(i) and d2(x) = G(x), we have

d((d(x)αd(x))αx+ xα(d(x)αd(x))) = 2d(x)αd(x)αd(x) + 2xαd(d(x)αd(x))

= 2d(x)αd(x)αd(x) + 2xα2d(x)αd(d(x)) = 2d(x)αd(x)αd(x) + 4xαd(x)αG(x).

(1.16)

From the above relation and (1.16), it follows

d(d(x)αd(x)αx) = 2d(x)αd(x)αd(x) + 4xαd(x)αG(x)− d(xαd(x)αd(x))

= 2d(x)αd(x)αd(x)+4xαd(x)αG(x)−d(x)αd(x)αd(x)+3d(x)αxαG(x)−xαd(x)αG(x)

= d(x)αd(x)αd(x) + 5xαd(x)αG(x)− 3d(x)αxαG(x). (1.17)

By the operation (1.17)-(1.16), we obtain

d(d(x)αd(x)αx)− d(xαd(x)αd(x)) = 6xαd(x)αG(x)− 6d(x)αxαG(x).

⇒ d([d(x)αd(x), x]α) = 6[x, d(x)]ααG(x).

Thus, we have according to (1.13)

6[x, d(x)]ααG(x) = d([d(x)αd(x), x]α)

= d([d(x), x]ααd(x) + d(x)α[d(x), x]α)

= d(d(x)α[d(x), x]α).



35

This implies,

d(d(x)α[d(x), x]α) = −6[d(x), x]ααG(x),∀ x ∈M,α ∈ Γ.

Which completes the proof of (1.15). By (1.15), (1.14) becomes

d(x)αd(x)αd(x) + 2[d(x), x]ααG(x) = −6[d(x), x]ααG(x).

⇒ d(x)αd(x)αd(x) + 2[d(x), x]ααG(x) = 0. (1.18)

Now, starting from (1.13) and using Lemma 1.2.1(ii) and (1.9), we obtain

0 = d(d(x)α[d(x), x]ααd(x))

= d(x)αd(x)αd([d(x), x]α) + 3d(x)α[d(x), x]ααd
2(x)− [d(x), x]ααd(x)αd

2(x)

= 2d(x)αd(x)αd(x)αd(x) + 3d(x)α[d(x), x]ααG(x)− [d(x), x]ααd(x)αG(x).

Using (1.13), we have

2d(x)αd(x)αd(x)αd(x) + 3d(x)α[d(x), x]ααG(x) = 0.

⇒ 4d(x)αd(x)αd(x)αd(x) + 6d(x)α[d(x), x]ααG(x) = 0.

⇒ d(x)αd(x)αd(x)αd(x) + 3d(x)αd(x)αd(x)αd(x) + 6d(x)α[d(x), x]ααG(x) = 0.

⇒ d(x)αd(x)αd(x)αd(x) + 3d(x)α(d(x)αd(x)αd(x) + 2[d(x), x]ααG(x)) = 0. (1.19)

Therefore, using (1.18), we get (d(x)α)3d(x) = 0. This implies, d(x) is a nilpotent ele-

ment of M . Since semiprime Γ-ring does not contain any non-zero nilpotent element,

consequently d(x) = 0 for all x ∈M and α ∈ Γ.
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1.4 Commutativity in Prime Γ-Rings with Jordan

Left Derivations

In this section, we obtain the commutativity result of a 2-torsion free prime Γ-rings

with Jordan left derivations under the condition (*), aαbβc = aβbαc for all a, b, c ∈M

and α, β ∈ Γ, and consequently, we prove that every Jordan left derivation is a left

derivation.

Theorem 1.4.1. Let M be a 2-torsion free prime Γ-ring satisfying the assumption

(*). If there exists a nonzero Jordan left derivation d : M → M , then M is commu-

tative.

Proof. Let us assume that M is non commutative. Lemma 1.2.2(i) can be written as

(xα(xαy − yαx)− (xαy − yαx)αx)βd(x) = 0,∀ x, y ∈M,α, β ∈ Γ.

This gives,

(xαxαy − 2xαyαx+ yαxαx)βd(x) = 0.

Replacing [a, b]γ for x, we have

[a, b]γα[a, b]γαyβd([a, b]γ)−2[a, b]γαyα[a, b]γβd([a, b]γ)+yα[a, b]γα[a, b]γβd([a, b]γ) = 0.

By Lemma 1.2.2(iii), we get

[a, b]γα[a, b]γαyβd([a, b]γ) = 0.

By the primeness of M , we have [a, b]γα[a, b]γ = 0 or d([a, b]γ) = 0. Suppose that,

[a, b]γα[a, b]γ = 0,∀ α ∈ Γ. (1.20)
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By Lemmas 1.2.1(i) , 1.2.1(ii), 1.2.2(iii) with the use of (1.20), we get

W = d([a, b]γβxβ[a, b]γαyα[a, b]γ + [a, b]γαyα[a, b]γβ[a, b]γβx)

= 2[a, b]γβxβd([a, b]γαyα[a, b]γ) + 2[a, b]γαyα[a, b]γβd([a, b]γβx)

= 2[a, b]γβxβ[a, b]γα[a, b]γαd(y) + 6[a, b]γβxβ[a, b]γαyαd([a, b]γ)

− 2[a, b]γβxβyα[a, b]γαd([a, b]γ) + 2[a, b]γαyα[a, b]γβd([a, b]γβx)

= 6[a, b]γβxβ[a, b]γαyαd([a, b]γ)− 2[a, b]γβxβyα[a, b]γαd([a, b]γ)

+ 2[a, b]γαyα[a, b]γβd([a, b]γβx)

= 6[a, b]γβxβ[a, b]γαyαd([a, b]γ) + 2[a, b]γαyα[a, b]γβd([a, b]γβx).

On the other hand, by Lemma 1.2.1(ii) with the use of (1.20)

W = d([a, b]γβ(xβ[a, b]γαy)α[a, b]γ) + d([a, b]γαyα[a, b]γβ[a, b]γβx))

= d([a, b]γβ(xβ[a, b]γαy)α[a, b]γ)

= [a, b]γα[a, b]γβd(xβ[a, b]γαy) + 3[a, b]γβxβ[a, b]γαyαd([a, b]γ)

− xβ[a, b]γαyβ[a, b]γαd([a, b]γ)

= 3[a, b]γβxβ[a, b]γαyαd([a, b]γ).

Comparing these two expressions for W with the use of the condition (*), we obtain

3[a, b]γβxα[a, b]γαyβd([a, b]γ) + [a, b]γαyβ2[a, b]γαd([a, b]γβx) = 0. (1.21)

Also, using Lemma 1.2.1(i) and Lemma 1.2.2(iii), we obtain

V = d([a, b]γαxβ[a, b]γ + xα[a, b]γβ[a, b]γ)

= 2[a, b]γαd(xβ[a, b]γ) + 2xβ[a, b]γαd([a, b]γ)

= 2[a, b]γαd(xβ[a, b]γ).
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On the other hand, by Lemma 1.2.1(ii) with the use of (1.20)

V = d([a, b]γαxβ[a, b]γ + xα[a, b]γβ[a, b]γ)

= d([a, b]γαxβ[a, b]γ)

= [a, b]γβ[a, b]γαd(x) + 3[a, b]γαxβd([a, b]γ)− xα[a, b]γβd([a, b]γ)

= 3[a, b]γαxβd([a, b]γ).

Comparing these two expressions for V , we obtain

3[a, b]γαxβd([a, b]γ) = 2[a, b]γαd(xβ[a, b]γ). (1.22)

Using (1.20), we have

[a, b]γαd(xβ[a, b]γ + [a, b]γβx) = [a, b]γα(2xβd([a, b]γ) + 2[a, b]γβd(x))

= 2[a, b]γαxβd([a, b]γ) + 2[a, b]γα[a, b]γβd(x)

= 2[a, b]γαxβd([a, b]γ).

Now, using (1.22), we get

3[a, b]γα(d(xβ[a, b]γ) + d([a, b]γβx)) = 6[a, b]γαxβd([a, b]γ)

= 2.3[a, b]γαxβd([a, b]γ) = 2.2[a, b]γαd(xβ[a, b]γ) = 4[a, b]γαd(xβ[a, b]γ).

⇒ 3[a, b]γα(d(xβ[a, b]γ) + 3[a, b]γαd([a, b]γβx) = 4[a, b]γαd(xβ[a, b]γ).

Therefore,

[a, b]γαd(xβ[a, b]γ) = 3[a, b]γαd([a, b]γβx). (1.23)

Using (1.23), we have

[a, b]γαd(xβ[a, b]γ + [a, b]γβx) = 3[a, b]γαd([a, b]γβx) + [a, b]γα(d([a, b]γβx)

= 4[a, b]γαd([a, b]γβx).

(1.24)
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We, also obtain that

[a, b]γαd(xβ[a, b]γ + [a, b]γβx) = [a, b]γα2xβd([a, b]γ) + [a, b]γα2[a, b]γβd(x)

= 2[a, b]γαxβd([a, b]γ).

(1.25)

From (1.24) and (1.25), we obtain

4[a, b]γαd([a, b]γβx) = 2[a, b]γαxβd([a, b]γ).

Since M is 2- torsion free, we have

2[a, b]γαd([a, b]γβx) = [a, b]γαxβd([a, b]γ). (1.26)

From (1.21)and (1.26), we get

3[a, b]γβxα[a, b]γαyβd([a, b]γ) + [a, b]γαyβ[a, b]γαxβd([a, b]γ) = 0. (1.27)

Replacing yα[a, b]γβy for x in (1.26)

2[a, b]γαd([a, b]γβyα[a, b]γβy) = [a, b]γαyβ[a, b]γαyβd([a, b]γ).

⇒ 2[a, b]γα2[a, b]γβyαd([a, b]γβy) = [a, b]γαyβ[a, b]γαyβd([a, b]γ).

⇒ 4[a, b]γα[a, b]γβyαd([a, b]γβy) = [a, b]γαyβ[a, b]γαyβd([a, b]γ).

Using (1.20), we get

[a, b]γαyβ[a, b]γαyβd([a, b]γ) = 0. (1.28)

Now, replacing y by x+ y in (1.28)

[a, b]γα(x+ y)β[a, b]γα(x+ y)βd([a, b]γ) = 0.

Using (1.28), we obtain

[a, b]γαxβ[a, b]γαyβd([a, b]γ) + [a, b]γαyβ[a, b]γαxβd([a, b]γ) = 0. (1.29)
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Subtracting (1.29) from (1.27) and since M is 2-torsion free, we obtain

[a, b]γαxβ[a, b]γαyβd([a, b]γ) = 0,∀ y ∈M.

Since M is prime and non commutative, so we have

d([a, b]γ) = 0.

⇒ d(aγb) = d(bγa),∀ a, b ∈M ; γ ∈ Γ.

(1.30)

Using (1.30), we get

d((bαa)βa+ aβ(bαa)) = d((bαa)βa) + d(aβ(bαa))

= d((bαa)βa) + d((bαa)βa)

= 2d((bαa)βa).

Using Lemma 1.2.1(ii), we obtain

2d((bαa)βa) = d((bαa)βa+ aβ(bαa)) = d((bαa)βa) + d(aβ(bαa)).

⇒ 2d((bαa)βa)− d((bαa)βa = d(aβbαa).

⇒ d(bαaβa) = aαaβd(b) + 3aβbαd(a)− bβaαd(a). (1.31)

On the other hand, using Lemma 1.2.1(i), we get

d(aα(bβa) + (bβa)αa) = 2aαd(bβa) + 2(bβa)αd(a). (1.32)

Also, we have

d(aα(aβb) + (aβb)αa) = 2aαd(aβb) + 2(aβb)αd(a). (1.33)

By the operation (1.33) -(1.32) and using the condition (*), we obtain

d(aαaβb− bβaαa) = 2aαd([a, b]β) + 2[a, b]βαd(a),∀ a, b ∈M ;α, β ∈ Γ. (1.34)
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Now, putting aβa for a in Lemma 1.2.1(i), we have

d(aβaαb+ bαaβa) = 2aβaαd(b) + 2bαd(aβa) = 2(aβaαd(b) + bα2aβd(a)).

Using the condition (*), above equation reduces to

d(aαaβb+ bβaαa) = 2(aβaαd(b) + 2bαaβd(a)). (1.35)

Subtracting (1.34) from (1.35) and using the condition (*), we get

d(2bαaβa) = 2aβaαd(b) + 4bαaβd(a)− 2aαd([a, b]β)− 2[a, b]βαd(a)).

Therefore,

d(bαaβa) = aβaαd(b) + 2bαaβd(a)− aαd([a, b]β)− aβbαd(a) + bβaαd(a)

= aβaαd(b) + 3bαaβd(a)− aαd([a, b]β)− aβbαd(a).

⇒ d(bαaβa) = aαaβd(b) + 3bβaαd(a)− aβbαd(a). (1.36)

From (1.36) and (1.31), we obtain

aαaβd(b) + 3aβbαd(a)− bβaαd(a) = aαaβd(b) + 3bβaαd(a)− aβbαd(a).

⇒ −3(bβa− aβb)αd(a)− (bβa− aβb)αd(a) = 0.

⇒ −3[b, a]βαd(a)− [b, a]βαd(a) = 0.

⇒ 4[b, a]βαd(a) = 0.

Since M is 2-torsion free, hence

[b, a]βαd(a) = 0. (1.37)

Now, putting bγx for b in (1.37), we get

[bγx, a]βαd(a) = 0.
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⇒ ([b, a]βγx+ a[γ, β]ax+ bγ[x, a]β)αd(a) = 0.

Since a[γ, β]ax = a(γaβ − βaγ)x = aγaβx − aβaγx = 0, using the condition (*).

Therefore, we get

([b, a]βγx+ bγ[x, a]β)αd(a) = 0.

⇒ [b, a]βγxαd(a) + bγ[x, a]βαd(a) = 0.

⇒ [b, a]βγxαd(a) = 0,∀ a, b ∈M ;α, β, γ ∈ Γ.

Since M is prime, thus d(a) = 0. Hence, we conclude that if d 6= 0, then M is

commutative.

Theorem 1.4.2. If M is a 2-torsion free prime Γ-ring satisfying the assumption (*)

then every Jordan left derivation on M is a left derivation.

Proof. Since M is commutative. Thus aαb = bαa for all a, b ∈ M and α ∈ Γ. By

Lemma 1.2.1(i), we have

2d(aαb) = 2aαd(b) + 2bαd(a).

Since M is 2-torsion free, we get

d(aαb) = aαd(b) + bαd(a),∀ a, b ∈M ;α ∈ Γ.



Chapter 2

Derivations on Semiprime Γ-Rings

This chapter deals with derivation and Jordan derivation of Γ-rings to characterize

them in case of semiprime and completely semiprime Γ-rings. We recall the definitions

of derivation and Jordan derivation of Γ-rings in the first section.

The second section develops some useful consequences regarding the derivation

and Jordan derivation of semiprime Γ-rings which are very much needed for proving

our main result in this section and to develop some needful results for the next section.

Then we prove that under a suitable condition every Jordan derivation of a 2-torsion

free semiprime Γ-ring is a derivation.

In the next, we develop some immediate consequences relating to the concepts of

derivation and Jordan derivation of completely semiprime Γ-rings. The goal of the

third section is to prove an analogous result to the previous one by showing that under

a suitable condition every Jordan derivation of a 2-torsion free completely semiprime

Γ-ring is a derivation.
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2.1 Introduction

I. N. Herstein [19] proved a well-known result in prime rings that every Jordan deriva-

tion is a derivation. Afterwards, many Mathematicians studied extensively the deriva-

tions in prime rings. M. Bresar [6] has extended this result for semiprime rings. The

concepts of derivation and Jordan derivation in Γ-rings have been introduced by M.

Sapanci and A. Nakajima in [36] as below and proved the above mentioned result in

completely prime Γ-rings.

Definition 2.1.1. If M is a Γ-ring, then an additive mapping d : M → M is called

a derivation of M if d(aαb) = aαd(b) + d(a)αb is satisfied for all a, b ∈M and α ∈ Γ.

Definition 2.1.2. Let M be a Γ-ring and d : M → M be an additive mapping of

M . If d(aαa) = aαd(a) + d(a)αa holds for all a ∈ M and α ∈ Γ, then d is called a

Jordan derivation.

In [36], M. Sapanci and A. Nakajima gave an example of a derivation and a Jordan

derivation on a Γ-ring in the following way.

Example 2.1.1. Let R be an associative ring with 1 and d : R→ R be a derivation.

Let M = M1,2(R) and Γ =


 n.1

0

 : n ∈ Z

, then M is a Γ-ring. Define a

mapping D : M → M by D((a, b)) = (d(a), d(b)). Then D is clearly an additive

mapping and hence it is a derivation on M . Let N = {(a, a) : a ∈ R}. Then N is a

Γ-subring of M . Define a mapping D : N → N by D((a, a)) = (d(a), d(a)), then D

is a Jordan derivation on N .
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2.2 Jordan Derivations on Semiprime Γ-Rings

For the sake of completeness of the study of this chapter, we prepare some useful

results on Jordan derivation of Γ-rings in the following way.

Lemma 2.2.1. Let M be a Γ-ring and d be a Jordan derivation of M . Then for all

a, b, c ∈M and α, β ∈ Γ, the following statements hold:

(i) d(aαb+ bαa) = d(a)αb+ d(b)αa+ aαd(b) + bαd(a).

(ii) d(aαbβa+ aβbαa) = d(a)αbβa+ d(a)βbαa+ aαd(b)βa+ aβd(b)αa+ aαbβd(a) +

aβbαd(a).

In particular, if M is 2-torsion free and satisfies the condition (*), then

(iii) d(aαbβa) = d(a)αbβa+ aαd(b)βa+ aαbβd(a).

(iv) d(aαbβc + cαbβa) = d(a)αbβc + d(c)αbβa + aαd(b)βc + cαd(b)βa + aαbβd(c) +

cαbβd(a).

Proof. Compute d((a + b)α(a + b)) and cancel the like terms from both sides to

obtain(i). Then replace aβb + bβa for b in (i) to get (ii). Using the condition (*)

and since M is 2-torsion free, (iii) follows from (ii). And, finally (iv) is obtained by

replacing a+ c for a in (iii).

Definition 2.2.1. Let d be a Jordan derivation of a Γ-ring M . For all a, b ∈M and

α ∈ Γ, we define Gα(a, b) = d(aαb) − d(a)αb − aαd(b). Thus, we have Gα(b, a) =

d(bαa)− d(b)αa− bαd(a).

Remark 2.2.1. d is a derivation of a Γ-ring M if and only if Gα(a, b) = 0 for all

a, b ∈M and α ∈ Γ.

Lemma 2.2.2. Let d be a Jordan derivation of a Γ-ring M . For any a, b, c ∈M and
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α, β ∈ Γ, (i) Gα(a, b) +Gα(b, a) = 0; (ii) Gα(a+ b, c) = Gα(a, c) +Gα(b, c);

(iii) Gα(a, b+ c) = Gα(a, b) +Gα(a, c); (iv) Gα+β(a, b) = Gα(a, b) +Gβ(a, b).

Proof. (i) By the definition of Gα(a, b) and using Lemma 2.2.1(i), we get

Gα(a, b) +Gα(b, a) = d(aαb)− d(a)αb− aαd(b) + d(bαa)− d(b)αa− bαd(a)

= d(aαb+ bαa)− d(a)αb− aαd(b)− d(b)αa− bαd(a)

= d(a)αb+ d(b)αa+ aαd(b) + bαd(a)− d(a)αb− aαd(b)

− d(b)αa− bαd(a)

= 0.

(ii) By the definition of Gα(a, b), we get

Gα(a+ b, c) = d((a+ b)αc)− d(a+ b)αc− (a+ b)αd(c)

= d(aαc+ bαc)− d(a)αc− d(b)αc− aαd(c)− bαd(c)

= d(aαc)− d(a)αc− aαd(c) + d(bαc)− d(b)αc− bαd(c)

= Gα(a, c) +Gα(b, c).

(iii)-(iv): Proofs are obvious.

Lemma 2.2.3. Assume that M is a 2-torsion free Γ-ring satisfying the condition (*)

and d is a Jordan derivation of M . Then for all a, b,m ∈M and α, β, γ ∈ Γ :

(i) Gα(a, b)βmγ[a, b]α + [a, b]αβmγGα(a, b) = 0;

(ii) Gα(a, b)αmα[a, b]α + [a, b]ααmαGα(a, b) = 0;

(iii) Gα(a, b)βmβ[a, b]α + [a, b]αβmβGα(a, b) = 0.
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Proof. (i) For any a, b,m ∈M and α, β, γ ∈ Γ, using Lemma 2.2.1(iv), we have

W = d(aαbβmγbαa+ bαaβmγaαb)

= d((aαb)βmγ(bαa) + (bαa)βmγ(aαb))

= d(aαb)βmγbαa+ aαbβd(m)γbαa+ aαbβmγd(bαa)

+ d(bαa)βmγaαb+ bαaβd(m)γaαb+ bαaβmγd(aαb).

On the other hand, using Lemma 2.2.1(iii)

W = d(aα(bβmγb)αa+ bα(aβmγa)αb)

= d(aα(bβmγb)αa) + d(bα(aβmγa)αb)

= d(a)αbβmγbαa+ aαd(bβmγb)αa+ aαbβmγbαd(a) + d(b)αaβmγaαb

+ bαd(aβmγa)αb+ bαaβmγaαd(b)

= d(a)αbβmγbαa+ aαd(b)βmγbαa+ aαbβd(m)γbαa+ aαbβmγd(b)αa

+ aαbβmγbαd(a) + d(b)αaβmγaαb+ bαd(a)βmγaαb+ bαaβd(m)γaαb

+ bαaβmγd(a)αb+ bαaβmγaαd(b).

Equating two expressions for W and cancelling the like terms from both sides, we get

d(aαb)βmγbαa+ aαbβmγd(bαa) + d(bαa)βmγaαb+ bαaβmγd(aαb)

= d(a)αbβmγbαa+ aαd(b)βmγbαa+ aαbβmγd(b)αa+ aαbβmγbαd(a)

+ d(b)αaβmγaαb+ bαd(a)βmγaαb+ bαaβmγd(a)αb+ bαaβmγaαd(b).

This gives,

d(aαb)βmγbαa− d(a)αbβmγbαa− aαd(b)βmγbαa+ d(bαa)βmγaαb

− d(b)αaβmγaαb− bαd(a)βmγaαb+ aαbβmγd(bαa)− aαbβmγd(b)αa

− aαbβmγbαd(a) + bαaβmγd(aαb)− bαaβmγd(a)αb− bαaβmγaαd(b) = 0.
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This implies,

(d(aαb)− d(a)αb− aαd(b))βmγbαa+ (d(bαa)− d(b)αa− bαd(a))βmγaαb

+ aαbβmγ(d(bαa)− d(b)αa− bαd(a)) + bαaβmγ(d(aαb)− d(a)αb− aαd(b)) = 0.

Now, using the Definition 2.2.1 and Lemma 2.2.1(i), we obtain

Gα(a, b)βmγbαa+Gα(b, a)βmγaαb+ aαbβmγGα(b, a) + bαaβmγGα(a, b) = 0.

⇒ Gα(a, b)βmγbαa−Gα(a, b)βmγaαb− aαbβmγGα(a, b) + bαaβmγGα(a, b) = 0.

⇒ −Gα(a, b)βmγ(aαb− bαa)− (aαb− bαa)βmγGα(a, b) = 0.

This implies,

Gα(a, b)βmγ[a, b]α + [a, b]αβmγGα(a, b) = 0,∀ a, b,m ∈M,α, β, γ ∈ Γ.

If we considerW = d(aαbαmαbαa+bαaαmαaαb) andW = d(aαbβmβbαa+bαaβmβaαb)

for (ii) and (iii) respectively and proceeding in the same way as in the proof of (i) by

the similar arguments, we get (ii) and (iii).

In the rest of this section, M represents a semiprime Γ-ring.

Lemma 2.2.4. Suppose a, b,m ∈ M , if aαmβb + bαmβa = 0 for all m ∈ M and

α, β ∈ Γ, then aαmβb = 0 = bαmβa.

Proof. Let x ∈M and γ, δ ∈ Γ be any elements. Using the relation aαmβb+bαmβa =

0 for all m ∈M,α, β ∈ Γ repeatedly, we get

(aαmβb)γxδ(aαmβb) = −(bαmβa)γxδ(aαmβb)

= −(bα(mβaγx)δa)αmβb = (aα(mβaγx)δb)αmβb

= aαmβ(aγxδb)αmβb = −aαmβ(bγxδa)αmβb

= −(aαmβb)γxδ(aαmβb).
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⇒ 2((aαmβb)γxδ(aαmβb)) = 0.

Since M is 2-torsion free, we have

(aαmβb)γxδ(aαmβb) = 0,∀ a, b, x,m ∈M ;α, β, γ, δ ∈ Γ.

Therefore,

(aαmβb)ΓMΓ(aαmβb) = 0,∀ a, b,m ∈M ;α, β ∈ Γ.

By the semiprimeness of M , we get aαmβb = 0. Similarly, it can be shown that

bαmβa = 0.

Corollary 2.2.5. Let d be a Jordan derivation of M , and let a, b,m ∈M ;α, β, γ ∈ Γ

be any elements, then (i) Gα(a, b)βmγ[a, b]α = 0; (ii) [a, b]αβmγGα(a, b) = 0;

(iii) Gα(a, b)αmα[a, b]α = 0; (iv) [a, b]ααmαGα(a, b) = 0;

(v) Gα(a, b)βmβ[a, b]α = 0; (vi) [a, b]αβmβGα(a, b) = 0.

Proof. Applying the result of Lemma 2.2.4 in that of Lemma 2.2.3, we obtain these

results.

Lemma 2.2.6. Suppose d is a Jordan derivation of M , then for any a, b, x, y,m ∈

M ;α, β, γ ∈ Γ, (i) Gα(a, b)βmβ[x, y]α = 0; (ii) [x, y]αβmβGα(a, b) = 0;

(iii) Gα(a, b)βmβ[x, y]γ = 0; (iv) [x, y]γβmβGα(a, b) = 0.

Proof. (i) If we substitute a+ x for a in the Corollary 2.2.5(v), we get

Gα(a+ x, b)βmβ[a+ x, b]α = 0

This implies,

Gα(a, b)βmβ[a, b]α+Gα(a, b)βmβ[x, b]α+Gα(x, b)βmβ[a, b]α+Gα(x, b)βmβ[x, b]α = 0.
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Using Corollary 2.2.5(v), we have

Gα(a, b)βmβ[x, b]α +Gα(x, b)βmβ[a, b]α = 0.

⇒ Gα(a, b)βmβ[x, b]α = −Gα(x, b)βmβ[a, b]α.

Thus, we obtain

(Gα(a, b)βmβ[x, b]α)βmβ(Gα(a, b)βmβ[x, b]α) = −Gα(a, b)βmβ[x, b]αβmβGα(x, b)βmβ[a, b]α

= 0.

By the semiprimeness of M , we get

Gα(a, b)βmβ[x, b]α = 0.

Similarly, by replacing b+ y for b in this result, we get

Gα(a, b)βmβ[x, y]α = 0.

(ii) Proceeding in the same way as described above by the similar replacements suc-

cessively in Corollary 2.2.5(vi), we obtain

[x, y]γβmβGα(a, b) = 0,∀ a, b, x, y,m ∈M,α, β ∈ Γ.

(iii) Replacing α+ γ for α in (i), we get

Gα+γ(a, b)βmβ[x, y]α+γ = 0.

Using Lemma 2.2.2(iv), we have

(Gα(a, b) +Gγ(a, b))βmβ([x, y]α + [x, y]γ) = 0.

Therefore,

Gα(a, b)βmβ[x, y]α+Gα(a, b)βmβ[x, y]γ+Gγ(a, b)βmβ[x, y]α+Gγ(a, b)βmβ[x, y]γ = 0.
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Using Lemma 2.2.6(i), we get

Gα(a, b)βmβ[x, y]γ +Gγ(a, b)βmβ[x, y]α = 0.

⇒ Gα(a, b)βmβ[x, y]γ = −Gγ(a, b)βmβ[x, y]α.

Thus, we obtain

(Gα(a, b)βmβ[x, y]γ)βmβ(Gα(a, b)βmβ[x, y]γ) = −Gα(a, b)βmβ[x, y]γβmβGγ(a, b)βmβ[x, y]α

= 0.

Hence, by the semiprimeness of M , we obtain

Gα(a, b)βmβ[x, y]γ = 0.

(iv) As in the proof of (iii), the similar replacement in (ii) produces (iv).

Lemma 2.2.7. ([13], Lemma 3.6.1) Every semiprime Γ-ring contains no nonzero

nilpotent ideal.

Corollary 2.2.8. ([13], Corollary 3.6.2) Semiprime Γ-rings have no nonzero nilpo-

tent element.

Lemma 2.2.9. ([13], Lemma 3.6.2) The centre of a semiprime Γ-ring does not con-

tain any nonzero nilpotent element.

Theorem 2.2.10. Let M be a 2-torsion free semiprime Γ-ring satisfying the condition

(*), and let d be a Jordan derivation of M . Then d is a derivation of M .

Proof. Let d be a Jordan derivation of a 2-torsion free semiprime Γ-ring M and let

a, b, y,m ∈M and α, β ∈ Γ. Then by Lemma 2.2.6(iii), we get

[Gα(a, b), y]ββmβ[Gα(a, b), y]β = (Gα(a, b)βy − yβGα(a, b))βmβ[Gα(a, b), y]β

= Gα(a, b)βyβmβ[Gα(a, b), y]β − yβGα(a, b)βmβ[Gα(a, b), y]β

= 0.
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Since yβm ∈M and Gα(a, b) ∈M, for all a, b, y,m ∈M and α, β ∈ Γ. Hence, by the

semiprimeness of M, [Gα(a, b), y]β = 0, where Gα(a, b) ∈ M, for all a, b, y ∈ M and

α, β ∈ Γ. Therefore, Gα(a, b) ∈ Z(M), the centre of M . Now, let γ, δ ∈ Γ. By Lemma

2.2.6(ii), we have

Gα(a, b)γ[x, y]αδmδGα(a, b)γ[x, y]α = 0.

But M is semiprime, we get

Gα(a, b)γ[x, y]α = 0. (2.1)

Also, by Lemma 2.2.6(i), we have

[x, y]αγGα(a, b)δmδ[x, y]αγGα(a, b) = 0.

Hence by the semiprimeness of M , we get

[x, y]αγGα(a, b) = 0. (2.2)

Similarly, by Lemma 2.2.6(iv), we have

Gα(a, b)γ[x, y]βδmδGα(a, b)γ[x, y]β = 0.

Since M is semiprime, it follows that

Gα(a, b)γ[x, y]β = 0. (2.3)

Also, by Lemma 2.2.6(iii), we have

[x, y]βγGα(a, b)δmδ[x, y]βγGα(a, b) = 0.

Hence, by the semiprimeness of M , we get

[x, y]βγGα(a, b) = 0. (2.4)
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Thus, we have

2Gα(a, b)γGα(a, b) = Gα(a, b)γ(Gα(a, b) +Gα(a, b))

= Gα(a, b)γ(Gα(a, b)−Gα(b, a))

= Gα(a, b)γ(d(aαb)− d(a)αb− aαd(b)− d(bαa) + d(b)αa+ bαd(a))

= Gα(a, b)γ(d(aαb− bαa) + (bαd(a)− d(a)αb) + (d(b)αa− aαd(b)))

= Gα(a, b)γ(d([a, b]α) + [b, d(a)]α + [d(b), a]α)

= Gα(a, b)γd([a, b]α)−Gα(a, b)γ[d(a), b]α −Gα(a, b)γ[a, d(b)]α.

Since d(a), d(b) ∈M , using (2.1), we get

Gα(a, b)γ[d(a), b]α = Gα(a, b)γ[a, d(b)]α = 0.

Therefore,

2Gα(a, b)γGα(a, b) = Gα(a, b)γd([a, b]α). (2.5)

Adding (2.3) and (2.4), we obtain

Gα(a, b)γ[x, y]β + [x, y]βγGα(a, b) = 0.

Then by Lemma 2.2.1(i) with the use of (2.3), we have

0 = d(Gα(a, b)γ[x, y]β + [x, y]βγGα(a, b))

= d(Gα(a, b))γ[x, y]β + d([x, y]β)γGα(a, b) +Gα(a, b)γd([x, y]β) + [x, y]βγd(Gα(a, b))

= d(Gα(a, b))γ[x, y]β + 2Gα(a, b)γd([x, y]β) + [x, y]βγd(Gα(a, b)).

Since Gα(a, b) ∈ Z(M) implies d([x, y]β)γGα(a, b) = Gα(a, b)γd([x, y]β). Hence, we

get

2Gα(a, b)γd([x, y]β) = −d(Gα(a, b))γ[x, y]β − [x, y]βγd(Gα(a, b)). (2.6)
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Then, from (2.5) and (2.6), we have

4Gα(a, b)γGα(a, b) = 2Gα(a, b)γd([a, b]α)

= −d(Gα(a, b))γ[a, b]α − [a, b]αγd(Gα(a, b)).

Thus, we obtain

4Gα(a, b)γGα(a, b)γGα(a, b) = −d(Gα(a, b))γ[a, b]αγGα(a, b)−[a, b]αγd(Gα(a, b))γGα(a, b)

Here, we have by using (2.4)

d(Gα(a, b))γ[a, b]αγGα(a, b) = 0

and also, by Corollary 2.2.5(vi)

[a, b]αγd(Gα(a, b))γGα(a, b) = 0.

Since d(Gα(a, b)) ∈M, for all a, b ∈M and α ∈ Γ. So, we get

4Gα(a, b)γGα(a, b)γGα(a, b) = 0.

Therefore,

4(Gα(a, b)γ)2Gα(a, b) = 0.

Since M is 2-torsion free, so we have

(Gα(a, b)γ)2Gα(a, b) = 0.

But, it follows that Gα(a, b) is a nilpotent element of the Γ-ring M . Since by Lemma

2.2.9, the centre of a semiprime Γ-ring does not contain any nonzero nilpotent element,

so we get Gα(a, b) = 0 for all a, b ∈M and α ∈ Γ. It means that, d is a derivation of

M .
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2.3 Jordan Derivations on Completely Semiprime

Γ-Rings

In sequel to the last result, now we prove it analogously in case of a 2-torsion free

completely semiprime Γ-ring with the condition (*) aαbβc = aβbαc for all a, b, c ∈M

and α, β ∈ Γ. That is, here we have to show that under the above condition every

Jordan derivation of a 2-torsion free completely semiprime Γ-ring is a derivation of

M . To reach our goal in this section, we develop some useful results in the following

way.

Lemma 2.3.1. Suppose d is a Jordan derivation of a 2-torsion free Γ-ring M sat-

isfying the condition (*), then Gα(a, b)β[a, b]α + [a, b]αβGα(a, b) = 0 for all a, b ∈ M

and α, β ∈ Γ.

Proof. For any a, b ∈M and α, β ∈ Γ, we have, using Lemma 2.2.1(i)

W = d(aαbβbαa+ bαaβaαb)

= d((aαb)β(bαa) + (bαa)β(aαb))

= d(aαb)β(bαa) + (aαb)βd(bαa) + d(bαa)β(aαb) + (bαa)βd(aαb).

On the other hand, using Lemma 2.2.1(iii)

W = d(aα(bβb)αa+ bα(aβa)αb)

= d(a)α(bβb)αa+ aαd(bβb)αa+ aα(bβb)αd(a) + d(b)α(aβa)αb

+ bαd(aβa)αb+ bα(aβa)αd(b)

= d(a)αbβbαa+ aαd(b)βbαa+ aαbβd(b)αa+ aαbβbαd(a)

+ d(b)αaβaαb+ bαd(a)βaαb+ bαaβd(a)αb+ bαaβaαd(b).
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Equating the two expressions for W , we get

(d(aαb)− d(a)αb− aαd(b))βbαa+ (d(bαa)− d(b)αa− bαd(a))βaαb

+ aαbβ(d(bαa)− d(b)αa− bαd(a)) + bαaβ(d(aαb)− d(a)αb− aαd(b)) = 0.

Now, using the Definition 2.2.1, we obtain

Gα(a, b)βbαa+Gα(b, a)βaαb+ aαbβGα(b, a) + bαaβGα(a, b) = 0.

Using Lemma 2.2.2(i), we have

Gα(a, b)βbαa−Gα(a, b)βaαb− aαbβGα(a, b) + bαaβGα(a, b) = 0.

This implies,

Gα(a, b)β[a, b]α + [a, b]αβGα(a, b) = 0,∀ a, b ∈M,α, β ∈ Γ

.

In the rest of this section, M represents a completely semiprime Γ-ring.

Lemma 2.3.2. Let a, b ∈ M and α ∈ Γ be any elements. If aαb + bαa = 0, then

aαb = 0 = bαa.

Proof. Let δ ∈ Γ be any element. Suppose a, b ∈M and α ∈ Γ such that aαb+bαa =

0. Using the relation aαb = −bαa repeatedly, we get

(aαb)δ(aαb) = −(bαa)δ(aαb) = −(b(αaδ)a)αb

= (a(αaδ)b)αb = aα(aδb)αb = −aα(bδa)αb = −(aαb)δ(aαb).

This implies,

2((aαb)δ(aαb)) = 0.
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Since M is 2-torsion free, thus

(aαb)δ(aαb) = 0.

Therefore, (aαb)Γ(aαb) = 0. By the complete semiprimeness of M , we get aαb = 0.

Similarly, it can be shown that, bαa = 0.

Corollary 2.3.3. If d is a Jordan derivation of M , then for all a, b ∈M and α, β ∈

Γ, (i) Gα(a, b)β[a, b]α = 0; (ii) [a, b]αβGα(a, b) = 0.

Proof. Applying the result of Lemma 2.3.2 in that of Lemma 2.3.1, we obtain these

results.

Lemma 2.3.4. For every a, b, x, y ∈ M , and α, β, γ ∈ Γ, the following statements

are true: (i) Gα(a, b)β[x, y]α = 0; (ii) [x, y]αβGα(a, b) = 0

(iii) Gα(a, b)β[x, y]γ = 0; (iv) [x, y]γβGα(a, b) = 0.

Proof. (i) If we substitute a+ x for a in the Corollary 2.3.3(i), then we get

Gα(a+ x, b)β[a+ x, b]α = 0.

Using Lemma 2.2.2(ii), we have

Gα(a, b)β[a, b]α +Gα(a, b)β[x, b]α +Gα(x, b)β[a, b]α +Gα(x, b)β[x, b]α = 0.

Now, using Corollary 2.3.3(i), we obtain

Gα(a, b)β[x, b]α +Gα(x, b)β[a, b]α = 0.

⇒ Gα(a, b)β[x, b]α = −Gα(x, b)β[a, b]α.

Therefore,

(Gα(a, b)β[x, b]α)β(Gα(a, b)β[x, b]α) = −Gα(a, b)β[x, b]αβGα(x, b)β[a, b]α = 0.
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By the complete semiprimeness of M , we obtain

Gα(a, b)β[x, b]α = 0.

Similarly, by replacing b+ y for b in this result, we get

Gα(a, b)β[x, y]α = 0.

(ii) Proceeding in the same way as described above by the similar replacements suc-

cessively in Corollary 2.3.3(ii), we obtain

[x, y]αβGα(a, b) = 0,∀ a, b, x, y ∈M,α, β ∈ Γ.

(iii) Replacing α+ γ for α in (i), we get

Gα+γ(a, b)β[x, y]α+γ = 0.

Using Lemma 2.2.2(iv), we have

(Gα(a, b) +Gγ(a, b))β([x, y]α + [x, y]γ) = 0.

⇒ Gα(a, b)β[x, y]α +Gα(a, b)β[x, y]γ +Gγ(a, b)β[x, y]α +Gγ(a, b)β[x, y]γ = 0.

Thus using (i), we get

Gα(a, b)β[x, y]γ +Gγ(a, b)β[x, y]α = 0.

⇒ Gα(a, b)β[x, y]γ = −Gγ(a, b)β[x, y]α.

Thus, we have

(Gα(a, b)β[x, y]γ)β(Gα(a, b)β[x, y]γ) = −Gα(a, b)β[x, y]γβGγ(a, b)β[x, y]α = 0.

Hence, by the complete semiprimeness of M , we obtain

Gα(a, b)β[x, y]γ = 0.
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(iv) By performing the similar replacement in (ii)(as in the proof of (iii)), we get this

result.

Lemma 2.3.5. ([13], Lemma 3.7.1) Every completely semiprime Γ-ring has no nonzero

nilpotent ideal.

Corollary 2.3.6. ([13], Corollary 3.7.2) Completely semiprime Γ-rings have no

nonzero nilpotent element.

Lemma 2.3.7. ([13], Lemma 3.7.2) The centre of a completely semiprime Γ-ring

does not contain any nonzero nilpotent element.

We are now ready to prove our main result as follows.

Theorem 2.3.8. Every Jordan derivation of a 2-torsion free completely semiprime

Γ-ring M satisfying the condition (*) is a derivation of M .

Proof. Let d be a Jordan derivation of a 2-torsion free completely semiprime Γ-ring

M , and let a, b, y ∈M ;α, β ∈ Γ. By Lemma 2.3.4(iii), we have

[Gα(a, b), y]βγ[Gα(a, b), y]β = (Gα(a, b)βy − yβGα(a, b))γ[Gα(a, b), y]β

= Gα(a, b)βyγ[Gα(a, b), y]β − yβGα(a, b)γ[Gα(a, b), y]β

= 0.

Since βyγ ∈ Γ and Gα(a, b) ∈ M for all a, b, y ∈ M and α, β ∈ Γ. Hence, by the

complete semiprimeness of M , we get

[Gα(a, b), y]β = 0,∀ a, b, y ∈M ;α, β ∈ Γ.

⇒ Gα(a, b) ∈ Z(M),∀ a, b ∈M ;α ∈ Γ.
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Now, from Lemma 2.3.4(iii)

Gα(a, b)γ[x, y]β = 0. (2.7)

Also, by Lemma 2.3.4(iv)

[x, y]βγGα(a, b) = 0. (2.8)

Thus, we obtain

2Gα(a, b)γGα(a, b) = Gα(a, b)γ(Gα(a, b) +Gα(a, b))

= Gα(a, b)γ(Gα(a, b)−Gα(b, a))

= Gα(a, b)γ(d(aαb)− d(a)αb− aαd(b)− d(bαa) + d(b)αa+ bαd(a))

= Gα(a, b)γ(d(aαb− bαa) + (bαd(a)− d(a)αb) + (d(b)αa− aαd(b)))

= Gα(a, b)γ(d([a, b]α) + [b, d(a)]α + [d(b), a]α)

= Gα(a, b)γd([a, b]α)−Gα(a, b)γ[d(a), b]α −Gα(a, b)γ[a, d(b)]α.

Since d(a), d(b) ∈M , using Lemma 2.3.4(i) , we get

Gα(a, b)γ[d(a), b]α = 0 = Gα(a, b)γ[a, d(b)]α.

Therefore,

2Gα(a, b)γGα(a, b) = Gα(a, b)γd([a, b]α). (2.9)

Adding (2.7) and (2.8), we obtain

Gα(a, b)γ[x, y]β + [x, y]βγGα(a, b) = 0.

Then by Lemma 2.2.1(i), we have

0 = d(Gα(a, b)γ[x, y]β + [x, y]βγGα(a, b))

= d(Gα(a, b))γ[x, y]β + d([x, y]β)γGα(a, b) +Gα(a, b)γd([x, y]β) + [x, y]βγd(Gα(a, b))

= d(Gα(a, b))γ[x, y]β + 2Gα(a, b)γd([x, y]β) + [x, y]βγd(Gα(a, b)).



61

Since Gα(a, b) ∈ Z(M) and therefore

d([x, y]β)γGα(a, b) = Gα(a, b)γd([x, y]β).

Hence, we get

2Gα(a, b)γd([x, y]β) = −d(Gα(a, b))γ[x, y]β − [x, y]βγd(Gα(a, b)). (2.10)

Then from (2.9) and (2.10), we have

Gα(a, b)γGα(a, b) = 2Gα(a, b)γd([a, b]α)

= −d(Gα(a, b))γ[a, b]α − [a, b]αγd(Gα(a, b)).

Thus, we obtain

4Gα(a, b)γGα(a, b)γGα(a, b) = −d(Gα(a, b))γ[a, b]αγGα(a, b)−[a, b]αγd(Gα(a, b))γGα(a, b).

Here, we have by Corollary 2.3.3(ii), d(Gα(a, b))γ[a, b]αγGα(a, b) = 0, and also by

Lemma 2.3.4(iv), [a, b]αγd(Gα(a, b))γGα(a, b) = 0, since d(Gα(a, b)) ∈M , and γd(Gα(a, b))

γ ∈ Γ for all a, b ∈M,α ∈ Γ. Therefore, we get

4Gα(a, b)γGα(a, b)γGα(a, b) = 0.

⇒ 4(Gα(a, b)γ)2Gα(a, b) = 0.

Since M is 2-torsion free, so we have

(Gα(a, b)γ)2Gα(a, b) = 0.

But, it follows that Gα(a, b) is a nilpotent element of the Γ-ring M . Since by Lemma

2.3.7, the centre of a completely semiprime Γ-ring does not contain any nonzero

nilpotent element, so we get Gα(a, b) = 0 for all a, b ∈ M and α ∈ Γ. Thus we

conclude that, d is a derivation of M .



Chapter 3

Higher Derivations

In view of the notions of derivation and Jordan derivation of Γ-rings, here we introduce

the concepts of higher derivation and Jordan higher derivation of Γ-rings. Following

the notions of higher derivation and Jordan higher derivation of Γ-rings we then

introduce the concepts of higher left derivation and Jordan higher left derivation

of Γ-rings. Introductory discussions concerning these concepts are described in the

first section. Finally, we introduce the concepts of generalized higher derivation and

Jordan generalized higher derivation of Γ-rings in the first section.

In the second section, we show that under a suitable condition, the existence of

a nonzero Jordan higher left derivation on a 2-torsion free prime Γ-ring M forces M

commutative.

We use the concept of Jordan derivation and derivation of a Γ-ring introduced by

M. Sapanci and A.Nakajima in the third section to develop a number of important

results on Jordan derivations of a 2-torsion free Γ-ring. Here, we show that every

Jordan derivation of a 2-torsion free prime Γ-ring is a derivation which is very much

needed for proving the remaining result of this chapter.
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Our main result in the fourth section aims to prove that, every Jordan higher

derivation of a 2-torsion free prime Γ-ring with the condition aαbβc = aβbαc for all

a, b, c ∈M and α, β ∈ Γ, is a higher derivation of M .

Then we prove the analogous result corresponding to the above mentioned result

considering Jordan generalized higher derivation of a prime Γ-ring instead of Jordan

higher derivation of a prime Γ-ring almost similar way which states that every Jordan

generalized higher derivation of a 2-torsion free prime Γ-ring is a generalized higher

derivation.

3.1 Introduction

In classical ring theory, I. N. Herstien [21], introduced the notions of derivation and

Jordan derivation of rings; he proved in [19] that, every Jordan derivation in a 2-

torsion free prime ring is a derivation. M. Ferrero and C. Haetinger [15] extended

Herstein’s theorem to higher derivations, by using Jordan triple higher derivations.

Also, Haetinger in [17] worked on higher derivations on prime rings and extended

Awtar’s result [3] to higher derivations in Lie ideals of prime rings.

By the motivations of the above mentioned works, in this chapter we work on

higher derivation, Jordan higher derivation, higher left derivation, Jordan higher left

derivation, generalized higher derivation and Jordan generalized higher derivation of

Γ-rings.

The notions of derivation and Jordan derivation of Γ-rings have been introduced

by M. Sapanci and A. Nakajima [36] as follows.

Definition 3.1.1. For a Γ-ring M , if d : M → M is an additive mapping such
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that d(aαb) = d(a)αb + aαd(b) holds for all a, b ∈ M and α ∈ Γ, then d is called a

derivation of M ; d is called a Jordan derivation of M if d(aαa) = d(a)αa + aαd(a)

holds for all a ∈M and α ∈ Γ.

Following these derivations, here we introduce higher derivation and Jordan higher

derivation of Γ-rings in the following way.

Definition 3.1.2. Let D = (di)i∈N0 be a family of additive mappings of a Γ−ring

M such that d0 = idM , where idM is an identity mapping on M and N0 = N ∪ {0}.

Then D is a higher derivation of M if for each n ∈ N0 and i, j ∈ N0,

dn(aαb) =
∑

i+j=n

di(a)αdj(b),∀ a, b ∈M ;α ∈ Γ,

and D is a Jordan higher derivation of M if

dn(aαa) =
∑

i+j=n

di(a)αdj(a),∀ a ∈M ;α ∈ Γ.

Example 3.1.1. Let R be an associative ring with 1. Let us consider M = M1,2(R)

and Γ =


 n.1

0

 : n ∈ Z

, then M is a Γ-ring. Let fn : R → R be a higher

derivation for each n ∈ N0. For n ∈ N0, we define additive mappings dn : M →M by

dn((a, b)) = (fn(a), fn(b)). Then an easy verifications leads to us that dn is a higher

derivation of M . Let P = {(a, a) : a ∈ R}, then P is a Γ-ring contained in M . In

fact, P is a sub Γ-ring. Define dn((a, a)) = (fn(a), fn(a)), then dn is a Jordan higher

derivation of P .

Continuing in the similar way as that has been done by the earlier prominent

algebraists we then introduce higher left derivation and Jordan higher left derivation

of Γ-rings in the following way.



65

Definition 3.1.3. Suppose D = (di)i∈N0 is a family of additive mappings of a Γ-ring

M such that d0 = idM , where idM is an identity mapping on M and N0 = N ∪ {0}.

Then D is called a higher left derivation of M if for each n ∈ N0 and i, j ∈ N0,

dn(aαb) =
∑

i+j=n,i≤j

(di(a)αdj(b) + di(b)αdj(a)),∀ a, b ∈M ;α ∈ Γ,

and D is called a Jordan higher left derivation of M if

dn(aαa) =
∑

i+j=n,i≤j

di(a)αdj(a),∀ a ∈M ;α ∈ Γ.

Example 3.1.2. Let the Γ-ring M as in Example 3.1.1 Suppose N = {(a, a) : a ∈ R},

then N is a Γ-subring of M . If dn : R → R is a higher left derivation for each

n ∈ N0. Then for n ∈ N0, we define the additive mappings Dn : M → M by

Dn((a, b)) = (dn(a), dn(b)). Then it is clear that Dn is a higher left derivation on M .

If we define a mapping Dn : N → N by Dn((a, a)) = (dn(a), dn(a)), then it is obvious

that Dn is an additive mapping and therefore Dn is a Jordan higher left derivation

on M .

The notions of generalized derivation and Jordan generalized derivation of a Γ-ring

have been introduced by Y. Ceven and M. A. Ozturk [11] as below.

Definition 3.1.4. Assume that M is a Γ-ring and f : M → M be an additive

mapping. Then f is called a generalized derivation of M if there exists a derivation

d : M → M such that f(aαb) = f(a)αb+ aαd(b) holds for all a, b ∈ M and α ∈ Γ; f

is a Jordan generalized derivation of M if there exists a derivation d : M → M such

that f(aαa) = f(a)αa+ aαd(a) holds for all a ∈M and α ∈ Γ.

Finally, we introduce generalized higher derivation and Jordan generalized higher

derivation of Γ-rings as follows.
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Definition 3.1.5. If F = (fi)i∈N0 is a family of additive mappings of a Γ-ring M such

that f0 = idM , where idM is an identity mapping on M and N0 = N ∪ {0}. Then F

is said to be a generalized higher derivation of M if there exists a higher derivation

D = (di)i∈N0 of M such that for each n ∈ N0 and i, j ∈ N0,

fn(aαb) =
∑

i+j=n

fi(a)αdj(b),∀ a, b ∈M ;α ∈ Γ,

and F is said to be a Jordan generalized higher derivation of M if there exists a higher

derivation D = (di)i∈N0 of M such that

fn(aαa) =
∑

i+j=n

fi(a)αdj(a),∀ a ∈M ;α ∈ Γ.

Example 3.1.3. Let R be an associative ring with 1 and let F = (fi)i∈N be a gen-

eralized higher derivation on R. Then there exists a higher derivation D = (di)i∈N

of R such that fn(xy) =
∑

i+j=n fi(x)dj(y), for all x, y ∈ M . Now if we us consider

the Γ-ring M as in Example 3.1.1, and define the mapping K = (ki)i∈N of M by

kn((x, y)) = (dn(x), dn(y)), then K is a derivation of M . Let G = (gi)i∈N be an

additive mapping of M defined by gn((x, y)) = (fn(x), fn(y)). Then it is clear that

G is a generalized higher derivation on M with the associated derivation K. Let us

define N = {(x, x) : x ∈ R} of M , then N is a Γ-ring contained in M . We define the

mapping G : N → N by gn((x, x)) = (fn(x), fn(x)) and kn((x, x)) = (dn(x), dn(x)),

then we have seen that G is a Jordan generalized higher derivation on N with the

associated generalized higher derivation K.

Throughout this chapter (unless otherwise stated), M is a 2-torsion free prime

Γ-ring which satisfies aαbβc = aβbαc for all a, b, c ∈ M ; α, β ∈ Γ and we use the

symbol (*) corresponding to this assumption.
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3.2 Commutativity in Prime Γ-Rings with Jordan

Higher Left Derivations

M. Soyturk [37] investigated the commutativity of prime Γ-rings with left and right

derivations. He obtained some significant results on the commutativity of prime Γ-

rings of characteristic not equal to 2 and 3. M. Asci and S. Ceran [1] obtained some

commutativity results of prime Γ-rings with left derivations. Some commutativity

results in prime rings with Jordan higher left derivations were obtained by Kyuoo-

Hong Park [34] on Lie ideals and obtained some fruitful results relating this.

In sequel to the result of the first chapter, here we prove it analogously in case of

higher left derivation. That is, we show that under a suitable condition, the existence

of a nonzero Jordan higher left derivation on a 2-torsion free prime Γ-ring M forces

M commutative.

Theorem 3.2.1. Let ∆ = (dn)n∈N be a Jordan higher left derivation on M . If ∆ 6= 0,

that is, if there exists n ∈ N such that dn 6= 0, then M is commutative.

Proof. We use the method of induction. If n = 1, that is, if d1 is a Jordan left

derivation on M , then we assume that M is non commutative. By the proof of

Theorem 1.4.1, we have d1(a) = 0, for all a ∈M. Assume that n ≥ 2 and dm = 0 for

all m < n. Then dn is a Jordan left derivation on M and from the above argument,

it follows that dn = 0. Hence we conclude that ∆ = 0. This completes the proof.
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3.3 Jordan Derivations in Prime Γ-Rings

In this section, we show that every Jordan derivation of a 2-torsion free prime Γ-ring

is a derivation. For this we prepare the following Lemma.

Lemma 3.3.1. Let a, b ∈ M be any elements. If aαmβb + bαmβa = 0 for all

m ∈M ;α, β ∈ Γ, then a = 0 or b = 0.

Proof. Replacing m by sδaµt in aαmβb + bαmβa = 0, where s, t ∈ M ; δ, µ ∈ Γ,

we get aαsδaµtβb + bαsδaµtβa = 0. Since bαsδa = −aαsδb and aµtβb = −bµtβa.

Substituting these, we obtain

− aαsδbµtβa− aαsδbµtβa = 0.

⇒ 2aαsδbµtβa = 0.

Since M is 2-torsion free, so

aαsδbµtβa = 0,∀ t ∈M ; β, µ ∈ Γ.

Therefore, (aαsδb)ΓMΓa = 0,∀ a, b, s ∈M ;α, δ ∈ Γ. Since M is prime, thus we have

aαsδb = 0 or a = 0. Suppose aαsδb = 0. Again applying the primeness of M , we get

a = 0 or b = 0.

Theorem 3.3.2. If d is a Jordan derivation of a 2-torsion free prime Γ-ring M

satisfying the condition (*), then d is a derivation of M .

Proof. By Lemma 2.2.3 and Lemma 3.3.1; M being prime, we have Gα(a, b) = 0 or

[a, b]α = 0. For all a ∈M , let A = {b ∈M : Gα(a, b) = 0} and B = {b ∈M : [a, b]α =

0.} Then A and B are two additive subgroups of M such that A ∪B = M . Then by

the Brauer’s trick, either A = M or B = M .
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By the similar argument, let M = {a ∈M : M = A} or M = {a ∈M : M = B}.

For the later case, M is commutative. That is, aαb = bαa. In view of Lemma 2.2.1(i),

we have 2d(aαb) = 2d(a)αb + 2aαd(b). Since M is 2-torsion free, we obtain that d

is a derivation of M . For the former case, Gα(a, b) = 0 and it follows that d is a

derivation on M .

3.4 Jordan Higher Derivations in Prime Γ-Rings

The objective of this section is to study Jordan higher derivations of prime Γ-rings.

Higher derivations have been studied by many authors [14, 15, 16, 17, 32, 34] in

classical rings. We extend some of these results in prime Γ-rings by the concept of

Jordan higher derivations.

Here, we extend the result of W. Cortes and C. Haetinger [14] considering Jordan

higher derivations in prime Γ-rings.

Lemma 3.4.1. Assume that D = (di)i∈N is a Jordan higher derivation of M . Then

for all a, b, c ∈M ;α, β ∈ Γ and n ∈ N,

(i) dn(aαb+ bαa) =
∑

i+j=n[di(a)αdj(b) + di(b)αdj(a)];

(ii) dn(aαbβa) =
∑

i+j+k=n[di(a)αdj(b)βdk(a)];

(iii) dn(aαbβc+ cαbβa) =
∑

i+j+k=n[di(a)αdj(b)βdk(c) + di(c)αdj(b)βdk(a)].

Proof. The proofs of (i) and (ii) are similar to the corresponding proofs of Lemma

2.2.1(i) and Lemma 2.2.1(iii). Replacing a by a+ c in (ii) and using (ii), we obtain

W = dn((a+ c)αbβ(a+ c)) =
∑

i+j+k=n

di(a+ c)αdj(b)βdk(a+ c)
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=
∑

i+j+k=n

(di(a) + di(c))αdj(b)β(dk(a) + dk(c)) =
∑

i+j+k=n

di(a)αdj(b)βdk(a)

+
∑

i+j+k=n

di(a)αdj(b)βdk(c)+
∑

i+j+k=n

di(c)αdj(b)βdk(a)+
∑

i+j+k=n

di(c)αdj(b)βdk(c).

Also, we have

W = dn(aαbβa+ aαbβc+ cαbβa+ cαbβc)

= dn(aαbβa) + dn(cαbβc) + dn(aαbβc+ cαbβa)

=
∑

i+j+k=n

di(a)αdj(b)βdk(a) +
∑

i+j+k=n

di(c)αdj(b)βdk(c) + dn(aαbβc+ cαbβa).

By comparing the two results for W , we obtain (iii).

Definition 3.4.1. For every Jordan higher derivation D = (di)i∈N of M , we define

φα
n(a, b) = dn(aαb)−

∑
i+j=n di(a)αdj(b) for all a, b ∈M ;α ∈ Γ and n ∈ N.

Remark 3.4.1. D is a higher derivation of M if and only if φα
n(a, b) = 0 for all

a, b ∈M ;α ∈ Γ and n ∈ N.

Lemma 3.4.2. For every a, b, c ∈M ;α, β ∈ Γ and n ∈ N,

(i) φα
n(a, b) + φα

n(b, a) = 0; (ii) φα
n(a+ b, c) = φα

n(a, c) + φα
n(b, c);

(iii) φα
n(a, b+ c) = φα

n(a, b) + φα
n(a, c); (iv) φα+β

n (a, b) = φα
n(a, b) + φβ

n(a, b).

Proof. (i) By the Definition 3.4.1 and using the Lemma 3.4.1(i), we obtain

φα
n(a, b) + φα

n(b, a) = dn(aαb)−
∑

i+j=n

di(a)αdj(b) + dn(bαa)−
∑

i+j=n

di(b)αdj(a)

= dn(aαb+ bαa)−
∑

i+j=n

di(a)αdj(b)−
∑

i+j=n

di(b)αdj(a)

=
∑

i+j=n

di(a)αdj(b) +
∑

i+j=n

di(b)αdj(a)−
∑

i+j=n

di(a)αdj(b)

−
∑

i+j=n

di(b)αdj(a) = 0.



71

(ii) By the Definition 3.4.1, we get

φα
n(a+ b, c) = dn((a+ b)αc)−

∑
i+j=n

di(a+ b)αdj(c)

= dn(aαc+ bαc)−
∑

i+j=n

di(a)αdj(c)−
∑

i+j=n

di(b)αdj(c)

= dn(aαc)−
∑

i+j=n

di(a)αdj(c) + dn(bαc)−
∑

i+j=n

di(b)αdj(c)

= φα
n(a, c) + φα

n(b, c).

(iii)-(iv): These are also easy to proof.

Lemma 3.4.3. Suppose D = (di)i∈N is a Jordan higher derivation of a Γ-ring M .

Let n ∈ N and assume that a, b ∈ M ;α, β, γ ∈ Γ. If φα
m(a, b) = 0 , for every m < n,

then φα
n(a, b)βwγ[a, b]α + [a, b]αβwγφ

α
n(a, b) = 0, for every w ∈M .

Proof. We consider G = dn(aαbβwγbαa+ bαaβwγaαb). First, we compute

G = dn(aα(bβwγb)αa) + dn(bα(aβwγa)αb).

Using Lemma 3.4.1(ii), we have

G =
∑

i+p+l=n

di(a)αdp(bβwγb)αdl(a) +
∑

i+p+l=n

di(b)αdp(aβwγa)αdl(b)

=
∑

i+j+k+h+l=n

di(a)αdj(b)βdk(w)γdh(b)αdl(a)+
∑

i+j+k+h+l=n

di(b)αdj(a)βdk(w)γdh(a)αdl(b).

On the other hand

G = dn((aαb)βwγ(bαa) + (bαa)βwγ(aαb)).

Using Lemma 3.4.1(iii), we obtain

G =
∑

r+s+t=n

(dr(aαb)βds(w)γdt(bαa) + dr(bαa)βds(w)γdt(aαb))

=
∑

r+s+t=n

dr(aαb)βds(w)γdt(bαa) +
∑

r+s+t=n

dr(bαa)βds(w)γdt(aαb).
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Thus comparing both expressions for G, we obtain∑
i+j+k+h+l=n

di(a)αdj(b)βdk(w)γdh(b)αdl(a)−
∑

r+s+t=n

dr(aαb)βds(w)γdt(bαa)

+
∑

i+j+k+h+l=n

di(b)αdj(a)βdk(w)γdh(a)αdl(b)−
∑

r+s+t=n

dr(bαa)βds(w)γdt(aαb) = 0.

(3.1)

By the inductive assumption we can put dr(xαy) for
∑

i+j=r di(x)αdj(y), when r < n.

Therefore,∑
i+j+k+h+l=n

di(a)αdj(b)βdk(w)γdh(b)αdl(a)−
∑

r+s+t=n

dr(aαb)βds(w)γdt(bαa)

= (
∑

i+j=n

di(a)αdj(b))βwγbαa+ aαbβwγ(
∑

h+l=n

dh(b)αdl(a))

+

i+j<n,h+l<n∑
i+j+k+h+l=n

di(a)αdj(b)βdk(w)γdh(b)αdl(a)− dn((aαb)βwγ(bαa)

− (aαb)βwγdn(bαa)−
i+j=r<n,p+q=t<n∑

r+s+t=n

di(a)αdj(b)βds(w)γdp(b)αdq(a)

= −(dn((aαb)−
∑

i+j=n

di(a)αdj(b))β(wγbαa)−(aαbβw)γ(dn(bαa)−
∑

h+l=n

dh(b)αdl(a))

= −(φα
n(a, b)βwγbαa+ aαbβwγφα

n(b, a)). (3.2)

Similarly,∑
i+j+k+h+l=n

di(b)αdj(a)βdk(w)γdh(a)αdl(b)−
∑

r+s+t=n

dr(bαa)βds(w)γdt(aαb)

= −(φα
n(b, a)βwγaαb+ bαaβwγφα

n(a, b)). (3.3)

Hence, by using (3.2) and (3.3) in (3.1), we get

φα
n(a, b)βwγbαa + aαbβwγφα

n(b, a) + φα
n(b, a)βwγaαb + bαaβwγφα

n(a, b) = 0.
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By Lemma 3.4.2(i), we have

φα
n(a, b)βwγbαa − aαbβwγφα

n(a, b) − φα
n(a, b)βwγaαb + bαaβwγφα

n(a, b) = 0.

This implies,

φα
n(a, b)βwγ[a, b]α + [a, b]αβwγφ

α
n(a, b) = 0,∀ w ∈M.

Now, we prove the main result.

Theorem 3.4.4. Let M be a 2-torsion free prime Γ-ring satisfying the condition (*).

Then every Jordan higher derivation of M is a higher derivation of M .

Proof. By definition, we have

φα
0 (a, b) = 0,∀ a, b ∈M,α ∈ Γ.

Also, by Theorem 3.3.5,

φα
1 (a, b) = 0,∀ a, b ∈M,α ∈ Γ.

Now, we proceed by induction. Suppose that, φα
m(a, b) = 0. This implies , dm(aαb) =∑

i+j=m di(a)αdj(b) for all a, b ∈M ;α ∈ Γ and m < n. Taking a, b ∈M , by Lemma

3.4.3, we get

φα
n(a, b)βwγ[a, b]α + [a, b]αβwγφ

α
n(a, b) = 0,∀ w ∈M,α, β, γ ∈ Γ.

Since M is prime, so by Lemma 3.3.1 φα
n(a, b) = 0, or [a, b]α = 0. Using the similar

arguments as used in the proof of Theorem 3.3.2, we obtain that every Jordan higher

derivation of M is a higher derivation of M .
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3.5 Jordan Generalized Higher Derivations in Prime

Γ-Rings

The notion of generalized derivation was introduced by B. Hvala [23] and M. Bresar

[7]. Afterwards, many authors have investigated comparable results on prime and

semiprime rings with generalized derivations. The notions of generalized derivation

and Jordan generalized derivation of Γ-rings have been introduced by Y. Ceven and M.

A. Ozturk [11]. A. Nakajima [32] defined the notion of generalized higher derivations

and investigated some elementary relations between generalized higher derivations

and higher derivations in the usual sense. W. Cortes and C. Haetinger [14] proved

that every Jordan generalized higher derivations of a ring is a generalized higher

derivation.

We extend the above mentioned result in prime Γ-rings considering Jordan gener-

alized higher derivations of prime Γ-rings. We need the following Lemmas for proving

this result.

Lemma 3.5.1. Let F = (fi)i∈N be a Jordan generalized higher derivation of a Γ-ring

M with the associated higher derivation D = (di)i∈N . Then for each fixed n ∈ N ; for

all a, b, c ∈M and α, β ∈ Γ, the following statements hold:

(i) fn(aαb+ bαa) =
∑

i+j=n[fi(a)αdj(b) + fi(b)αdj(a)];

(ii) fn(aαbβa) =
∑

i+j+k=n[fi(a)αdj(b)βdk(a)];

(iii) fn(aαbβc+ cαbβa) =
∑

i+j+k=n[fi(a)αdj(b)βdk(c) + fi(c)αdj(b)βdk(a)].

Proof. Since F = (fi)i∈N0 is a Jordan generalized higher derivation of M , we have

fn(aαa) =
∑

i+j=n

fi(a)dj(a).
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Now, replacing a+b for a and simplifying, we obtain (i). Then replacing b by aβb+bβa

in (i) and using the condition (*), we obtain (ii). For (iii), we replace a by a + c in

(ii), we obtain

w = (a+ c)αbβ(a+ c)

⇒ fn(w) =
∑

i+j+k=n

fi(a)αdj(b)βdk(c) +
∑

i+j+k=n

fi(c)αdj(b)βdk(a)

+
∑

i+j+k=n

fi(a)αdj(b)βdk(a) +
∑

i+j+k=n

fi(a)αdj(b)βdk(c).

On the other hand, using (ii)

fn(w) = fn(aαbβc + cαbβa) +
∑

i+j+k=n

(fi(a)αdj(b)βdk(a) + fi(c)αdj(b)βdk(c)).

Comparing the above two expressions for fn(w), we obtain (iii).

Definition 3.5.1. For every Jordan generalized higher derivation F = (fi)i∈N of M ,

we define ψα
n(a, b) = fn(aαb)−

∑
i+j=n fi(a)αdj(b), for all a, b ∈M ;α ∈ Γ and n ∈ N.

Lemma 3.5.2. With our notations as above, the following are true:

(i) ψα
n(b, a) = −ψα

n(a, b); (ii) ψα
n(a+ b, c) = ψα

n(a, c) + ψα
n(b, c);

(iii) ψα
n(a, b+ c) = ψα

n(a, b) + ψα
n(a, c); (iv) ψα+β

n (a, b) = ψα
n(a, b) + ψβ

n(a, b).

Proof. (i) By the definition of ψα
n(a, b) and using Lemma 3.5.1(i), we obtain

ψα
n(a, b) + ψα

n(b, a) = fn(aαb)−
∑

i+j=n

fi(a)αdj(b) + fn(bαa)−
∑

i+j=n

fi(b)αdj(a)

= fn(aαb+ bαa)−
∑

i+j=n

fi(a)αdj(b)−
∑

i+j=n

fi(b)αdj(a)

=
∑

i+j=n

fi(a)αdj(b) +
∑

i+j=n

fi(b)αdj(a)−
∑

i+j=n

fi(a)αdj(b)

−
∑

i+j=n

fi(b)αdj(a) = 0.
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(ii)-(iv): The proofs are obvious.

Remark 3.5.1. It is clear that, F is a generalized higher derivation of M if and only

if ψα
n(a, b) = 0 for all a, b ∈M,α ∈ Γ and n ∈ N.

Lemma 3.5.3. If F = (fi)i∈N is a Jordan generalized higher derivation with the asso-

ciated higher derivation D = (di)i∈N of a Γ-ring M . Assume that a, b ∈M ;α, β, γ ∈ Γ

and n ∈ N. If ψα
m(a, b) = 0 for every m < n, then ψα

n(a, b)βwγ[a, b]α = 0, for every

w ∈M .

Proof. Let G = fn(aαbβwγbαa + bαaβwγaαb). Using Lemma 3.5.1(ii) and Lemma

3.4.1(ii), we obtain

G = fn(aα(bβwγb)αa) + fn(bα(aβwγa)αb)

=
∑

i+p+l=n

fi(a)αdp(bβwγb)αdl(a) +
∑

i+p+l=n

fi(b)αdp(aβwγa)αdl(b)

=
∑

i+j+k+h+l=n

fi(a)αdj(b)βdk(w)γdh(b)αdl(a)+
∑

i+j+k+h+l=n

fi(b)αdj(a)βdk(w)γdh(a)αdl(b)

On the other hand, using Lemma 3.5.1(iii), we get

G = fn((aαb)βwγ(bαa) + (bαa)βwγ(aαb))

=
∑

r+s+t=n

(fr(aαb)βds(w)γdt(bαa) + fr(bαa)βds(w)γdt(aαb))

=
∑

r+s+t=n

fr(aαb)βds(w)γdt(bαa) +
∑

r+s+t=n

fr(bαa)βds(w)γdt(aαb)
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Comparing the two expressions for G, we have

∑
i+j+k+h+l=n

fi(a)αdj(b)βdk(w)γdh(b)αdl(a)−
∑

r+s+t=n

fr(aαb)βds(w)γdt(bαa)

=
∑

r+s+t=n

fr(bαa)βds(w)γdt(aαb)−
∑

i+j+k+h+l=n

(fi(b)αdj(a)βdk(w)γdh(a)αdl(b).

(3.4)

Since fm(xαy) =
∑

i+j=m fi(x)αdj(y), when m < n and D = (di)i∈N is a higher

derivation of M . Therefore,

∑
i+j+k+h+l=n

fi(a)αdj(b)βdk(w)γdh(b)αdl(a)−
∑

r+s+t=n

fr(aαb)βds(w)γdt(bαa)

= (
∑

i+j=n

fi(a)αdj(b))βwγbαa+ aαbβwγ(
∑

h+l=n

dh(b)αdl(a))

+

i+j<n,h+l<n∑
i+j+k+h+l=n

(fi(a)αdj(b)βdk(w)γdh(b)αdl(a))− fn((aαb)βwγ(bαa)

− (aαb)βwγdn(bαa)−
i+j=r<n,p+q=t<n∑

r+s+t=n

(fi(a)αdj(b)βds(w)γdp(b)αdq(a))

= −(fn((aαb)−
∑

i+j=n

fi(a)αdj(b))β(wγbαa)−(aαbβw)γ(dn(bαa)−
∑

h+l=n

dh(b)αdl(a))

= −(ψα
n(a, b)βwγbαa+ aαbβwγφα

n(b, a)). (3.5)

Similarly,

∑
i+j+k+h+l=n

(fi(b)αdj(a)βdk(w)γdh(a)αdl(b))−
∑

r+s+t=n

(dr(bαa)βds(w)γdt(aαb))

= −(ψα
n(b, a)βwγaαb+ bαaβwγφα

n(a, b)). (3.6)

Hence, by using (3.5) and (3.6) in (3.4), we get

ψα
n(a, b)βwγbαa + aαbβwγφα

n(b, a) + ψα
n(b, a)βwγaαb + bαaβwγφα

n(a, b) = 0.
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By Lemma 3.5.2(i), we have

ψα
n(a, b)βwγbαa − aαbβwγφα

n(a, b) − ψα
n(a, b)βwγaαb + bαaβwγφα

n(a, b) = 0.

This implies,

ψα
n(a, b)βwγ[a, b]α + [a, b]αβwγφ

α
n(a, b) = 0,∀ w ∈M.

Since D = (di)i∈N is a higher derivation of M . Thus, by Theorem 3.4.4, we have

φα
n(a, b) = 0 for all a, b ∈M ;α ∈ Γ;n ∈ N and hence accomplishes the proof.

Lemma 3.5.4. For all a, b, c, d ∈M and α, β, γ ∈ Γ, ψα
n(a, b)βwγ[c, d]α = 0.

Lemma 3.5.5. If a, b, c, d ∈M and α, β, γ, δ ∈ Γ are any elements, then

ψα
n(a, b)βwγ[c, d]δ = 0.

The proofs of the above two lemmas are similar to the proof of Lemma 2.19 and

Lemma 2.20 in [12].

Lemma 3.5.6. Let M be a commutative Γ-ring, and let F = (fi)i∈N be a Jordan

generalized higher derivation of M with an associated higher derivation D = (di)i∈N .

Assume that a, b ∈ M ;α, β ∈ Γ and n ∈ N. If ψα
m(a, b) = 0 for all m < n, then

ψβ
n(a, b)αa = 0.

Proof. Since M is a commutative Γ-ring and D = (di)i∈N is a higher derivation of M .

Let W = fn(aαaβb+ bβaαa) = fn(aα(aβb) + (aβb)αa). Then using Lemma 3.5.1(i),

we have

W =
∑

i+j=n

(fi(a)αdj(aβb) + fi(aβb)αdj(a))

=
∑

i+k+l=n

(fi(a)αdk(a)βdl(b)) +
∑

i+j=n

(fi(aβb)αdj(a)).
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On the other hand, using Lemma 3.5.1(ii) and commutativity of M , we get

W = fn(aαaβb+ bβaαa) = fn(aαbβa) + fn(aβbαa)

=
∑

i+j+k=n

fi(a)αdj(b)βdk(a) +
∑

i+j+k=n

fi(a)αdj(b)βdk(a)

=
∑

i+j+k=n

fi(a)αdj(a)βdk(b) +
∑

i+j+k=n

fi(a)αdj(b)βdk(a).

Comparing both expressions for W and cancelling the like terms from both sides, we

obtain ∑
i+j=n

fi(aβb)αdj(a) =
∑

i+j+k=n

fi(a)βdj(b)αdk(a).

By assumption, we can put fm(aβb) =
∑

i+j=m fi(a)βdj(b), when m < n. Therefore,

i+j<n∑
i+j+k=n

fi(a)βdj(b)αdk(a)+fn(aβb)αa−(
∑

i+j=n

fi(a)βdj(b))αa−
r+s=i<n∑

i+j=n

fr(a)βds(b)αdj(a).

⇒ (fn(aβb)−
∑

i+j=n

fi(a)βdj(b))αa = 0.

⇒ ψβ
n(a, b)αa = 0,∀ a, b ∈M ;α, β ∈ Γ;n ∈ N.

We are now concluding this chapter by proving our main result of this section as

follows.

Theorem 3.5.7. Every Jordan generalized higher derivation of a prime Γ-ring is a

generalized higher derivation.

Proof. Let F = (fi)i∈N be a Jordan generalized higher derivation of a prime Γ-ring

M . By definition ψα
0 (a, b) = 0 for all a, b ∈ M and α ∈ Γ. Also, by Theorem 2.4 in

[11], we have

ψα
1 (a, b) = 0, ∀ a, b ∈M ;α ∈ Γ.
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Now, we proceed by induction. Suppose that ψα
m(a, b) = 0, this implies, dm(aαb) =∑

i+j=m fi(a)αdj(b), for all a, b ∈ M and α ∈ Γ and m < n. Taking a, b, c, d ∈ M

and α, β, γ, δ ∈ Γ. By Lemma 3.5.5, we get ψα
n(a, b)βwγ[c, d]δ = 0, for every w ∈ M .

Since M is prime, ψα
n(a, b) = 0, or [c, d]δ = 0. If [c, d]δ 6= 0, then ψα

n(a, b) = 0. If

[c, d]δ = 0, that is, cδd − dδc = 0,∀ c, d ∈ M ; δ ∈ Γ, then M is commutative. Now,

by Lemma 3.5.6 and commutativity of M , we obtain

ψβ
n(a, b)αa = 0.

By linearizing of the above expression with respect to a yields

ψβ
n(a+ c, b)α(a+ c) = 0.

⇒ ψβ
n(a, b)αa+ ψβ

n(c, b)αa+ ψβ
n(a, b)αc+ ψβ

n(c, b)αc = 0.

⇒ ψβ
n(c, b)αa+ ψβ

n(a, b)αc = 0.

⇒ ψβ
n(a, b)αc = −ψβ

n(c, b)αa, ∀ a, b, c ∈M ;α, β ∈ Γ.

Since M is a commutative. Thus, for all m ∈M ;α, γ, δ ∈ Γ, we have

(ψβ
n(a, b)αc)γmδ(ψβ

n(a, b)αc) = −(ψβ
n(c, b)αa)γmδ(ψβ

n(a, b)αc)

= −(ψβ
n(c, b)αc)γmδ(ψβ

n(a, b)αa)

= 0.

Since M is prime, we have ψβ
n(a, b)αc = 0. Therefore, ψβ

n(a, b)αcγψβ
n(a, b) = 0, for

c ∈M and γ ∈ Γ. By the primeness of M , we get ψβ
n(a, b) = 0,∀ a, b ∈M ; β ∈ Γ.



Chapter 4

Derivations on Lie Ideals

We start the discussion with the introductory definitions of derivation and Jordan

derivation on Lie ideals in Γ-rings. Then we introduce the concepts of higher deriva-

tion and Jordan higher derivation on Lie ideals in Γ-rings.

In the next, we develop some consequences relating to the concept of Jordan

derivations on Lie ideals of Γ-rings. Then we prove that if d : M → M is a Jordan

derivation on an admissible Lie ideal U of a 2-torsion free prime Γ-ring M , then

d(uαv) = d(u)αv+uαd(v) for all u, v ∈ U ;α ∈ Γ, and if U is a commutative Lie ideal

of M such that uαu ∈ U for all u ∈ U ;α ∈ Γ, then d(uαv) = d(u)αv + uαd(v) for all

u, v ∈ U and α ∈ Γ.

In the third section of this chapter, we prove the analogous results corresponding

to the above mentioned results with the same conditions considering Jordan higher

derivations on Lie ideals of prime Γ-rings instead of Jordan derivations on Lie ideals

of prime Γ-rings almost similar way.
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4.1 Introduction

I. N. Herstein [19] proved a well-known result in prime rings that every Jordan deriva-

tion is a derivation. Afterwards many Mathematicians studied extensively the deriva-

tions in prime rings. Awtar [3] extended this result in Lie ideals.

We introduce the concept of derivation and Jordan derivation on Lie ideals of

Γ-rings to extend the above mentioned results in the following way.

Definition 4.1.1. If U is a Lie ideal of a Γ-ring M . An additive mapping d : M →M

is said to be a derivation on a Lie ideal U if

d(uαv) = d(u)αv + uαd(v),∀ u, v ∈ U ;α ∈ Γ,

and d : M →M is said to be a Jordan derivation on a Lie ideal U if

d(uαu) = d(u)αu+ uαd(u),∀ u ∈ U ;α ∈ Γ.

We now give examples of a Jordan derivation and a derivation on a Lie ideal U of

a Γ-ring M , where M satisfies aαbβc = aβbαc for all a, b, c ∈M ;α, β ∈ Γ.

Example 4.1.1. Suppose a ∈ M and α ∈ Γ are fixed elements. Define d : M → M

by d(x) = aαx− xαa∀ x ∈ U . Then for all y ∈ U and β ∈ Γ,

d(yβy) = aα(yβy)− (yβy)αa

= aαyβy − yαaβy + yαaβy − yβyαa

= (aαy − yαa)βy + yβaαy − yβyαa

= (aαy − yαa)βy + yβ(aαy − yαa)

= d(y)βy + yβd(y),∀ y ∈ U ; β ∈ Γ.
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Therefore, d is a Jordan derivation on U . Again for all x, y ∈ U and β ∈ Γ, we have

d(xβy) = aα(xβy)− (xβy)αa

= aαxβy − xαaβy + xαaβy − xβyαa

= (aαx− xαa)βy + xβaαy − xβyαa

= (aαx− xαa)βy + xβ(aαy − yαa)

= d(x)βy + xβd(y),∀ x, y ∈ U ; β ∈ Γ.

Hence d is a derivation on U of M .

We now give an example of a Jordan derivation on a Lie ideal of a Γ-ring which

is not a derivation on a Lie ideal of a Γ-ring.

Example 4.1.2. If U is a Lie ideal of a Γ-ring M , and Let d : M → M be a

derivation on U . Suppose M1 = {(x, x) : x ∈ M} and Γ1 = {(α, α) : α ∈ Γ}. Define

addition and multiplication on M1 by

(x, x) + (y, y) = (x+ y, x+ y) and (x, x)(α, α)(y, y) = (xαy, xαy)

then M1 is a Γ1-ring. Define U1 = {(u, u) : u ∈ U}, for uαx− xαu ∈ U,

(u, u)(α, α)(x, x)− (x, x)(α, α)(u, u) = (uαx, uαx)− (xαu, xαu)

= (uαx− xαu, uαx− xαu) ∈ U1

Hence U1 is a Lie ideal of M1. Define a mapping D : M1 → M1 by D((x, x)) =

(d(x), d(x)). Then it is clear that D is an additive mapping on U1 of M1. For all
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(u, u) ∈ U1; (α, α) ∈ Γ1, we get

D((u, u)(α, α)(u, u)) = D((uαu, uαu))

= (d(uαu), d(uαu))

= (d(u)αu+ uαd(u), d(u)αu+ uαd(u))

= (d(u)αu, d(u)αu) + (uαd(u), uαd(u))

= (d(u), d(u))(α, α)(u, u) + (u, u)(α, α)(d(u), d(u))

= D((u, u))(α, α)(u, u) + (u, u)(α, α)D((u, u)).

Therefore, D is a Jordan derivation on U1 of M1 which is not a derivation on U1 of

M1.

Now, we introduce the concepts of higher derivation and Jordan higher derivation

on Lie ideals in Γ-rings as follows.

Definition 4.1.2. If D = (di)i∈N0 is a family of additive mappings on a Lie ideal U

of a Γ-ring M such that d0 = idM , where idM is an identity mapping on M and N0

denotes the set of natural numbers including 0. Then D is called a higher derivation

on a Lie ideal if for each n ∈ N0 and i, j ∈ N0,

dn(aαb) =
∑

i+j=n

di(a)αdj(b),∀ a, b ∈ U ;α ∈ Γ,

and D is called a Jordan higher derivation on a Lie ideal if

dn(aαa) =
∑

i+j=n

di(a)αdj(a),∀ a ∈ U ;α ∈ Γ.

Example 4.1.3. Let R be a commutative ring with characteristic 2 having unity

element 1. Consider M = M1,2(R) and Γ =


 n.1

n.1

 : n ∈ Z

, then M is a Γ-

ring. Let N = {(x, x) : x ∈ R}, then N is a Lie ideal of M . Let dn : R → R be a
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higher derivation for n ∈ N0. Define dn : M → M by Dn((a, b)) = (dn(a), dn(b)).

Then for each (a, a), (b, b) ∈ N and

 n

n

 ∈ Γ, we have

Dn((a, a)

 n

n

 (b, b)) = Dn((an+ an)(b, b))

= Dn(anb+ anb, anb+ anb)

= (dn(anb+ anb), dn(anb+ anb))

= (
∑

i+j=n

(di(a)ndj(b) + di(a)ndj(b)),
∑

i+j=n

(di(a)ndj(b) + di(a)ndj(b)))

=
∑

i+j=n

(di(a), di(a))

 n

n

 (dj(b), dj(b))

=
∑

i+j=n

Di((a, a))

 n

n

Dj((b, b))

Therefore, Dn is a higher derivation on a Lie ideal N of M.

Example 4.1.4. Suppose U is a Lie ideal of a Γ-ring M . Let dn : M → M be a

higher derivation on U of M , then for each n ∈ N0,

dn(uαv) =
∑

i+j=n

di(u)αdj(v), ∀ u, v ∈ U ; α ∈ Γ.

If we consider M1 = {(x, x) : x ∈M} and Γ1 = {(α, α) : α ∈ Γ}. Define addition and

multiplication on M1 by

(x, x) + (y, y) = (x+ y, x+ y) and (x, x)(α, α)(y, y) = (xαy, xαy)
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then M1 is a Γ1-ring. Also, define U1 = {(u, u) : u ∈ U}, then for uαx− xαu ∈ U,

(u, u)(α, α)(x, x)− (x, x)(α, α)(u, u) = (uαx, uαx)− (xαu, xαu)

= (uαx− xαu, uαx− xαu) ∈ U1.

Hence U1 is a Lie ideal of M1. Now, define a mapping Dn : M1 →M1 by Dn((x, x)) =

(dn(x), dn(x)). Then for all (u, u) ∈ U1 and (α, α) ∈ Γ1, we have

Dn((u, u)(α, α)(u, u)) = Dn(uαu, uαu)

= (dn(uαu), dn(uαu))

= (
∑

i+j=n

di(u)αdj(u),
∑

i+j=n

di(u)αdj(u))

=
∑

i+j=n

(di(u), di(u))(α, α)(dj(u), dj(u))

=
∑

i+j=n

Di((u, u))(α, α)Dj((u, u)).

Therefore, Dn is a Jordan higher derivation on a Lie ideal U1 of M1. Also, we have

seen that it is not a higher derivation on a Lie ideal U1 of M1.

Throughout this chapter (until otherwise stated), M is a 2-torsion free Γ-ring

satisfying the condition (*), aαbβc = aβbαc for all a, b, c ∈ M ; α, β ∈ Γ, and U is a

Lie ideal of M .
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4.2 Jordan Derivations on Lie Ideals of Prime Γ-

Rings

Our purpose in this section is to prove our main results stated at the beginning of this

chapter. In order to prove these results we have to determine some essential Lemmas

as bellow.

Lemma 4.2.1. Let U be a Lie ideal of a Γ-ring M such that uαu ∈ U for all u ∈ U

and α ∈ Γ. If d is a Jordan derivation on U of M , then for all u, v, w ∈ U and

α, β ∈ Γ, the following statements hold:

(i)d(uαv + vαu) = d(u)αv + d(v)αu+ uαd(v) + vαd(u);

(ii)d(uαvβu+uβvαu) = d(u)αvβu+d(u)βvαu+uαd(v)βu+uβd(v)αu+uαvβd(u)+

uβvαd(u).

In particular, if M is 2-torsion free and satisfies the condition (*), then

(iii) d(uαvβu) = d(u)αvβu+ uαd(v)βu+ uαvβd(u);

(iv) d(uαvβw+wαvβu) = d(u)αvβw+d(w)αvβu+uαd(v)βw+wαd(v)βu+uαvβd(w)+

wαvβd(u).

Proof. (i) Since U is a Lie ideal satisfying the condition uαu ∈ U for all u ∈ U ;α ∈ Γ.

For u, v ∈ U ;α ∈ Γ, we have (uαv+vαu) = (u+v)α(u+v)−(uαu+vαv) this implies

(uαv+vαu) ∈ U . Also, [u, v]α = uαv−vαu ∈ U and it follows that 2uαv ∈ U . Hence

4uαvβw = 2(2uαv)βw ∈ U for all u, v, w ∈ U and α, β ∈ Γ.
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Therefore,

d(uαv + vαu) = d((u+ v)α(u+ v)− (uαu+ vαv))

= d(u+ v)α(u+ v) + (u+ v)αd(u+ v)− d(u)αu− uαd(u)− d(v)αv − vαd(v)

= d(u)αu+ d(u)αv + d(v)αu+ d(v)αv + uαd(u) + uαd(v) + vαd(u) + vαd(v)

− d(u)αu− uαd(u)− d(v)αv − vαd(v)

= d(u)αv + uαd(v) + d(v)αu+ vαd(u).

(ii) Replacing uβv + vβu for v in (i) and using this, we get

d(uα(uβv + vβu) + (uβv + vβu)αu) = d(u)α(uβv + vβu) + uαd(uβv + vβu)

+ d(uβv + vβu)αu+ (uβv + vβu)αd(u).

⇒ d((uαu)βv+vβ(uαu))+d(uαvβu+uβvαu) = d(u)α(uβv+vβu)+uα(d(u)βv+uβd(v)

+d(v)βu+vβd(u))+(d(u)βv+uβd(v)+d(v)βu+vβd(u))αu+uβvαd(u)+vβuαd(u).

This implies,

d(uαu)βv + (uαu)βd(v) + d(v)β(uαu) + vβd(uαu) + d(uαvβu+ uβvαu)

= d(u)αuβv + d(u)αvβu+ uαd(u)βv + uαuβd(v) + uαd(v)βu+ uαvβd(u)

+ d(u)βvαu+ uβd(v)αu+ d(v)βuαu+ vβd(u)αu+ uβvαd(u) + vβuαd(u).

This implies,

d(u)αuβv+uαd(u)βv+uαuβd(v)+d(v)βuαu+vβd(u)αu+vβuαd(u)+d(uαvβu+uβvαu)

= d(u)αuβv+d(u)αvβu+uαd(u)βv+uαuβd(v)+uαd(v)βu+uαvβd(u)+d(u)βvαu

+ uβd(v)αu+ d(v)βuαu+ vβd(u)αu+ uβvαd(u) + vβuαd(u).
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Now, cancelling the like terms from both sides we get the required result. Using the

condition (*) and since M is 2-torsion free, (iii) follows from (ii). And finally (iv) is

obtained by replacing u+ w for u in (iii).

Definition 4.2.1. Let U be a Lie ideal of a Γ-ring M , and d be a Jordan derivation

on U of M . We define φα(u, v) = d(uαv) − d(u)αv − uαd(v) for all u, v ∈ U and

α ∈ Γ.

Remark 4.2.1. d is a derivation on U of M if and only if φα(u, v) = 0 for all u, v ∈ U

and α ∈ Γ.

As immediate consequences emanated from the definition of φα(u, v), we have

Lemma 4.2.2. If d is a Jordan derivation on U of M , then for all u, v, w ∈ U and

α, β ∈ Γ, (i) φα(u, v) = −φα(v, u); (ii) φα(u+ w, v) = φα(u, v) + φα(w, v);

(iii) φα(u, v + w) = φα(u, v) + φα(u,w); (iv) φα+β(u, v) = φα(u, v) + φβ(u, v).

Proof. The proof of this lemma is immediate from Lemma 2.2.2 if in the statement

of the lemma we replace Gα by φα and a, b, c ∈M by u, v, w ∈ U.

Lemma 4.2.3. Let U be an admissible Lie ideal of M . If d is a Jordan derivation

on U of M , then φα(u, v)βwγ[u, v]α + [u, v]αβwγφα(u, v) = 0, for all u, v, w ∈ U and

α, β, γ ∈ Γ.

Proof. U is an admissible Lie ideal of M . Thus, for all u ∈ U ;α ∈ Γ, uαu ∈ U .

If u, v ∈ U and α ∈ Γ, then (uαv + vαu) = (u + v)α(u + v) − (uαu + vαv) this

implies, (uαv + vαu) ∈ U . In addition, [u, v]α = uαv − vαu ∈ U and therefore

2uαv ∈ U and 4uαvβw = 2(2uαv)βw ∈ U, for all u, v, w ∈ U, α, β ∈ Γ. Now, let
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x = 4(uαvβwγvαu+ vαuβwγuαv). Then using Lemma 4.2.1(iv), we have

d(x) = d((2uαv)βwγ(2vαu) + (2vαu)βwγ(2uαv))

= d(2uαv)βwγ(2vαu)+2uαvβd(w)γ2vαu+2uαvβwγd(2vαu)+d(2vαu)βwγ(2uαv)

+ 2vαuβd(w)γ2uαv + 2vαuβwγd(2uαv).

On the other hand, using Lemma 4.2.1(iii), we have

d(x) = d(uα(4vβwγv)αu+ vα(4uβwγu)αv)

= d(u)α4vβwγvαu+ uαd(4vβwγv)αu+ uα4vβwγvαd(u) + d(v)α4uβwγuαv

+ vαd(4uβwγu)αv + vα4uβwγuαd(v)

= 4d(u)αvβwγvαu+ 4uαd(v)βwγvαu+ 4uαvβd(w)γvαu+ 4uαvβwγd(v)αu

+ 4uαvβwγvαd(u) + 4d(v)αuβwγuαv + 4vαd(u)βwγuαv + 4vαuβd(w)γuαv

+ 4vαuβwγd(u)αv + 4vαuβwγuαd(v).

Comparing the two right sides of d(x), we obtain

4(d(uαv)βwγvαu+ d(vαu)βwγuαv + uαvβwγd(vαu) + vαuβwγd(uαv))

= 4(d(u)αvβwγvαu+ uαd(v)βwγvαu+ d(v)αuβwγuαv + vαd(u)βwγuαv

+ uαvβwγd(v)αu+ uαvβwγvαd(u) + vαuβwγd(u)αv + vαuβwγuαd(v)).

This yields,

4((d(uαv)− d(u)αv − uαd(v))βwγvαu+ (d(vαu)− d(v)αu− vαd(u))βwγuαv+

uαvβwγ(d(vαu)− d(v)αu− vαd(u)) + vαuβwγ(d(uαv)− d(u)αv − uαd(v))) = 0.

Using the Definition 4.2.1, this implies

4(φα(u, v)βwγvαu+ φα(v, u)βwγuαv+ uαvβwγφα(v, u) + vαuβwγφα(u, v)) = 0.
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Using Lemma 4.2.2(i), we get

4(φα(u, v)βwγvαu− φα(u, v)βwγuαv− uαvβwγφα(u, v) + vαuβwγφα(u, v)) = 0.

⇒ −4(φα(u, v)βwγ(uαv − vαu) + (uαv − vαu)βwγφα(u, v)) = 0.

⇒ 4(φα(u, v)βwγ[u, v]α + [u, v]αβwγφα(u, v)) = 0.

Since M is 2-torsion free, we get φα(u, v)βwγ[u, v]α + [u, v]αβwγφα(u, v) = 0, for all

u, v, w ∈ U ;α, β, γ ∈ Γ.

In the rest of this section, M represents a prime Γ-ring.

Lemma 4.2.4. ([18], Lemma 1) Assume that U is a Lie ideal of M with U * Z(M).

Then there exists an ideal I of M such that [I,M ]Γ ⊆ U but [I,M ]Γ is not contained

in Z(M).

Proof. Since M is 2-torsion free and U is not contained in Z(M), it follows from the

result in [1] that [U,U ]Γ 6= 0 and [I,M ]Γ ⊆ U , where I = IΓ[U,U ]ΓΓM 6= 0 is an ideal

of M generated by [U,U ]Γ. Now, U is not contained in Z(M) implies that [I,M ]Γ is

not contained in Z(M); for if [I,M ]Γ ⊆ Z(M), then [I, [I,M ]Γ]Γ = 0, which implies

that I ⊆ Z(M) and hence I 6= 0 is an ideal of M , so M = Z(M).

Lemma 4.2.5. ([18], Lemma 2) Let U be a Lie ideal of M such that U * Z(M). If

a, b ∈ M (resp.b ∈ U and a ∈ M) and aαUβb = 0, for all α, β ∈ Γ, then a = 0 or

b = 0.

Proof. By Lemma 4.2.4, there exists an ideal I of M such that [I,M ]Γ ⊆ U and

[I,M ]Γ is not contained in Z(M). Now take u ∈ U, c ∈ I,m ∈M and α, β, γ ∈ Γ, we

have [cαaβu,m]Γ ∈ [I,M ]Γ ⊆ U and so

0 = aδ[cαaβu,m]γµb, for all δ, µ ∈ Γ.
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= aδ[cαa,m]γβuµb+ aδcαaβ[u,m]γµb, by using (*)

= aδ[cαa,m]γβuµb, since aβ[u,m]γµb ∈ aβUµb

= aδ(cαaγm−mγcαa)βuµb

= aδcαaγmβuµb− aδmγcαaβuµb

= aδcαaγmβuµb, by using assumption aβuµb = 0. Thus aδIαaγMβUµb = 0.

If a 6= 0, then by the primeness of M,Uµb = 0. Now, if u ∈ U and m ∈ M , then

[u,m]α ∈ U for all α ∈ Γ. Hence [u,m]αβb = 0 for all β ∈ Γ. Since mαuβb = 0, so

uαmβb = 0. But U 6= 0, we must have b = 0. Similarly, it can be shown that if b 6= 0,

then a = 0.

Lemma 4.2.6. Assume that U is an admissible Lie ideal of M . If a, b ∈ M (resp.

a ∈ M and b ∈ U) such that aαxβb + bαxβa = 0 for all x ∈ U and α, β ∈ Γ, then

aαxβb = bαxβa = 0.

Proof. For x, y ∈ U and using the relation aαxβb = −bαxβa three times, we obtain

4aαxβbγyδaαxβb = −4bαxβaγyδaαxβb = −bα(4xβaγy)δaαxβb

= aα(4xβaγy)δbαxβb = 4aαxβ(aγyδb)αxβb = −4aαxβbγyδaαxβb.

Therefore,

8aαxβbγyδaαxβb = 0.

By the 2-torsion freeness of M , (aαxβb)γyδ(aαxβb) = 0. By Lemma 4.2.5, we get

aαxβb = 0. Similarly, it can be shown that bαxβa = 0.

Lemma 4.2.7. Let U be an admissible Lie ideal of M ; G1, G2, ..., Gn be additive

groups; S : G1 × G2 × ... × Gn → M and T : G1 × G2 × ... × Gn → M be mappings

which are additive in each argument. If Sα(a1, ..., an)βxγTα(a1, ..., an) = 0 for every
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x ∈ U ; ai ∈ Gi, i = 1, 2, ..., n;α, β, γ ∈ Γ, then Sα(a1, ..., an)βxγTδ(b1, ..., bn) = 0 for

every bi ∈ Gi, i = 1, 2, ..., n.

Proof. It suffices to prove the case n = 1. The general proof is obtained by induction

on n. If Sα(a)βxγTα(a) = 0 for every u ∈ U, a ∈ G1, we get

(Tα(a)βxγSα(a))µyν(Tα(a)βxγSα(a)) = 0,∀ x, y ∈ U, µ, ν ∈ Γ.

Then by Lemma 4.2.5, Tα(a)βxγSα(a) = 0 for every x ∈ U, a ∈ G1 and α, β, γ ∈ Γ.

Now, linearizing Sα(a)βxγTα(a) = 0, we obtain

Sα(a)βxγTα(b) + Sα(b)βxγTα(a) = 0,∀ x ∈ U, a, b ∈ G1.

So, for all x, y ∈ U ,

(Sα(a)βxγTα(b))µyν((Sα(a)βxγTα(b)) = −Sα(a)βxγTα(b)µyνSα(b)βxγTα(a) = 0.

Thus, by Lemma 4.2.5, Sα(a)βxγTα(b) = 0. Similarly, we can prove that Tα(b)βxγSα(a) = 0

for all a, b ∈ G1 and α, β, γ ∈ Γ. Putting α+δ for α in the equation Sα(a)βxγTα(b) = 0

and using Lemma 4.2.2(iv) Sα(a)βxγTδ(b) + Sδ(a)βxγTα(b) = 0. Therefore, we have

(Sα(a)βxγTδ(b))µyν(Sα(a)βxγTδ(b)) = −Sα(a)βxγTδ(b)µyνSδ(a)βxγTα(b) = 0.

Hence, by Lemma 4.2.5, Sα(a)βxγTδ(b) = 0.

We have all ideas for the proof at hand now.

Theorem 4.2.8. Assume that U is an admissible Lie ideal of M . If d : M →M is a

Jordan derivation on U of M , then d(uαv) = d(u)αv+uαd(v) for all u, v ∈ U, α ∈ Γ.

Proof. By Lemma 4.2.3, we have φα(u, v)βwγ[u, v]α + [u, v]αβwγφα(u, v) = 0 for all

u, v, w ∈ U and α, β, γ ∈ Γ. Using Lemmas 4.2.6 and 4.2.7, we have
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φα(u, v)βwγ[x, y]δ = 0 for all u, v, w, x, y ∈ U and α, β, γ, δ ∈ Γ. Since U is an

admissible Lie ideal of M , so, [x, y]δ 6= 0. Hence by Lemma 4.2.5, φα(u, v) = 0.

Theorem 4.2.9. Let U be a commutative Lie ideal of M such that uαu ∈ U for all

u ∈ U and α ∈ Γ. Then every Jordan derivation on U of M is a derivation on U of

M .

Proof. Suppose U is a commutative Lie ideal of M . Then for every u ∈ U, x ∈ M

and α ∈ Γ, we have [u, [u, x]α]α = 0. For every z ∈ M , we have xβz ∈ M for every

β ∈ Γ. Replacing x by xβz, we obtain

0 = [u, [u, xβz]α]α

= [u, xβ[u, z]α + [u, x]αβz]α

= [u, xβ[u, z]α]α + [u, [u, x]αβz]α

= xβ[u, [u, z]α]α + [u, x]αβ[u, z]α + [u, [u, x]α]αβz + [u, x]αβ[u, z]α

= 2[u, x]αβ[u, z]α.

By the 2-torsion freeness of M , we obtain [u, x]αβ[u, z]α = 0. Now, replacing z by

zγm for every m ∈M,γ ∈ Γ, we obtain

0 = [u, x]αβ[u, zγm]α

= [u, x]αβzγ[u,m]α + [u, x]αβ[u, z]αγm

= [u, x]αβzγ[u,m]α.

Since M is prime, [u, x]α = 0, or [u,m]α = 0, for all x,m ∈ M. In either case,

U ⊆ Z(M) . Hence by Lemma 4.2.1(i), we have 2d(aαb) = 2(d(a)αb+ aαd(b)) for all

a, b ∈ U and α ∈ Γ. By the 2-torsion freeness of M , we get d(aαb) = d(a)αb+ aαd(b)

for all a, b ∈ U and α ∈ Γ.
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4.3 Jordan Higher Derivations on Lie Ideals of Prime

Γ-Rings

Here, we determine a number of very significant consequences relating to the concept

of Jordan higher derivations on Lie ideals of a prime Γ-ring to extend the results

stated at the beginning of this chapter following [15, 17] in classical ring theory to

Γ-ring theory.

Lemma 4.3.1. Let U be a Lie ideal of a Γ-ring M such that uαu ∈ U for all

u ∈ U and α ∈ Γ. If D = (di)i∈N is a Jordan higher derivation on U . Then for all

u, v, w ∈ U ;α, β ∈ Γ and n ∈ N:

(i) dn(uαv + vαu) =
∑

i+j=n[di(u)αdj(v) + di(v)αdj(u)]

(ii) dn(uαvβu) =
∑

i+j+k=n[di(u)αdj(v)βdk(u)]

(iii) dn(uαvβw + wαvβu) =
∑

i+j+k=n[di(u)αdj(v)βdk(w) + di(w)αdj(v)βdk(u)].

Proof. The proofs of (i) and (ii) are similar to the corresponding proofs of Lemma

4.2.1(i) and Lemma 4.2.1(iii). Replacing u by u + w in (ii), we obtain S = dn((u +

w)αvβ(u+ w)) and compute this, using (ii). It follows that

S = dn((u+ w)αvβ(u+ w))

=
∑

i+j+k=n

di(u)αdj(v)βdk(u)+
∑

i+j+k=n

di(u)αdj(v)βdk(w)+
∑

i+j+k=n

di(w)αdj(v)βdk(u)

+
∑

i+j+k=n

di(w)αdj(v)βdk(w).



96

On the other hand

S = dn(uαvβu) + dn(wαvβw) + dn(uαvβw + wαvβu)

=
∑

i+j+k=n

di(u)αdj(v)βdk(u) +
∑

i+j+k=n

di(w)αdj(v)βdk(w) + dn(uαvβw + wαvβu).

By comparing the two results for S, we obtain (iii).

Definition 4.3.1. If U is a Lie ideal of a Γ-ringM . For every Jordan higher derivation

D = (di)i∈N on U of M , we define φα
n(u, v) = dn(uαv) −

∑
i+j=n di(u)αdj(v), for all

u, v ∈ U ;α ∈ Γ and n ∈ N.

Remark 4.3.1. φα
n(u, v) = 0 for all u, v ∈ U ;α ∈ Γ and n ∈ N if and only if D is a

higher derivation on U of M .

The following results will be used in the next lemma.

Lemma 4.3.2. For every u, v, w ∈ U ;α, β ∈ Γ and n ∈ N,

(i) φα
n(u, v) + φα

n(v, u) = 0; (ii) φα
n(u+ v, w) = φα

n(u,w) + φα
n(v, w);

(iii) φα
n(u, v + w) = φα

n(u, v) + φα
n(u,w); (iv) φα+β

n (u, v) = φα
n(u, v) + φβ

n(u, v).

The proofs are obvious from the Definition 4.3.1

Lemma 4.3.3. Let U be an admissible Lie ideal of a 2-torsion free Γ-ring M , and let

D = (di)i∈N be a Jordan higher derivation on U of M . Let n ∈ N and assume that

u, v ∈ U ;α, β, γ ∈ Γ. If φα
m(u, v) = 0 , for every m < n, then φα

n(u, v)βwγ[u, v]α +

[u, v]αβwγφ
α
n(u, v) = 0, for every w ∈ U .

Proof. Since U is an admissible Lie ideal of M . Hence, for all u, v ∈ U and α ∈

Γ, (uαv+ vαu) = (u+ v)α(u+ v)− (uαu+ vαv) so, (uαv+ vαu) ∈ U . Now [u, v]α =
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uαv − vαu ∈ U , and therefore 2uαv ∈ U and 4uαvβw = 2(2uαv)βw ∈ U for all

u, v, w ∈ U ;α, β ∈ Γ. Let A = dn(4uαvβwγvαu+4vαuβwγuαv). First, using Lemma

4.3.1(ii), we obtain

A = dn(uα(4vβwγv)αu) + dn(vα(4uβwγu)αv)

= 4
∑

i+p+l=n

(di(u)αdp(vβwγv)αdl(u)) + 4
∑

i+p+l=n

(di(v)αdp(uβwγu)αdl(v))

= 4
∑

i+j+k+h+l=n

di(u)αdj(v)βdk(w)γdh(v)αdl(u)+4
∑

i+j+k+h+l=n

di(v)αdj(u)βdk(w)γdh(u)αdl(v)

Now, using Lemma 4.3.1(iii), we get

A = dn((2uαv)βwγ(2vαu) + (2vαu)βwγ(2uαv))

=
∑

r+s+t=n

(dr(2uαv)βds(w)γdt(2vαu) + dr(2vαu)βds(w)γdt(2uαv))

= 4
∑

r+s+t=n

(dr(uαv)βds(w)γdt(vαu)) + 4
∑

r+s+t=n

(dr(vαu)βds(w)γdt(uαv)).

Comparing both the expressions for A, we obtain

∑
i+j+k+h+l=n

(di(u)αdj(v)βdk(w)γdh(v)αdl(u))−
∑

r+s+t=n

(dr(uαv)βds(w)γdt(vαu))

+
∑

i+j+k+h+l=n

(di(v)αdj(u)βdk(w)γdh(u)αdl(v))−
∑

r+s+t=n

(dr(vαu)βds(w)γdt(uαv)) = 0.

(4.1)

By the assumption, we have dm(xαy) =
∑

i+j=m di(x)αdj(y), when m < n, for x =
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u, v and y = v, u. Consequently,

∑
i+j+k+h+l=n

(di(u)αdj(v)βdk(w)γdh(v)αdl(u))−
∑

r+s+t=n

(dr(uαv)βds(w)γdt(vαu))

= (
∑

i+j=n

di(u)αdj(v))βwγvαu+ uαvβwγ(
∑

h+l=n

dh(v)αdl(u))

+

i+j<n,h+l<n∑
i+j+k+h+l=n

(di(u)αdj(v)βdk(w)γdh(v)αdl(u))− dn((uαv)βwγ(vαu)

− (uαv)βwγdn(vαu)−
i+j=r<n,p+q=t<n∑

r+s+t=n

(di(u)αdj(v)βds(w)γdp(v)αdq(u))

= −(dn((uαv)−
∑

i+j=n

di(u)αdj(v))β(wγvαu)−(uαvβw)γ(dn(vαu)−
∑

h+l=n

dh(v)αdl(u))

= −(φα
n(u, v)βwγvαu+ uαvβwγφα

n(v, u)). (4.2)

Similarly,

∑
i+j+k+h+l=n

(di(v)αdj(u)βdk(w)γdh(u)αdl(v))−
∑

r+s+t=n

(dr(vαu)βds(w)γdt(uαv))

= −(φα
n(v, u)βwγuαv + vαuβwγφα

n(u, v)). (4.3)

Hence, by using (4.2) and (4.3) in (4.1), we get

φα
n(u, v)βwγvαu + uαvβwγφα

n(v, u) + φα
n(v, u)βwγuαv + vαuβwγφα

n(u, v) = 0.

By Lemma 4.3.2(i), we have

φα
n(u, v)βwγvαu − uαvβwγφα

n(u, v) − φα
n(u, v)βwγuαv + vαuβwγφα

n(u, v) = 0.

This implies,

φα
n(u, v)βwγ[u, v]α + [u, v]αβwγφ

α
n(u, v) = 0,∀ w ∈ U.
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Now, we are ready to prove our main results.

Theorem 4.3.4. Let U be an admissible Lie ideal of a 2-torsion free prime Γ-ring

M . Then every Jordan higher derivation on U of M is a higher derivation on U of

M .

Proof. By definition φα
0 (u, v) = 0 for all u, v ∈ U and α ∈ Γ. Also, by Theorems 4.2.8

and 4.2.9, φα
1 (u, v) = 0 for all u, v ∈ U and α ∈ Γ. Now, we proceed by induction.

Suppose that φα
m(u, v) = 0. This implies,

dm(uαv) =
∑

i+j=m

di(u)αdj(v),∀ u, v ∈ U, α ∈ Γ,m < n.

Taking u, v ∈ U , by Lemma 4.3.3, we have

φα
n(u, v)βwγ[u, v]α + [u, v]αβwγφ

α
n(u, v) = 0,∀ u, v, w ∈ U ;α, β, γ ∈ Γ.

Since M is prime, by Lemma 4.2.6 and Lemma 4.2.7 φα
n(u, v)βwγ[x, y]δ = 0 for all

u, v, x, y ∈ U and α, β, γ ∈ Γ. But U * Z(M), so we have [x, y]δ 6= 0. Therefore, by

Lemma 4.2.5 we obtain φα
n(u, v) = 0.

Theorem 4.3.5. Assume that U is a commutative Lie ideal of a 2-torsion free prime

Γ-ring M such that uαu ∈ M for all u ∈ U and α ∈ Γ. Then every Jordan higher

derivation on U of M is a higher derivation on the same.

Proof. By the similar arguments which are used in the proof of the Theorem 4.2.9,

we obtain that U ⊆ Z(M). Using this in Lemma 4.3.1(i), we get

2dn(uαv) = 2
∑

i+j=n

di(u)αdj(v).

Since M is 2-torsion free, so we have

dn(uαv) =
∑

i+j=n

di(u)αdj(v),∀u, v ∈ U ;α ∈ Γ.



Chapter 5

Generalized Derivations on Lie
Ideals

In this chapter, we continue our study on Lie ideals of Γ-rings. This chapter makes

a study of generalized derivations and generalized higher derivations on Lie ideals

of Γ-rings analogous to the study of derivations and higher derivations on Lie ideals

of Γ-rings in the preceding chapter. We define various derivations on Lie ideals of

Γ-rings which are generalized derivation, Jordan generalized derivation, generalized

higher derivation and Jordan generalized higher derivation.

In the next, we construct some more significant results due to the defined concept

of Jordan generalized derivations on Lie ideals of Γ-rings in sequel to the previous

results of the foregoing chapter. Here we consider f : M →M is a Jordan generalized

derivation on a Lie ideal U of a 2-torsion free prime Γ-ring M with an associated

Jordan derivation d : M →M on U . We prove that if U is an admissible Lie ideal of

M , then f(uαv) = f(u)αv+uαd(v) for all u, v ∈ U ;α ∈ Γ, and if U is a commutative

Lie ideal of M , then every Jordan generalized derivation on U of M is a generalized

derivation on the same.

In the third section of this chapter, we develop some consequences relating to

100
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the concept of Jordan generalized higher derivations on Lie ideals of Γ-rings to prove

the analogous results corresponding to the above mentioned results considering this

derivation.

5.1 Introduction

M. Ashraf and N. Rehman [2] considered the question of I. N. Herstein [21] for a Jor-

dan generalized derivation. They showed that in a 2-torsion free ring R which has a

commutator right nonzero divisor, every Jordan generalized derivation on R is a gen-

eralized derivation on R. In 2000, Nakajima defined a generalized higher derivation

in [31] and gave some categorical properties which are related to [30]. He also treated

generalized higher Jordan and Lie derivations. Later, Cortes and Haetinger [14] ex-

tended the theorem of M. Ashraf and N. Rehman [2] to generalized higher derivations.

They proved that if R is 2-torsion free ring which has a commutator right nonzero

divisor, then every Jordan generalized higher derivation on R is a generalized higher

derivation on R.

First, we introduce the concepts of generalized derivation and Jordan generalized

derivation on Lie ideals of Γ-rings in the following way.

Definition 5.1.1. If U is a Lie ideal of a Γ-ring M . Then an additive mapping

f : M → M is said to be a generalized derivation on a Lie ideal U if there exists a

derivation d : M → M such that f(uαv) = f(u)αv + uαd(v) for all u, v ∈ U ;α ∈ Γ

and f : M → M is said to be a Jordan generalized derivation on a Lie ideal U if

there exists a derivation d : M → M on U such that f(uαu) = f(u)αu+ uαd(u) for

all u ∈ U ;α ∈ Γ.
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We now give examples of a Jordan generalized derivation and a generalized deriva-

tion on a Lie ideal U of a Γ-ring M , where M satisfies aαbβc = aβbαc for all

a, b, c ∈M ;α, β ∈ Γ.

Example 5.1.1. If a ∈ M and α ∈ Γ are fixed elements. Define f : M → M by

f(x) = aαx+ xαa and d(x) = xαa− aαx. For all x, y ∈ U and β ∈ Γ, we obtain

f(yβy) = aα(yβy) + (yβy)αa

= aαyβy + yαaβy − yαaβy + yβyαa

= (aαy + yαa)βy + yβ(yαa− aαy)

= f(y)βy + yβd(y),∀ y ∈ U ; β ∈ Γ.

Therefore, f is a Jordan generalized derivation on U .

Also, for all x, y ∈ U and β ∈ Γ, we get

f(xβy) = aα(xβy) + (xβy)αa

= aαxβy + xαaβy − xαaβy + xβyαa

= (aαx+ xαa)βy + xβ(yαa− aαy)

= f(x)βy + xβd(y),∀ x, y ∈ U ; β ∈ Γ.

Therefore, f is a generalized derivation on U of M .

The following example shows that every Jordan generalized derivation on a Lie

ideal of a Γ-ring need not be a generalized derivation on the same.

Example 5.1.2. Suppose f : M →M is a generalized derivation with an associated

derivation d on U of M . Let M1 = {(x, x) : x ∈ M} and Γ1 = {(α, α) : α ∈ Γ}. If

we define addition and multiplication on M1 by (x, x) + (y, y) = (x + y, x + y) and
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(x, x)(α, α)(y, y) = (xαy, xαy). Then M1 is a Γ1-ring. Define U1 = {(u, u) : u ∈ U}.

Then for uαx− xαu ∈ U ,

(u, u)(α, α)(x, x)− (x, x)(α, α)(u, u) = (uαx, uαx)− (xαu, xαu)

= (uαx− xαu, uαx− xαu) ∈ U1.

Hence U1 is a Lie ideal of M1. Now, we define a mapping F : M1 → M1 by

F ((u, u)) = (f(u), f(u)) and D((u, u)) = (d(u), d(u)). Then it is clear that F is

a Jordan generalized derivation on U1 of M1 with an associated derivation D on U1

of M1. Obviously, F is not a generalized derivation on U1 of M1.

Now, we introduce the concepts of generalized higher derivation and Jordan gen-

eralized higher derivation on Lie ideals of a Γ-ring in the following way.

Definition 5.1.2. Suppose U is a Lie ideal of a Γ-ring M . Let F = (fi)i∈N0 be

a family of additive mappings on U such that f0 = idM , where idM is an identity

mapping on U of M and N0 denotes the set of natural numbers including 0. F is

a generalized higher derivation on a Lie ideal U if there exists a higher derivation

D = (di)i∈N0 on U such that for each n ∈ N0; i, j ∈ N0,

fn(aαb) =
∑

i+j=n

fi(a)αdj(b),∀ a, b ∈ U ;α ∈ Γ,

and F is a Jordan generalized higher derivation on a Lie ideal U if there exists a

higher derivation D = (di)i∈N0 on U such that for each n ∈ N0; i, j ∈ N0,

fn(aαa) =
∑

i+j=n

fi(a)αdj(a),∀ a ∈ U ;α ∈ Γ.

The following are examples of a Jordan generalized higher derivation and a gen-

eralized higher derivation on a Lie ideal of a Γ-ring.
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Example 5.1.3. Suppose N is a Lie ideal of a Γ-ring M as in Example 4.1.3. Let

U be a Lie ideal of R and fn : R → R be a generalized higher derivation on U of R

with an associated higher derivation dn : R→ R on U , where n ∈ N0. So, we have

fn(uαv) =
∑

i+j=n

fi(u)αdj(v), ∀ u, v ∈ U ; α ∈ Γ.

Define mappings

Fn : M →M by Fn((a, b)) = (fn(a), fn(b));

Dn : M →M by Dn((a, b)) = (dn(a), dn(b)).

For each (a, a), (b, b) ∈ N and

 n

n

 ∈ Γ, we have

Fn((a, a)

 n

n

 (b, b)) = Fn(anb+ anb, anb+ anb)

= (fn(anb+ anb), fn(anb+ anb))

= (
∑

i+j=n

(fi(a)ndj(b) + fi(a)ndj(b)),
∑

i+j=n

(fi(a)ndj(b) + fi(a)ndj(b)))

=
∑

i+j=n

(fi(a), fi(a))

 n

n

 (dj(b), dj(b))

=
∑

i+j=n

Fi((a, a))

 n

n

Dj((b, b)).

Therefore, Fn is a generalized higher derivation on a Lie ideal N of M .

The next example gives an application of Jordan generalized higher derivation and

a generalized higher derivation on a Lie ideal of a Γ-ring which shows that every Jor-

dan generalized higher derivation on a Lie ideal of a Γ-ring need not be a generalized

higher derivation.
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Example 5.1.4. Let U be a Lie ideal of a Γ-ring M , and fn : M →M be a generalized

higher derivation on U with an associated higher derivation dn : M →M on U . Thus,

we have

fn(uαv) =
∑

i+j=n

fi(u)αdj(v), ;∀ u, v ∈ U ; α ∈ Γ.

Consider M1,Γ1 and U1 as in Example 4.1.4 . Now, define mappings

Fn : M1 →M1 by Fn((x, x)) = (fn(x), fn(x));

Dn : M1 →M1 by Dn((x, x)) = (dn(x), dn(x)).

Then for all (u, u) ∈ U1 and (α, α) ∈ Γ1, we have

Fn((u, u)(α, α)(u, u)) = Fn(uαu, uαu)

= (fn(uαu), fn(uαu))

= (
∑

i+j=n

fi(u)αdj(u),
∑

i+j=n

fi(u)αdj(u))

=
∑

i+j=n

(fi(u), fi(u))(α, α)(dj(u), dj(u))

=
∑

i+j=n

Fi((u, u))(α, α)Dj((u, u)).

Therefore, Fn is a Jordan generalized higher derivation on a Lie ideal U1 of M1 with

an associated higher derivation Dn on U1 of M1. Also we have seen that it is not a

generalized higher derivation on U1 of M1.

Except otherwise mentioned, throughout this chapter hereafter, U represents

a Lie ideal of a 2-torsion free Γ-ring M and M satisfies aαbβc = aβbαc for all a, b, c ∈

M ;α, β ∈ Γ which is marked by (*).



106

5.2 Jordan Generalized Derivations on Lie Ideals

of Prime Γ-Rings

The following lemma is the basic tool for our work in this section.

Lemma 5.2.1. If aαa ∈ U for all a ∈ U and α ∈ Γ. Assume that f is a Jordan

generalized derivation on U of M with an associated derivation d. Then for all a, b, c ∈

U and α, β ∈ Γ, the following statements hold:

(i) f(aαb+ bαa) = f(a)αb+ aαd(b) + f(b)αa+ bαd(a);

(ii) f(aαbβa+ aβbαa) = f(a)αbβa+ aαd(b)βa+ aαbβd(a) + f(a)βbαa+ aβd(b)αa+

aβbαd(a).

In particular, if M is 2-torsion free and satisfies the condition (*), then

(iii) f(aαbβa) = f(a)αbβa+ aαd(b)βa+ aαbβd(a);

(iv) f(aαbβc+ cαbβa) = f(a)αbβc+ aαd(b)βc+ aαbβd(c) + f(c)αbβa+ cαd(b)βa+

cαbβd(a).

Proof. Since U is a Lie ideal satisfying the condition aαa ∈ U, for all a ∈ U, α ∈ Γ.

For a, b ∈ U, α ∈ Γ, (aαb + bαa) = (a + b)α(a + b) − (aαa + bαb) and therefore

(aαb+ bαa) ∈ U . Then,

f(aαb+ bαa) = f((a+ b)α(a+ b)− (aαa+ bαb))

= f(a+ b)α(a+ b) + (a+ b)αd(a+ b)− f(a)αa− aαd(a)− f(b)αb− bαd(b)

= f(a)αa+ f(a)αb+ f(b)αa+ f(b)αb+ aαd(a) + aαd(b) + bαd(a) + bαd(b)

− f(a)αa− aαd(a)− f(b)αb− bαd(b)

= f(a)αb+ aαd(b) + f(b)αa+ bαd(a).
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Replacing aβb+ bβa for b in (i), we get

f(aα(aβb+bβa)+(aβb+bβa)αa) = f(a)α(aβb+bβa)+aαd(aβb+bβa)+f(aβb+bβa)αa

+ (aβb+ bβa)αd(a).

⇒ f((aαa)βb+bβ(aαa))+f(aαbβa+aβbαa) = f(a)α(aβb+bβa)+aα(d(a)βb+aβd(b)

+d(b)βa+bβd(a))+(f(a)βb+aβd(b)+f(b)βa+bβd(a))αa+aβbαd(a)+bβaαd(a).

This implies,

f(aαa)βb+ (aαa)βd(b) + f(b)β(aαa) + bβd(aαa) + f(aαbβa+ aβbαa)

= f(a)αaβb+ f(a)αbβa+ aαd(a)βb+ aαaβd(b) + aαd(b)βa+ aαbβd(a)

+ f(a)βbαa+ aβd(b)αa+ f(b)βaαa+ bβd(a)αa+ aβbαd(a) + bβaαd(a).

This yields,

f(a)αaβb+aαd(a)βb+aαaβd(b)+f(b)βaαa+bβd(a)αa+bβaαd(a)+f(aαbβa+aβbαa)

= f(a)αaβb+ f(a)αbβa+ aαd(a)βb+ aαaβd(b) + aαd(b)βa+ aαbβd(a)

+ f(a)βbαa+ aβd(b)αa+ f(b)βaαa+ bβd(a)αa+ aβbαd(a) + bβaαd(a).

Cancelling the like terms from both sides, we get the required result. Using the

condition (*) and since M is 2-torsion free, (iii) follows from (ii).

And, finally (iv) is obtained by replacing a+ c for a in (iii).

Definition 5.2.1. Let f be a Jordan generalized derivation on U of M with an

associated derivation d. We define ψα(u, v) = f(uαv) − f(u)αv − uαd(v) for all

u, v ∈ U and α ∈ Γ.
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Remark 5.2.1. ψα(u, v) = 0 if and only if f is a generalized derivation on U of M .

Lemma 5.2.2. With the notations as above. For all u, v, w ∈ U and α, β ∈ Γ,

(i) ψα(u, v) = −ψα(v, u); (ii) ψα(u+ w, v) = ψα(u, v) + ψα(w, v);

(iii) ψα(u, v + w) = ψα(u, v) + ψα(u,w); (iv) ψα+β(u, v) = ψα(u, v) + ψβ(u, v).

Proof. This follows by a repetition of the argument used in the proof of Lemma

2.2.2.

Next, we go through the following results.

Lemma 5.2.3. If U is an admissible Lie ideal of a prime Γ-ring M and f is a Jordan

generalized derivation on U of M with an associated derivation d, then

ψα(u, v)βwγ[u, v]α = 0,∀ u, v, w ∈ U ;α, β, γ ∈ Γ.

Proof. Since U is an admissible Lie ideal of M , so it satisfies the condition uαu ∈ U

for all u ∈ U, α ∈ Γ. Now, for u, v ∈ U, α ∈ Γ, we have (uαv + vαu) = (u + v)α(u +

v) − (uαu + vαv) and therefore (uαv + vαu) ∈ U . Also, [u, v]α = uαv − vαa ∈ U

and it follows that 2uαv ∈ U . Hence, 4uαvβw = 2(2uαv)βw ∈ U for all u, v, w ∈

U, α, β ∈ Γ. Let x = 4(uαvβwγvαu + vαuβwγuαv). First, using Lemma 5.2.1(iv),

we have

f(x) = f((2uαv)βwγ(2vαu) + (2vαu)βwγ(2uαv))

= f(2uαv)βwγ(2vαu) + 2uαvβd(w)γ2vαu+ 2uαvβwγd(2vαu)+

f(2vαu)βwγ(2uαv) + 2vαuβd(w)γ2uαv + 2vαuβwγd(2uαv).



109

Now, using Lemma 5.2.1(iii) and Lemma 4.2.1(iii), we obtain

f(x) = f(uα(4vβwγv)αu+ vα(4uβwγu)αv)

= 4f(u)αvβwγvαu+ uαd(4vβwγv)αu+ 4uαvβwγvαd(u) + 4f(v)αuβwγuαv

+ vαd(4uβwγu)αv + 4vαuβwγuαd(v)

= 4f(u)αvβwγvαu+4uαd(v)βwγvαu+4uαvβd(w)γvαu+4uαvβwγd(v)αu+4uαvβwγvαd(u)

+4f(v)αuβwγuαv+4vαd(u)βwγuαv+4vαuβd(w)γuαv+4vαuβwγd(u)αv+4vαuβwγuαd(v).

Comparing the two right sides of f(x), we obtain

4(f(uαv)βwγvαu+ f(vαu)βwγuαv + uαvβwγd(vαu) + vαuβwγd(uαv))

= 4(f(u)αvβwγvαu+ uαd(v)βwγvαu+ f(v)αuβwγuαv + vαd(u)βwγuαv

+ uαvβwγd(v)αu+ uαvβwγvαd(u) + vαuβwγd(u)αv + vαuβwγuαd(v)).

This implies,

4((f(uαv)− f(u)αv − uαd(v))βwγvαu+ (f(vαu)− f(v)αu− vαd(u))βwγuαv

+uαvβwγ(d(vαu)−d(v)αu−vαd(u))+ vαuβwγ(d(uαv)−d(u)αv−uαd(v))) = 0.

Using the Definition 5.2.1, we obtain

4(ψα(u, v)βwγvαu+ ψα(v, u)βwγuαv + uαvβwγφα(v, u) + vαuβwγφα(u, v)) = 0.

Since d is a derivation on U of M , hence by Theorem 4.2.8, φα(u, v)) = 0 and

φα(v, u)) = 0,∀ u, v ∈ U ;α ∈ Γ, consequently

4(ψα(u, v)βwγvαu+ ψα(v, u)βwγuαv) = 0.

Using Lemma 5.2.2(i), and since M is 2-torsion free, so we get

ψα(u, v)βwγ[u, v]α = 0,∀ u, v, w ∈ U ;α, β, γ ∈ Γ.
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We are now concluding this section by proving the following two theorems.

Theorem 5.2.4. Let U be an admissible Lie ideal of a prime Γ-ring M . If f : M →

M is a Jordan generalized derivation on U , then f(uαv) = f(u)αv + uαd(v) for all

u, v ∈ U ;α ∈ Γ.

Proof. By Lemma 5.2.3, we have

ψα(u, v)βwγ[u, v]α = 0,∀ u, v, w ∈ U ;α, β, γ ∈ Γ.

Using Lemma 4.2.7, we get

ψα(u, v)βwγ[x, y]δ = 0,∀ u, v, w, x, y ∈ U ;α, β, γ, δ ∈ Γ.

Since U is an admissible Lie ideal of M , consequently [x, y]δ 6= 0. Therefore, by

Lemma 4.2.5, we get ψα(u, v) = 0.

Theorem 5.2.5. Let U be a commutative Lie ideal of a prime Γ-ring M such that

uαu ∈ U for all u ∈ U and α ∈ Γ. Then every Jordan generalized derivation on U of

M is a generalized derivation on the same.

Proof. Since U is a commutative Lie ideal of M, [u, v]α = 0 for all u, v ∈ U and α ∈ Γ.

So, by Lemma 4.2.9, U ⊆ Z(M). Now, by Lemma 5.2.1(iv), we obtain

f(uαvβw+wαvβu) = f(u)αvβw+f(w)αvβu+uαd(v)βw+wαd(v)βu+uαvβd(w)+wαvβd(u)

(5.1)

Since uαu ∈ U for all u ∈ U and α ∈ Γ, we find that

uαv + vαu ∈ U,∀ u, v ∈ U ;α ∈ Γ.
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Also, we have

uαv − vαu ∈ U,∀ u ∈ U ;α ∈ Γ.

These two relations yield that 2uαv ∈ U . Since U is commutative, we get uαv = vαu

for all u, v ∈ U and α ∈ Γ. So, in view of Lemma 5.2.1(i) and using the condition (*),

we get

2f(uαvβw + wαvβu) = f((2uαv)βw + wβ(2uαv))

= f(2uαv)βw + f(w)β2uαv + 2uαvβd(w) + wβd(2uαv)

= 2(f(uαv)βw + uαvβd(w) + f(w)βuαv + wβd(u)αv + wβuαd(v)).

Using the 2-torsion freeness of M , we obtain

f(uαvβw+wαvβu) = f(uαv)βw+uαvβd(w) + f(w)βuαv+wβd(u)αv+wβuαd(v).

(5.2)

Combining (5.1) and (5.2), using the fact that uαv = vαu, U ⊆ Z(M) and the

condition (*)

(f(uαv)− f(u)αv − uαd(v))βw = 0,∀ u, v, w ∈ U ;α, β ∈ Γ.

This implies,

ψα(u, v)βw = 0,∀ u, v, w ∈ U ;α, β ∈ Γ.

Now, putting [w,m]γ for w, for every m ∈M and γ ∈ Γ, we get

ψα(u, v)β[w,m]γ = 0.

⇒ ψα(u, v)βwγm− ψα(u, v)βmγw = 0.

Since ψα(u, v)βw = 0, we have ψα(u, v)βMγw = 0. Since U 6= 0 and M is prime,

we find that ψα(u, v) = 0 for all u, v ∈ U and α ∈ Γ. Therefore, we get the required

result.
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5.3 Jordan Generalized Higher Derivations on Lie

Ideals of Prime Γ-Rings

First, we develop some consequences relating to the concept of Jordan generalized

higher derivations on Lie ideals of a Γ-ring to extend the results stated at the beginning

of this chapter following [14, 15, 16, 17] classical ring theory to Γ-ring theory.

Lemma 5.3.1. Let U be a Lie ideal of M such that aαa ∈ U, for all a ∈ U and

α ∈ Γ. If F = (fi)i∈N is a Jordan generalized higher derivation on U of M with an

associated higher derivation D = (di)i∈N0 . Then ∀ a, b, c ∈ U ;α, β ∈ Γ and n ∈ N,

(i) fn(aαb+ bαa) =
∑

i+j=n[fi(a)αdj(b) + fi(b)αdj(a)];

(ii) fn(aαbβa) =
∑

i+j+k=n[fi(a)αdj(b)βdk(a)];

(iii) fn(aαbβc+ cαbβa) =
∑

i+j+k=n[fi(a)αdj(b)βdk(c) + fi(c)αdj(b)βdk(a)].

Proof. The proofs of (i) and (ii) are similar to the corresponding proofs of Lemma

5.2.1(i) and Lemma 5.2.1(iii). Replacing a by a+ c in (ii), and compute it using (ii)

X = (a+ c)αbβ(a+ c)

⇒ fn(X) =
∑

i+j+k=n

fi(a)αdj(b)βdk(c) +
∑

i+j+k=n

fi(c)αdj(b)βdk(a)

+
∑

i+j+k=n

fi(a)αdj(b)βdk(a) +
∑

i+j+k=n

fi(c)αdj(b)βdk(c).

On the other hand, using (ii)

fn(X) = fn(aαbβc + cαbβa) +
∑

i+j+k=n

(fi(a)αdj(b)βdk(a) + fi(c)αdj(b)βdk(c)).

By comparing the two results for fn(X), we obtain (iii).



113

Definition 5.3.1. For every Jordan generalized higher derivation F = (fi)i∈N on U

of M , we define ψα
n(a, b) = fn(aαb)−

∑
i+j=n fi(a)αdj(b), for all a, b ∈ U ;α ∈ Γ and

n ∈ N.

Remark 5.3.1. F is a generalized higher derivation on U of M if and only if ψα
n(a, b) =

0, for all a, b ∈ U ;α ∈ Γ and n ∈ N.

Lemma 5.3.2. The following are true for all a, b, c ∈ U ;α, β ∈ Γ and n ∈ N,

(i) ψα
n(a, b) + ψα

n(b, a) = 0; (ii) ψα
n(a+ b, c) = ψα

n(a, c) + ψα
n(b, c);

(iii) ψα
n(a, b+ c) = ψα

n(a, b) + ψα
n(a, c); (iv) ψα+β

n (a, b) = ψα
n(a, b) + ψβ

n(a, b).

Proof. This follows by a repetition of the argument used in the proof of Lemma

3.4.2.

Lemma 5.3.3. Let M be a 2-torsion free Γ-ring and U be a Lie ideal of M such

that aαa ∈ U for all a ∈ U and α ∈ Γ. If F = (fi)i∈N is a Jordan generalized

higher derivation on U of M with an associated higher derivation D = (di)i∈N0.

Suppose that n ∈ N; a, b ∈ U ;α, β, γ ∈ Γ and ψα
m(a, b) = 0, for every m < n, then

ψα
n(a, b)βwγ[a, b]α = 0, for every w ∈ U .

Proof. Since U is a Lie ideal satisfying the condition aαa ∈ U, for all a ∈ U, α ∈ Γ.

For a, b ∈ U, α ∈ Γ, (aαb + bαa) = (a + b)α(a + b) − (aαa + bαb) and therefore

(aαb+ bαa) ∈ U . Also, [a, b]α = aαb− bαa ∈ U and it follows that 2aαb ∈ U . Hence,

4aαbβc = 2(2aαb)βc ∈ U, for all a, b, c ∈ U, α, β ∈ Γ. SupposeH = 4fn(aαbβwγbαa+

bαaβwγaαb). First, by using Lemma 5.3.1(iii), we get

H = fn((2aαb)βwγ(2bαa) + (2bαa)βwγ(2aαb))

= 4
∑

r+s+t=n

(fr(aαb)βds(w)γdt(bαa) + fr(bαa)βds(w)γdt(aαb))
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= 4
∑

r+s+t=n

fr(aαb)βds(w)γdt(bαa) + 4
∑

r+s+t=n

fr(bαa)βds(w)γdt(aαb).

Again, by using Lemma 5.3.1(ii) and Lemma 4.3.1(ii), we obtain

H = fn(aα(4bβwγb)αa) + fn(bα(4aβwγa)αb)

= 4
∑

i+p+l=n

fi(a)αdp(bβwγb)αdl(a) + 4
∑

i+p+l=n

fi(b)αdp(aβwγa)αdl(b)

= 4
∑

i+j+k+h+l=n

fi(a)αdj(b)βdk(w)γdh(b)αdl(a)+4
∑

i+j+k+h+l=n

fi(b)αdj(a)βdk(w)γdh(a)αdl(b)

Comparing the two expressions for H, we have

∑
i+j+k+h+l=n

fi(a)αdj(b)βdk(w)γdh(b)αdl(a)−
∑

r+s+t=n

fr(aαb)βds(w)γdt(bαa)

+
∑

i+j+k+h+l=n

fi(b)αdj(a)βdk(w)γdh(a)αdl(b)−
∑

r+s+t=n

fr(bαa)βds(w)γdt(aαb) = 0.

SinceD = (di)i∈N is a higher derivation on U ofM and fm(uαv) =
∑

i+j=m fi(u)αdj(v),

when m < n. Therefore,

∑
i+j+k+h+l=n

fi(a)αdj(b)βdk(w)γdh(b)αdl(a)−
∑

r+s+t=n

fr(aαb)βds(w)γdt(bαa)

= (
∑

i+j=n

fi(a)αdj(b))βwγbαa+ aαbβwγ(
∑

h+l=n

dh(b)αdl(a))

+

i+j<n,h+l<n∑
i+j+k+h+l=n

(fi(a)αdj(b)βdk(w)γdh(b)αdl(a))− fn((aαb)βwγ(bαa)

− (aαb)βwγdn(bαa)−
i+j=r<n,p+q=t<n∑

r+s+t=n

(fi(a)αdj(b)βds(w)γdp(b)αdq(a))

= −(fn((aαb)−
∑

i+j=n

fi(a)αdj(b))β(wγbαa)−(aαbβw)γ(dn(bαa)−
∑

h+l=n

dh(b)αdl(a))

= −(ψα
n(a, b)βwγbαa+ aαbβwγφα

n(b, a)).
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Similarly,

∑
i+j+k+h+l=n

fi(b)αdj(a)βdk(w)γdh(a)αdl(b)−
∑

r+s+t=n

dr(bαa)βds(w)γdt(aαb)

= −(ψα
n(b, a)βwγaαb+ bαaβwγφα

n(a, b)).

Hence, we get

ψα
n(a, b)βwγbαa + aαbβwγφα

n(b, a) + ψα
n(b, a)βwγaαb + bαaβwγφα

n(a, b) = 0.

By Lemma 5.3.2(i), we have

ψα
n(a, b)βwγbαa − aαbβwγφα

n(a, b) − ψα
n(a, b)βwγaαb + bαaβwγφα

n(a, b) = 0.

This implies,

ψα
n(a, b)βwγ[a, b]α + [a, b]αβwγφ

α
n(a, b) = 0,∀ w ∈ U.

Since D = (di)i∈N is a higher derivation on U of M . Thus, by Theorem 4.3.4, we

have φα
n(a, b) = 0,∀ a, b ∈ U ;α ∈ Γ;n ∈ N and hence accomplishes the proof.

We conclude this chapter by proving following two theorems.

Theorem 5.3.4. Assume that M is a prime Γ-ring and U is an admissible Lie ideal

of M . Then every Jordan generalized higher derivation on U of M is a generalized

higher derivation on the same.

Proof. By definition ψα
0 (a, b) = 0, for all a, b ∈ U and α ∈ Γ. Also, by Theorem 5.2.4,

ψα
1 (a, b) = 0, for all a, b ∈ U and α ∈ Γ. Now, we proceed by induction. Suppose

that ψα
m(a, b) = 0, when m < n. This implies, fm(aαb) =

∑
i+j=m fi(a)αdj(b), for all

a, b ∈ U, α ∈ Γ and m < n. Taking a, b ∈ U , by Lemma 5.3.3, we get

ψα
n(a, b)βwγ[a, b]α = 0,∀ w ∈ U ;α, β, γ ∈ Γ.



116

In view of Lemma 4.2.7, we obtain

ψα
n(a, b)βwγ[x, y]δ = 0,∀ a, b, x, y, w ∈ U ;α, β, γ, δ ∈ Γ.

Since U * Z(M), [x, y]δ 6= 0. So, by Lemma 4.2.5 ψα
n(a, b) = 0.

Lemma 5.3.5. Let M be a prime Γ-ring and U be a commutative Lie ideal of M

such that uαu ∈ U for all u ∈ U and α ∈ Γ. Let F = (fi)i∈N be a Jordan generalized

higher derivation on U of M with the associated higher derivation D = (di)i∈N. If

ψα
m(u, v) = 0, for every m < n;u, v ∈ U and α ∈ Γ, then ψα

n(u, v)βw = 0 for all

w ∈ U, β ∈ Γ.

Proof. Since U is a commutative Lie ideal of M such that uαu ∈ U for all u ∈ U and

α ∈ Γ. Hence, by Lemma 4.2.9, U ⊆ Z(M). Now, in view of Lemma 5.2.1(iii), we

obtain

fn(uαvβw + wαvβu) =
∑

i+j+k=n

(fi(u)αdj(v)βdk(w) + fi(w)αdj(v)βdk(u)). (5.3)

By Lemma 5.3.1(i), using uαv = vαu and the condition (*), we have

2fn(uαvβw + wαvβu) = fn((2uαv)βw + wβ(2uαv))

= 2
∑

i+j=n

(fi(uαv)βdj(w) + fi(w)βdj(uαv))

= 2
∑

i+j=n

fi(uαv)βdj(w) + 2
∑

i+j=n

fi(w)βdj(vαu)

= 2
∑

i+j=n

(fi(uαv)βdj(w) + 2
∑

i+p+q=n

fi(w)βdp(v)αdq(u)).

This follows that,

fn(uαvβw + wαvβu) =
∑

i+j=n

(fi(uαv)βdj(w) +
∑

i+p+q=n

fi(w)βdp(v)αdq(u)). (5.4)
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Comparing (5.3) and (5.4), we get

∑
i+j=n

(fi(uαv)βdj(w) =
∑

i+j+k=n

(fi(u)αdj(v)βdk(w)

⇒ (fn(uαv)βw +

p+q=i<n∑
p+q+j=n

fp(u)αdq(v)βdj(w) = (
∑

i+j=n

fi(u)αdj(v))βw

+

i+j<n∑
i+j+k=n

fi(u)αdj(v)βdk(w).

This implies,

(fn(uαv)−
∑

i+j=n

fi(u)αdj(v))βw = 0.

Therefore, ψα
n(u, v)βw = 0, for all u, v, w ∈ U and α, β ∈ Γ.

Theorem 5.3.6. Let M be a prime Γ-ring and U be a commutative Lie ideal of M

such that uαu ∈ U for all u ∈ U and α ∈ Γ. Then every Jordan generalized higher

derivation on U of M is a generalized higher derivation on the same.

Proof. By definition we have ψα
0 (u, v) = 0 for all u, v ∈ U and α ∈ Γ. Now we prove

the theorem by induction. If n = 1, then by Theorem 5.2.5 we obtain ψα
1 (u, v) = 0

for all u, v ∈ U and α ∈ Γ. Now we assume that n ≥ 2 and ψα
m(u, v) = 0 for all

m < n. Then by Lemma 5.3.5, we have

ψα
n(u, v)βw = 0,∀ u, v, w ∈ U ;α, β ∈ Γ. (5.5)

Since w ∈ U, we have [w,m]γ ∈ U for all m ∈M and γ ∈ Γ. Replacing w by [w,m]γ

and using (5.5), we obtain ψα
n(u, v)βmγw = 0. Since U 6= 0, the primeness of M

implies that, ψα
n(u, v) = 0 for all u, v ∈ U and α ∈ Γ. This is the required result.



Chapter 6

(U,M)-Derivations

This chapter deals with (U,M)-derivations and higher (U,M)-derivations of Γ-rings.

Here we introduce the concepts of (U,M)-derivation and higher (U,M)-derivation in

Γ-rings. Introductory discussions concerning these concepts are described in the first

section.

The second section develops some relevant important results due to the newly

introduced concept of (U,M)-derivation in Γ-rings. Then we generalized the results

of A. K. Faraj, C. Haetinger and A. H. Majeed [16] in Γ-rings by the new concept

of (U,M)-derivation. Here we prove that, if U is an admissible Lie ideal of a prime

Γ-ring M , and d is a (U,M)-derivation of M then d(uαv) = d(u)αv + uαd(v) for

all u, v ∈ U and α ∈ Γ. After that, we prove d(uαm) = d(u)αm + uαd(m) for all

u ∈ U,m ∈M and α ∈ Γ, when uαu ∈ U for all u ∈ U and α ∈ Γ.

In the next, we develop some consequences relating to the concept of higher

(U,M)-derivations of Γ-rings. We conclude this chapter by showing that if U is

an admissible Lie ideal of a prime Γ-ring M , and D = (di)i∈N is a higher (U,M)-

derivation of M then (i) dn(uαv) =
∑

i+j=n di(u)αdj(v) for all u, v ∈ U ;α ∈ Γ;n ∈ N

and (ii) dn(uαm) =
∑

i+j=n di(u)αdj(m) for all u ∈ U,m ∈M,α ∈ Γ and n ∈ N.
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6.1 Introduction

We begin by explaining the introductional background behind the notions of the

(U,M)-derivation and higher (U,M)-derivation in Γ-rings. In 1950, I. N. Herstein

[20, 21, 22] initiated the study of Lie and Jordan structure of associative rings. The

relationship between usual derivations and Lie ideals of prime rings has been exten-

sively studied in the last 40 years, in particular, when this relationship involves the

action of the derivations on Lie ideals. R. Awtar [3] extended the Herstein’s theorem

to Lie ideals. He proved that if U is a Lie ideal of a 2-torsion free prime ring R such

that u2 ∈ U for all u ∈ U and d : R→ R is an additive mapping such that d is deriva-

tion on U of R, then d is a derivation on U of R. Also, C. Haetinger in [17] extended

Awtar’s result to higher derivations. A. K. Faraj, C. Haetinger and A. H. Majeed

[16] introduced (U,R)− derivations in rings as a generalization of Jordan derivations

on Lie ideals of rings. The notion of (U,R)-derivation extends the concept given of

R. Awtar [3]. A. K. Faraj, C. Haetinger and A. H. Majeed [16] proved that if R is a

prime ring, char(R) 6= 2, U a square closed Lie ideal of R and d a (U,R)-derivation

of R then d(ur) = d(u)r + ud(r) for all u ∈ U, r ∈ R. This result is a generalization

of the result of R. Awtar [3].

Continuing in the similar way as that has been done earlier by the above mentioned

prominent algebraists we then introduce the concepts of (U,M)-derivation and higher

(U,M)-derivation of Γ-rings in the following way.

Definition 6.1.1. Suppose U is a Lie ideal of a Γ-ring M . An additive mapping

d : M → M is a (U,M)- derivation of M if d(uαm + sαu) = d(u)αm + uαd(m) +

d(s)αu+ sαd(u) holds for all u ∈ U ;m, s ∈M and α ∈ Γ.
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The existence of a Lie ideal of a Γ-ring and a (U,M)-derivation of a Γ-ring are

confirmed by the following example.

Example 6.1.1. If R is an associative ring with 1, and U is a Lie ideal of R.

Let M = M1,2(R) and Γ =


 n.1

0

 : n ∈ Z

, then M is a Γ-ring. Let N =

{(x, x) : x ∈ R} ⊆ M , then N is a sub Γ-ring. Let U1 = {(u, u) : u ∈ U}, then for

una− anu ∈ U for all u ∈ U and a ∈M , we get

(u, u)

 n

0

 (a, a)− (a, a)

 n

0

 (u, u) = (una, una)− (anu, anu)

= (una− anu, una− anu) ∈ U.

Thus, U1 is a Lie ideal of N . Let d : R → R be a (U,R)-derivation. Now, we define

a mapping D : N → N by D((x, x)) = (d(x), d(x)). Then

D((u, u)

 n

0

 (a, a) + (b, b)

 n

0

 (u, u)) = D((una, una) + (bnu, bnu))

= D((una+ bnu, una+ bnu)) = (d(una+ bnu), d(una+ bnu))

= (d(u)na+ und(a) + d(b)nu+ bnd(u), d(u)na+ und(a) + d(b)nu+ bnd(u))

= (d(u)na+ und(a), d(u)na+ und(a)) + (d(b)nu+ bnd(u), d(b)nu+ bnd(u))

= (d(u)na, d(u)na) + (und(a), und(a)) + (d(b)nu, d(b)nu) + (bnd(u), bnd(u))

= (d(u), d(u))

 n

0

 (a, a) + (u, u)

 n

0

 (d(a), d(a)) + (d(b), d(b))

 n

0

 (u, u)

+ (b, b)

 n

0

 (d(u), d(u))
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= D((u, u))

 n

0

 (a, a) + (u, u)

 n

0

 (D((a, a)) +D((b, b))

 n

0

 (u, u)

+ (b, b)

 n

0

D((u, u)) = D(u1)αx+ u1αD(x) +D(y)αu1 + yαD(u1),

where u1 = (u, u), α =

 n

0

 , x = (a, a), y = (b, b). Therefore,

D(u1αx+ yαu1) = D(u1)αx+ u1αD(x) +D(y)αu1 + yαD(u1).

Hence D is a (U1, N)−derivation of N .

Definition 6.1.2. Let U be a Lie ideal of a Γ-ring M , and let D = (di)i∈N0 be a

family of additive mappings of M into itself such that d0 = idM , where idM is an

identity mapping on M . Then D is a higher (U,M)-derivation of M if for each n ∈ N,

dn(uαm+ sαu) =
∑

i+j=n

(di(u)αdj(m) + di(s)αdj(u))

holds for all u ∈ U ;m, s ∈M and α, β ∈ Γ.

Example 6.1.2. Suppose N and U1 are as in Example 6.1.1. Let dn : R → R be

a higher (U,R)-derivation. If we define a mapping Dn : N → N by Dn((x, x)) =

(dn(x), dn(x)). Then by the similar calculation as in Example 6.1.1, we can show

that, Dn is a higher (U1, N)-derivation of N.

Throughout this chapter (unless otherwise stated), U represents a Lie ideal

of a 2-torsion free Γ-ring M, and M satisfies the assumption aαbβc = aβbαc for all

a, b, c ∈M ; α, β ∈ Γ, it is denoted by (*).
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6.2 (U,M)-Derivations in Prime Γ-Rings

This section is to develop the necessary results in order to reach the goal of the next

section. All these results are due to the concept of (U,M)-derivations of a Γ-ring.

Lemma 6.2.1. Let d be a (U,M)-derivation of M . Then

(i) d(uαmβu) = d(u)αmβu + uαd(m)βu + uαmβd(u) for all u ∈ U,m ∈ M and

α, β ∈ Γ;

(ii) d(uαmβv + vαmβu) = d(u)αmβv + uαd(m)βv + uαmβd(v) + d(v)αmβu +

vαd(m)βu+ vαmβd(u) for all u, v ∈ U ;m ∈M and α, β ∈ Γ.

Proof. By the definition of (U,M)-derivation of M , we have

d(uαm+ sαu) = d(u)αm+ uαd(m) + d(s)αu+ sαd(u),∀ u ∈ U ;m, s ∈M ;α ∈ Γ.

Replacing m and s by (2u)βm + mβ(2u) and let w = uα((2u)βm + mβ(2u)) +

((2u)βm +mβ(2u))αu. Then using the definition of (U,M)-derivation and the con-

dition (*), we get

d(w) = 2(d(u)α(uβm+mβu) + uαd(uβm+mβu) + d(uβm+mβu)αu+ (uβm+mβu)αd(u))

= 2(d(u)αuβm+ d(u)αmβu+ uαd(u)βm+ uαuβd(m) + uαd(m)βu+ uαmβd(u)

+ d(u)βmαu+ uβd(m)αu+ d(m)βuαu+mβd(u)αu+ uβmαd(u) +mβuαd(u))

= 2(d(u)αuβm+ d(u)αmβu+ uαd(u)βm+ uαuβd(m) + uαd(m)βu+ uαmβd(u)

+ d(u)αmβu+ uαd(m)βu+ d(m)αuβu+mαd(u)βu+ uαmβd(u) +mαuβd(u)).

(6.1)
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Also, we have

d(w) = d((2uαu)βm+mβ(2uαu)) + 2d(uαmβu) + 2d(uβmαu)

= 2(d(u)αuβm+ uαd(u)βm+ uαuβd(m) + d(m)βuαu+mβd(u)αu+mβuαd(u)

+ 2d(uαmβu) + 2d(uαmβu)

= 2(d(u)αuβm+ uαd(u)βm+ uαuβd(m) + d(m)αuβu+mαd(u)βu+mαuβd(u))

+ 4d(uαmβu).

(6.2)

By comparing (6.1) and (6.2), and since M is 2-torsion free, we obtain

d(uαmβu) = d(u)αmβu+ uαd(m)βu+ uαmβd(u),∀ u ∈ U ;m ∈M ;α, β ∈ Γ. (6.3)

If we linearize (6.3) on u, then (ii) is obtained.

Definition 6.2.1. For a (U,M)-derivation d, we define φα(u,m) = d(uαm)−d(u)αm−

uαd(m) for all u ∈ U,m ∈M and α ∈ Γ.

Lemma 6.2.2. Let d be a (U,M)-derivation of a Γ-ring M . For all u, v ∈ U ;m,n ∈

M and α ∈ Γ, the following statements are true:

(i) φα(m,u) = −φα(u,m); (ii) φα(u+ v,m) = φα(u,m) + φα(v,m);

(iii) φα(u,m+ n) = φα(u,m) + φα(u, n); (iv) φα+β(u,m) = φα(u,m) + φβ(u,m).

Proof. (i) Using Definition 6.2.1, we get

φα(u,m) + φα(m,u) = d(uαm)− d(u)αm− uαd(m) + d(mαu)− d(m)αa−mαd(u)

= d(uαm+mαu)− d(u)αm− uαd(m)− d(m)αu−mαd(u)

= d(u)αm+ d(m)αa+ uαd(m) +mαd(u)− d(u)αm− uαd(m)

− d(m)αu−mαd(u) = 0.

⇒ φα(m,u) = −φα(u,m).
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(ii) By the definition of (U,M)-derivation of M , we obtain

φα(u+ v,m) = d((u+ v)αm)− d(u+ v)αm− (u+ v)αd(m)

= d(uαm+ vαm)− d(u)αm− d(v)αm− uαd(m)− vαd(m)

= d(uαm)− d(u)αm− uαd(m) + d(vαm)− d(v)αm− vαd(m)

= φα(u,m) + φα(v,m).

(iii) and (iv): The proofs are too obvious to perform.

Lemma 6.2.3. Let U be a nonzero admissible Lie ideal of a 2-torsion free prime

Γ-ring M . Then U contains a nonzero ideal of M .

Proof. Since U is a noncentral Lie ideal of M , if x, y ∈ U are any two elements, then

xαy − yαx 6= 0 for every α ∈ Γ. For any m ∈M , using the condition (*)

xα(yβm)− (yβm)αx = xα(yβm)− yαxβm+ yαxβm− (yβm)αx

= (xαy − yαx)βm+ yβxαm− yβmαx

= (xαy − yαx)βm+ yβ(xαm−mαx) ∈ U.

Since U is a square closed Lie ideal of M, 2yβ(xαm − mαx) ∈ U this leads us,

2(xαy − yαx)βm ∈ U for all m ∈M . Now for any m, s ∈M , we have

(2(xαy − yαx)βm)αs− sα(2(xαy − yαx)βm) ∈ U ; (2(xαy − yαx)βm)αs ∈ U.

This implies,

sα(2(xαy − yαx))βm ∈ U,∀ m, s ∈M ;α, β ∈ Γ.

Let I = MΓ2(xαy−yαx)ΓM. Then it is clear that I is an ideal contained in U . Now,

we have to show that I is nonzero. Suppose that I = 0. By the 2-torsion freeness of

M , xαy = yαx and this a contradiction. Therefore, I is a nonzero ideal of M .



125

Lemma 6.2.4. Let U be a Lie ideal of a prime Γ-ring M such that U * Z(M). Then

there exist elements a, b ∈ U such that [a, b]α = aαb− bαa 6= 0.

Proof. Assume that [x, y]α = 0 for every x, y ∈ U and α ∈ Γ. This gives [U,U ]Γ = 0,

a contradiction to our assumption. So, there exist elements a, b ∈ U such that

[a, b]α = aαb− bαa 6= 0.

Lemma 6.2.5. Assume that U is an admissible Lie ideal of a 2-torsion free prime

Γ-ring M . If tαvβv + vβvαt = 0, for any t ∈M ; v ∈ U and α, β ∈ Γ, then t = 0.

Proof. Since tαvβv + vβvαt = 0 for all v ∈ U, t ∈ M and α, β ∈ Γ. Linearize on v,

where u ∈ U

0 = tα(u+ v)β(u+ v) + (u+ v)β(u+ v)αt

= tα(uβu+ uβv + vβu+ vβv) + (uβu+ uβv + vβu+ vβv)αt

= tα(uβv + vβu) + (uβv + vβu)αt.

Replacing v by vαv, we get

tα(uβvαv + vαvβu) + (uβvαv + vαvβu)αt = 0. (6.4)

Applying tαvβv + vβvαt = 0 in (6.4), and using the condition(*)

tαuβvαv − vαvβtαu− uαtβvαv + vαvβuαt = 0.

⇒ (tαu− uαt)βvαv − vαvβ(tαu− uαt) = 0.

Therefore,

[t, u]αβvαv − vαvβ[t, u]α = 0. (6.5)

Again applying tαvβv + vβvαt = 0 in (6.5), we get

[t, u]αβvαv − (−[t, u]αβvαv) = 0.
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⇒ 2[t, u]αβvαv = 0.

By the 2-torsion freeness of M,

[t, u]αβvαv = 0,∀ u, v ∈ U ; t ∈M ;α, β ∈ Γ.

This implies,

[M,U ]ΓΓ(vαv) = 0.

By Lemma 6.2.3, U contains a nonzero ideal I ofM and this gives us, [M,U ]ΓΓIΓ(vαv) =

0. Therefore, [M,U ]ΓΓMΓIΓ(vαv) ⊆ [M,U ]ΓΓIΓ(vαv) = 0. Since M is prime, so

IΓ(vαv) = 0 or [M,U ]Γ = 0. If IΓ(vαv) = 0, then for I 6= 0 and by Lemma 6.2.4, we

get U = 0, which is a contradiction. Therefore, [M,U ]Γ = 0, that is tβv − vβt = 0

for all v ∈ U, t ∈M,β ∈ Γ. Since tαvβv + vβvαt = 0, and applying tβv = vβt

0 = tαvβv + vαvβt

= tαvβv + vαtβv

= tαvβv + tαvβv

= 2tαvβv.

By the 2-torsion freeness of M , tαvβv = 0 for all v ∈ U, t ∈ M,β ∈ Γ. Linearize

tαvβv = 0 on v, where u ∈ U

0 = tα(u+ v)β(u+ v)

= tα(uβv + vβu).

This implies,

tα(uβv + vβu)γuαt = 0.

⇒ tαuβvγuαt+ tαvβuγuαt = 0.
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Since uγuαt = 0 and tαu = uαt. Therefore,

(tαu)βvγ(tαu) = 0.

By the primeness of M , tαu = 0. Since uβm−mβu ∈ U for all u ∈ U,m ∈M,β ∈ Γ.

Therefore, tα(uβm−mβu) = 0, that is, tαuβm−tαmβu = 0. This implies, tαmβu =

0. But u 6= 0 and M is prime, consequently, t = 0.

As explained earlier, the goal of this section is to prove the following theorem.

Theorem 6.2.6. Let U be an admissible Lie ideal of a 2-torsion free prime Γ-ring

M, and let d be a (U,M)-derivation of M . Then φα(u, v) = 0 for all u, v ∈ U and

α ∈ Γ.

Proof. Let x = 4(uαvβ[u, v]αγvαu+ vαuβ[u, v]αγuαv). Then using Lemma 6.2.1(ii),

we get

d(x) = d((2uαv)β[u, v]αγ(2vαu) + (2vαu)β[u, v]αγ(2uαv))

= d(2uαv)β[u, v]αγ(2vαu) + 2uαvd(β[u, v]α)γ2vαu+ 2uαvβ[u, v]αγd(2vαu)

+ d(2vαu)β[u, v]αγ(2uαv) + 2vαud(β[u, v]α)γ2uαv + 2vαuβ[u, v]αγd(2uαv).

On the other hand using Lemma 6.2.1(i), we get

d(x) = d(uα(4vβ[u, v]αγv)αu+ vα(4uβ[u, v]αγu)αv)

= d(u)α4vβ[u, v]αγvαu+ uαd(4vβ[u, v]αγv)αu+ uα4vβ[u, v]αγvαd(u)

+ d(v)α4uβ[u, v]αγuαv + vαd(4uβ[u, v]αγu)αv + vα4uβ[u, v]αγuαd(v)

= 4d(u)αvβ[u, v]αγvαu+ 4uαd(v)β[u, v]αγvαu+ 4uαvd(β[u, v]α)γvαu

+ 4uαvβ[u, v]αγd(v)αu+ 4uαvβ[u, v]αγvαd(u) + 4d(v)αuβ[u, v]αγuαv

+ 4vαd(u)β[u, v]αγuαv + 4vαud(β[u, v]α)γuαv + 4vαuβ[u, v]αγd(u)αv

+ 4vαuβ[u, v]αγuαd(v).
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Equating these two expressions for d(x) and using the Definition 6.2.1, we obtain

4(d(uαv)−d(u)αv−uαd(v))β[u, v]αγvαu+4(d(vαu)−d(v)αu−vαd(u))β[u, v]αγuαv

+4uαvβ[u, v]αγ(d(vαu)−d(v)αu−vαd(u))+4vαuβ[u, v]αγ(d(uαv)−d(u)αv−uαd(v)) = 0.

⇒ 4(φα(u, v)β[u, v]αγvαu+ φα(v, u)β[u, v]αγuαv + uαvβ[u, v]αγφα(v, u)

+ vαuβ[u, v]αγφα(u, v)) = 0.

Using Lemma 6.2.2(i), we get

4(φα(u, v)β[u, v]αγvαu−φα(u, v)β[u, v]αγuαv−uαvβ[u, v]αγφα(u, v)+vαuβ[u, v]αγφα(u, v)) = 0.

⇒ 4(φα(u, v)β[u, v]αγ[u, v]α + [u, v]αβ[u, v]αγφα(u, v)) = 0.

Using the condition (*) and 2-torsion freeness of M ,

φα(u, v)γ[u, v]αβ[u, v]α + [u, v]αβ[u, v]αγφα(u, v) = 0,∀ u, v ∈ U, α, β, γ ∈ Γ.

Since U * Z(M), and therefore, [u, v]α 6= 0 for all u, v ∈ U and α ∈ Γ. Hence by

Lemma 6.2.5, we obtain φα(u, v) = 0 for all u, v ∈ U and α ∈ Γ.

Lemma 6.2.7. Let U be an admissible Lie ideal of a 2-torsion free prime Γ-ring M ,

and d be a (U,M)-derivation of M . Then φβ(uαu,m) = 0 for all u ∈ U,m ∈M and

α, β ∈ Γ.

Proof. By Theorem 6.2.6, we have φα(u, v) = 0 for all u, v ∈ U ;α ∈ Γ. Thus for all

u ∈ U,m ∈M and α, β ∈ Γ, we obtain

0 = φα(u, uβm−mβu)

= d(uα(uβm−mβu))− d(u)α(uβm−mβu)− uαd(uβm−mβu)

= d(uαuβm− uαmβu)− d(u)α(uβm−mβu)− uαd(uβm−mβu)

= d(uαuβm)−d(uαmβu)−d(u)αuβm+d(u)αmβu−uα(d(u)βm+uβd(m)−d(m)βu−mβd(u))
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= d(uαuβm)− d(u)αmβu− uαd(m)βu− uαmβd(u)− d(u)αuβm+ d(u)αmβu

− uαd(u)βm− uαuβd(m) + uαd(m)βu+ uαmβd(u)

= d(uαuβm)− d(u)αuβm− uαd(u)βm− uαuβd(m)

= d((uαu)βm)− d(uαu)βm−−(uαu)βd(m) = φβ(uαu,m).

Now, we prove the other result as follows:

Theorem 6.2.8. Let U be a square closed Lie ideal of a 2-torsion free prime Γ-ring

M , and d be a (U,M)-derivation of M . Then d(uαm) = d(u)αm + uαd(m) for all

u ∈ U,m ∈M and α ∈ Γ.

Proof. Since d is a (U,M)-derivation of a prime Γ-ring M , so for all u ∈ U,m ∈ M

and α, β ∈ Γ, we have

d(uα(uβm) + (uβm)αu) = d(u)αuβm+ uαd(uβm) + d(uβm)αu+ uβmαd(u). (6.6)

On the other hand

d(uαuβm+ uβmαu) = d(uαuβm) + d(u)βmαu+ uβd(m)αu+ uβmαd(u). (6.7)

From Lemma 6.2.7, we have

φβ(uαu,m) = 0,∀ u ∈ U ;m ∈M ;α, β ∈ Γ.

⇒ d(uαuβm)− d(u)αuβm− uαd(u)βm− uαuβd(m) = 0.

⇒ d(uαuβm) = d(u)αuβm+ uαd(u)βm+ uαuβd(m). (6.8)



130

Now, using (6.8) in (6.7), we get

d(uαuβm+ uβmαu) = d(u)αuβm+ uαd(u)βm+ uαuβd(m) + d(u)βmαu

+ uβd(m)αu+ uβmαd(u). (6.9)

Comparing (6.6) and (6.9), we get

uαd(uβm) + d(uβm)αu = uαd(u)βm+ uαuβd(m) + d(u)βmαu+ uβd(m)αu.

Using Definition 6.2.1, we obtain

uαφβ(u,m) + φβ(u,m)αu = 0,∀ u ∈ U,m ∈M ;α, β ∈ Γ. (6.10)

Linearizing (6.10) on u and using (6.10)

(u+ v)αφβ(u+ v,m) + φβ(u+ v,m)α(u+ v) = 0.

⇒ uαφβ(u,m) + uαφβ(v,m) + vαφβ(u,m) + vαφβ(v,m)

+ φβ(u,m)αu+ φβ(u,m)αv + φβ(v,m)αu+ φβ(v,m)αv = 0.

⇒ uαφβ(v,m) + vαφβ(u,m) + φβ(u,m)αv + φβ(v,m)αu = 0. (6.11)

Replacing v by vγv in (6.11) and using Lemma 6.2.7, we get

(vγv)αφβ(u,m) + φβ(u,m)α(vγv) = 0.

If U * Z(M), using Lemma 6.2.5, φβ(u,m) = 0 for all u ∈ U,m ∈M and β ∈ Γ.

If U ⊆ Z(M), by the 2-torsion freeness of M , (vγv)αφβ(u,m) = 0. Therefore,

0 = cδ(vγv)αφβ(u,m) = (vγv)δcαφβ(u,m), where c ∈ M and δ ∈ Γ. Since M

is prime, so vγv = 0 or φβ(u,m) = 0. But v 6= 0 , hence φβ(u,m) = 0 for all

u ∈ U,m ∈M and β ∈ Γ. This completes the proof of the theorem.
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6.3 Higher (U,M)-Derivations in Prime Γ-Rings

Ferrero and Haetinger [15] extended Herstein’s [19] theorem to higher derivations

using Jordan triple higher derivations. Also, Haetinger extended Awtar’s [3] result

to higher derivations. We generalized a result of A. K. Faraj, C. Haetinger and A. H.

Majeed [16] in Γ-rings by the new concept of higher (U,M)-derivations. In order to

prove the desired result stated at the beginning of the chapter, we have to determine

some important results in the following way.

Lemma 6.3.1. Let D = (di)i∈N be a higher (U,M)-derivation of a 2-torsion free

Γ-ring M . Then dn(uαmβu) =
∑

i+j+k=n di(u)αdj(m)βdk(u) for all u ∈ U,m ∈ M

and α, β ∈ Γ.

Proof. Let x = uα((2u)βm+mβ(2u)) + ((2u)βm+mβ(2u))αu. Replacing m and s

by (2u)βm+mβ(2u) in Definition 6.1.2, and using the condition (*)

dn(x) =
∑

i+j=n

(di(u)αdj((2u)βm+mβ(2u)) + di((2u)βm+mβ(2u))αdj(u))

= 2
∑

i+j=n

di(u)α
∑

l+t=j

((dl(u)βdt(m) + dl(m)βdt(u)) + 2
∑

i+j=n

∑
p+q=i

(dp(u)βdq(m)

+ dp(m)βdq(u))αdj(u))

= 2
∑

i+l+t=n

(di(u)αdl(u)βdt(m) + di(u)αdl(m)βdt(u)) + 2
∑

p+q+j=n

(dp(u)βdq(m)αdj(u)

+ dp(m)βdq(u)αdj(u))

= 2
∑

i+l+t=n

di(u)αdl(u)βdt(m) + 2
∑

i+l+t=n

di(u)αdl(m)βdt(u)

+ 2
∑

p+q+j=n

dp(u)αdq(m)βdj(u) + 2
∑

p+q+j=n

dp(m)αdq(u)βdj(u). (6.12)
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On the other hand

dn(x) = dn((2uαu)βm+mβ(2uαu)) + 2dn(uαmβu) + 2dn(uβmαu)

= dn((2uαu)βm+mβ(2uαu)) + 2dn(uαmβu) + 2dn(uαmβu))

= 2
∑

i+j=n

(di(uαu)βdj(m) + di(m)βdj(uαu)) + 4dn(uαmβu)

= 2
∑

i+j=n

∑
r+s=i

dr(u)αds(u)βdj(m) + 2
∑

i+j=n

∑
t+k=j

di(m)αdt(u)βdk(u) + 4dn(uαmβu)

= 2
∑

r+s+j=n

dr(u)αds(u)βdj(m) + 2
∑

i+t+k=n

di(m)αdt(u)βdk(u) + 4dn(uαmβu).

(6.13)

Now, comparing (6.12) and (6.13), we get

4dn(uαmβu) = 4
∑

i+j+k=n

di(u)αdj(m)βdk(u),∀ u ∈ U,m ∈M ;α, β ∈ Γ.

Using 2-torsion freeness of M , we get the desired result.

Lemma 6.3.2. If D = (di)i∈N is a higher (U,M)-derivation of M . Then for all

u, v ∈ U ;m ∈M and α, β ∈ Γ, dn(uαmβv+vαmβu) =
∑

i+j+k=n di(u)αdj(m)βdk(v)+

di(v)αdj(m)βdk(u).

Proof. Linearizing of dn(uαmβu) =
∑

i+j+k=n di(u)αdj(m)βdk(u) with respect to u,

we obtain

dn((u+ v)αmβ(u+ v)) =
∑

i+j+k=n

di(u+ v)αdj(m)βdk(u+ v)

=
∑

i+j+k=n

(di(u)αdj(m)βdk(u) + di(u)αdj(m)βdk(v) + di(v)αdj(m)βdk(u)

+ di(v)αdj(m)βdk(v)). (6.14)
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On the other hand

dn((u+ v)αmβ(u+ v)) = dn(uαmβu) + dn(uαmβv + vαmβu) + dn(vαmβv)

=
∑

i+j+k=n

(di(u)αdj(m)βdk(u) + dn(uαmβv + vαmβu)

+
∑

i+j+k=n

(di(v)αdj(m)βdk(v). (6.15)

Now, comparing (6.14) and (6.15)

dn(uαmβv + vαmβu) =
∑

i+j+k=n

di(u)αdj(m)βdk(v) + di(v)αdj(m)βdk(u).

Definition 6.3.1. For every higher (U,M)-derivation D = (di)i∈N of M , we define

φα
n(u,m) = dn(uαm)−

∑
i+j=n di(u)αdj(m) for all u ∈ U,m ∈M,α ∈ Γ and n ∈ N.

Remark 6.3.1. φα
n(u,m) = 0 for all u ∈ U,m ∈ M,α ∈ Γ and n ∈ N if and only if

dn(uαm) =
∑

i+j=n di(u)αdj(m) for all u ∈ U,m ∈M,α ∈ Γ and n ∈ N.

Lemma 6.3.3. Let D = (di)i∈N be a higher (U,M)-derivation of M . Then for every

u, v ∈ U ;m, p ∈M ;α, β ∈ Γ and n ∈ N

(i)φα
n(u,m) + φα

n(m,u) = 0; (ii)φα
n(u+ v,m) = φα

n(u,m) + φα
n(v,m);

(iii)φα
n(u,m+ p) = φα

n(u,m) + φα
n(u, p); (iv)φα+β

n (u,m) = φα
n(u,m) + φβ

n(u,m).

Proof. (i) By the Definition 6.3.1 and using the definition of higher (U,M)-derivation
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of M, we obtain

φα
n(u,m) + φα

n(m,u) = dn(uαm)−
∑

i+j=n

di(u)αdj(m) + dn(mαu)−
∑

i+j=n

di(m)αdj(u)

= dn(uαm+mαu)−
∑

i+j=n

di(u)αdj(m)−
∑

i+j=n

di(m)αdj(u)

=
∑

i+j=n

di(u)αdj(m) +
∑

i+j=n

di(m)αdj(u)−
∑

i+j=n

di(u)αdj(m)

−
∑

i+j=n

di(m)αdj(u) = 0.

(ii) By the definition of φα
n(u,m), we get

φα
n(u+ v,m) = dn((u+ v)αm)−

∑
i+j=n

di(u+ v)αdj(m)

= dn(uαm+ vαm)−
∑

i+j=n

di(u)αdj(m)−
∑

i+j=n

di(v)αdj(m)

= dn(uαm)−
∑

i+j=n

di(u)αdj(m) + dn(vαm)−
∑

i+j=n

di(v)αdj(m)

= φα
n(u,m) + φα

n(v,m).

(iii) and (iv) are very easy to proof.

Theorem 6.3.4. If U is an admissible Lie ideal of a 2-torsion free prime Γ-ring M ,

and D = (di)i∈N is a higher (U,M)-derivation of M . Let n ∈ N;u, v ∈ U ;α, β, γ ∈ Γ

and φα
p (u, v) = 0 for every p < n, then φα

n(u, v) = 0 for all u, v ∈ U ;α ∈ Γ and

n ∈ N.

Proof. Let T = dn(4uαvβwγvαu+ 4vαuβwγuαv). By Lemma 6.3.1, we get

T = dn(uα(4vβwγv)αu) + dn(vα(4uβwγu)αv)

= 4
∑

i+p+l=n

(di(u)αdp(vβwγv)αdl(u)) + 4
∑

i+p+l=n

(di(v)αdp(uβwγu)αdl(v))

= 4
∑

i+j+k+h+l=n

di(u)αdj(v)βdk(w)γdh(v)αdl(u)+4
∑

i+j+k+h+l=n

di(v)αdj(u)βdk(w)γdh(u)αdl(v).
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On the other hand by Lemma 6.3.2, we obtain

T = dn((2uαv)βwγ(2vαu) + (2vαu)βwγ(2uαv))

=
∑

r+s+t=n

(dr(2uαv)βds(w)γdt(2vαu) + dr(2vαu)βds(w)γdt(2uαv))

= 4
∑

r+s+t=n

dr(uαv)βds(w)γdt(vαu) + 4
∑

r+s+t=n

dr(vαu)βds(w)γdt(uαv).

Comparing above two expressions for T , we obtain∑
i+j+k+h+l=n

di(u)αdj(v)βdk(w)γdh(v)αdl(u)−
∑

r+s+t=n

dr(uαv)βds(w)γdt(vαu)

+
∑

i+j+k+h+l=n

di(v)αdj(u)βdk(w)γdh(u)αdl(v)−
∑

r+s+t=n

dr(vαu)βds(w)γdt(uαv) = 0.

Since φα
p (u, v) = 0, for every p < n, that is dp(uαv) =

∑
i+j=p di(u)αdj(v). Therefore,∑

i+j+k+h+l=n

(di(u)αdj(v)βdk(w)γdh(v)αdl(u))−
∑

r+s+t=n

(dr(uαv)βds(w)γdt(vαu))

= (
∑

i+j=n

di(u)αdj(v))βwγvαu+ uαvβwγ(
∑

h+l=n

dh(v)αdl(u))

+

i+j<n,h+l<n∑
i+j+k+h+l=n

(di(u)αdj(v)βdk(w)γdh(v)αdl(u))− dn((uαv)βwγ(vαu)

− (uαv)βwγdn(vαu)−
i+j=r<n,p+q=t<n∑

r+s+t=n

(di(u)αdj(v)βds(w)γdp(v)αdq(u))

= −(dn((uαv)−
∑

i+j=n

di(u)αdj(v))β(wγvαu)−(uαvβw)γ(dn(vαu)−
∑

h+l=n

dh(v)αdl(u))

= −(φα
n(u, v)βwγvαu+ uαvβwγφα

n(v, u)).

Proceeding as above, we also have∑
i+j+k+h+l=n

di(v)αdj(u)βdk(w)γdh(u)αdl(v)−
∑

r+s+t=n

dr(vαu)βds(w)γdt(uαv)

= −(φα
n(v, u)βwγuαv + vαuβwγφα

n(u, v)).
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Therefore,

φα
n(u, v)βwγvαu + uαvβwγφα

n(v, u) + φα
n(v, u)βwγuαv + vαuβwγφα

n(u, v) = 0.

By Lemma 6.3.3(i), we obtain

φα
n(u, v)βwγvαu − uαvβwγφα

n(u, v) − φα
n(u, v)βwγuαv + vαuβwγφα

n(u, v) = 0.

This implies,

φα
n(u, v)βwγ[u, v]α + [u, v]αβwγφ

α
n(u, v) = 0, ∀ w ∈ U.

In view of Lemma 4.2.6 and Lemma 4.2.7, we obtain φα
n(u, v)βwγ[x, y]δ = 0 for all

u, v, w, x, y ∈ U and α, β, γ, δ ∈ Γ. Since [x, y]δ 6= 0 as U * Z(M). Hence by Lemma

4.2.5, we obtain φα
n(u, v) = 0 for all u, v ∈ U ;α ∈ Γ and n ∈ N.

Lemma 6.3.5. Let U be an admissible Lie ideal of a prime Γ-ring M, and D = (di)i∈N

be a higher (U,M)-derivation of M . Then φα
n(uβu,m) = 0 for all u ∈ U,m ∈

M ;α, β ∈ Γ and n ∈ N.

Proof. By Theorem 6.3.4, we have φα
n(u, v) = 0 for all u, v ∈ U and α ∈ Γ. Now for

any m ∈M , replacing v by uβm−mβu, we get

0 = φα
n(u, uβm−mβu)

= dn(uα(uβm−mβu))−
∑

i+j=n

di(u)αdj(uβm−mβu)

= dn(uαuβm)− dn(uαmβu)−
∑

i+j=n

di(u)α
∑

p+q=j

(dp(u)βdq(m)− dp(m)βdq(u))

= dn(uαuβm)− dn(uαmβu)−
∑

i+p+q=n

di(u)αdp(u)βdq(m) +
∑

i+p+q=n

di(u)αdp(m)βdq(u)

= dn(uαuβm)− dn(uαmβu)−
∑

i+p+q=n

di(u)αdp(u)βdq(m) + dn(uαmβu)

= dn(uβuαm)−
∑

s+q=n

(
∑

i+p=s

di(u)βdp(u))αdq(m) = φα
n(uβu,m).
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Theorem 6.3.6. Let U be an admissible Lie ideal of a 2-torsion free prime Γ-

ring M, and D = (di)i∈N be a higher (U,M)-derivation of M . Then dn(uβm) =∑
i+j=n di(u)βdj(m) for all u ∈ U,m ∈M,β ∈ Γ and n ∈ N.

Proof. By Definition 6.3.1, we have

φα
0 (u,m) = 0,∀ u ∈ U,m ∈M,α ∈ Γ.

Also, by Theorem 6.2.8,

φα
1 (u,m) = 0,∀ u ∈ U,m ∈M,α ∈ Γ.

Now, we proceed by induction. Suppose φα
p (u,m) = 0 for all u ∈ U,m ∈ M,α ∈ Γ

and p ∈ N. This implies, dp(uαm) =
∑

i+j=p di(u)αdj(m), u ∈ U,m ∈ M and α ∈ Γ

and p < n, where p, n ∈ N. Since D = (di)i∈N is a higher (U,M)-derivation of M .

Therefore,

dn(uα(uβm) + (uβm)αu) =
∑

i+j=n

(di(u)αdj(uβm) + di(uβm)αdj(u))

= uαdn(uβm) + dn(u)α(uβm) +

i,j<n∑
i+j=n

di(u)αdj(uβm)

+ (uβm)αdn(u) + dn(uβm)αu+

i,j<n∑
i+j=n

di(uβm)αdj(u)

= uαdn(uβm) + dn(u)α(uβm) +

i,j<n∑
i+j=n

di(u)α
∑

s+t=j

ds(u)βdt(m)

+ (uβm)αdn(u) + dn(uβm)αu+

i,j<n∑
i+j=n

(
∑

l+q=i

dl(u)βdq(m))αdj(u)
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= uαdn(uβm) + dn(u)α(uβm) +

i,s+t<n∑
i+s+t=n

di(u)αds(u)βdt(m)

+ (uβm)αdn(u) + dn(uβm)αu+

l+q,j<n∑
l+q+j=n

dl(u)βdq(m)αdj(u). (6.16)

On the other hand, using Lemma 6.3.1 and Lemma 6.3.5, we get

dn(uα(uβm) + (uβm)αu) = dn(uαuβm) + dn(uβmαu)

=
∑

p+q+j=n

dp(u)αdq(u)βdj(m) +
∑

i+j+k=n

di(u)βdj(m)αdk(u)

= dn(u)αuβm+ uα
∑

q+j=n

dq(u)βdj(m) +

p,q+j<n∑
p+q+j=n

dp(u)αdq(u)βdj(m)

+ uβmαdn(u) +
∑

i+j=n

di(u)βdj(m)αu+

i+j,k<n∑
i+j+k=n

di(u)βdj(u)αdk(m). (6.17)

By comparing (6.16) and (6.17), and using the condition (*)

uαdn(uβm) + dn(uβm)αu = uα
∑

q+j=n

dq(u)βdj(m) +
∑

i+j=n

di(u)βdj(m)αu.

⇒ uα(dn(uβm)−
∑

q+j=n

dq(u)βdj(m)) + (dn(uβm)−
∑

i+j=n

di(u)βdj(m))αu = 0.

⇒ uαφβ
n(u,m) + φβ

n(u,m)αu = 0. (6.18)

Linearizing of (6.18) with respect to u, gives us

φβ
n(u,m)αv + φβ

n(v,m)αu+ uαφβ
n(v,m) + vαφβ

n(u,m) = 0.

Replacing v by vαv, then using Lemma 6.2.5 and Lemma 6.3.5, we get

φα
n(u,m) = 0,∀ u ∈ U,m ∈M,α ∈ Γ, n ∈ N.

Hence dn(uβm) =
∑

i+j=n di(u)βdj(m) for all u ∈ U,m ∈M,β ∈ Γ and n ∈ N.



Chapter 7

Generalized (U,M)-Derivations

This chapter makes a study of generalized (U,M)-derivations and generalized higher

(U,M)-derivations of Γ-rings analogous to the study of (U,M)-derivations and higher

(U,M)-derivations of Γ-rings in Chapter 6. In view of the notions of (U,M)-derivation

and higher (U,M)-derivation of Γ-rings here we introduce the concepts of general-

ized (U,M)-derivation and generalized higher (U,M)-derivation of Γ-rings. We start

the discussion with the introductory definitions of generalized (U,M)-derivation and

generalized higher (U,M)-derivation of Γ-rings.

In the next, associated with some important consequences due to (U,M)-derivations

of Γ-rings developed in the previous chapter, here we determine some useful signifi-

cant results on generalized (U,M)-derivations of Γ-rings. Then we extend the results

of A. K. Faraj, C. Haetinger and A. H. Majeed [16] in Γ-rings by the new concept of

generalized (U,M)-derivations of Γ-rings.

Finally, we conclude this chapter by proving the analogous results corresponding

to the results of previous chapter considering generalized higher (U,M)-derivations

of prime Γ-rings instead of higher (U,M)-derivations of prime Γ-rings almost similar

way after developing a number of results regarding this derivation.
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7.1 Introduction

A. K. Faraj, C. Haetinger and A. H. Majeed [16] introduced generalized (U,R)-

derivations in rings as a generalization of Jordan derivations on Lie ideals of a ring.

They extended Awtar’s [3] theorem to generalized higher (U,R)-derivations by prov-

ing that if R is a prime ring, char(R) 6= 2, U is an admissible Lie ideal of R and

F = (fi)i∈N is a generalized (U,R)-derivations of R, then fn(ur) =
∑

i+j=n fi(u)dj(r)

for all u ∈ U, r ∈ R, n ∈ N .

Following the notions of (U,M)-derivation and higher (U,M)-derivation of a Γ-

ring in the previous chapter here we introduce the concepts of generalized (U,M)-

derivation and generalized higher (U,M)-derivation of Γ-rings in the following way.

Definition 7.1.1. Let U be a Lie ideal of a Γ-ring M . An additive mapping f :

M → M is a generalized (U,M)-derivation of M if there exists a (U,M)-derivation

d of M such that f(uαm+ sαu) = f(u)αm+ uαd(m) + f(s)αu+ sαd(u) is satisfied

for all u ∈ U ;m, s ∈M and α ∈ Γ.

The following are examples of (U,M)-derivation and generalized (U,M)-derivation

of a Γ-ring.

Example 7.1.1. Let R be an associative ring with 1, and let U be a Lie ideal of

R. Let M = M1,2(R) and Γ =


 n.1

0

 : n ∈ Z

, then M is a Γ-ring. Let

N = {(x, x) : x ∈ R} ⊆ M , then N is a sub Γ-ring of M . Let U1 = {(u, u) : u ∈ U},

then U1 is a Lie ideal of N . Let f : R → R be a generalized (U,R)-derivation .

Then there exists a (U,R)-derivation d : R → R such that f(ux + su) = f(u)x +

ud(x) + f(s)u + sd(u),∀ u ∈ U, x, s ∈ R. If we define a mapping D : N → N by
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D((x, x)) = (d(x), d(x)), then we have

D((u, u)

 n

0

 (x, x) + (y, y)

 n

0

 (u, u)) = D((unx, unx) + (ynu, ynu))

= D((unx+ ynu, unx+ ynu)) = (d(unx+ ynu), d(unx+ ynu)).

After calculation as in Example 6.1.1, we have

D(u1αx1 + y1αu1) = D(u1)αx1 + u1αD(x1) +D(y1)αu1 + y1αD(u1),

where u1 = (u, u), α =

 n

0

 , x1 = (x, x) and y1 = (y, y). Hence D is a (U1, N)−

derivation on N . Let F : N → N be the additive mapping defined by F ((x, x)) =

(f(x), f(x)), then considering u1 = (u, u) ∈ U1, α =

 n

0

 ∈ Γ and x1 = (x, x), y1 =

(y, y) ∈ N, we have

F (u1αx1 + y1αu1) = F ((unx+ ynu, unx+ ynu)) = (f(unx+ ynu), f(unx+ ynu))

= (f(u)nx+ und(x) + f(y)nu+ ynd(u), f(u)nx+ und(x) + f(y)nu+ ynd(u))

= (f(u)nx+ und(x), f(u)nx+ und(x)) + (f(y)nu+ ynd(u), f(y)nu+ ynd(u))

= (f(u)nx, f(u)nx) + (und(x), und(x)) + (f(y)nu, f(y)nu) + (ynd(u), ynd(u))

= (f(u), f(u))

 n

0

 (x, x) + (u, u)

 n

0

 (d(x), d(x)) + (f(y), f(y))

 n

0

 (u, u) + (y, y)

 n

0

 (d(u), d(u)) = F ((u, u))

 n

0

 (x, x)

+ (u, u)

 n

0

 (D((x, x)) + F ((y, y))

 n

0

 (u, u) + (y, y)

 n

0

D((u, u)).
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⇒ F (u1αx1 + y1αu1) = F (u1)αx1 + u1αD(x1) + F (y1)αu1 + y1αD(u1).

Hence F is a generalized (U1, N)−derivation on N .

Definition 7.1.2. If U is a Lie ideal of a Γ-ring M and F = (fi)i∈N0 is a family of

additive mappings of M into itself, where f0 = idM then F is a generalized higher

(U,M)-derivation of M if for each n ∈ N there exists an higher (U,M)-derivation

D = (di)i∈N of M such that

fn(uαm+ sαu) =
∑

i+j=n

(fi(u)αdj(m) + fi(s)αdj(u))

holds for all u ∈ U,m, s ∈M and α, β ∈ Γ.

Example 7.1.2. Let U be a Lie ideal of an associative ring R with 1, and let fn :

R → R be a generalized higher (U,R)-derivation . Then there exists a higher (U,R)

derivation dn : R→ R such that

fn(ux+ yu) =
∑

i+j=n

(fi(u)dj(x) + fi(y)dj(u)),∀ u ∈ U, x, y ∈ R.

Suppose N and U1 are as in Example 7.1.1. If we define a mapping Dn : N → N

by Dn((x, x)) = (dn(x), dn(x)). Then Dn is a higher (U1, N)-derivation on N . Let

Fn : N → N be the additive mapping defined by Fn((x, x)) = (fn(x), fn(x)). Then

by the similar calculation as in Example 7.1.1, we can show that, Fn is a generalized

higher (U1, N)-derivation on N .

Except otherwise mentioned, throughout this chapter, M is a 2-torsion free

Γ-ring which satisfies the assumption aαbβc = aβbαc for all a, b, c ∈M ; α, β ∈ Γ and

it is denoted by (*); U is a Lie ideal of M .
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7.2 Generalized (U,M)-Derivations in Prime Γ-

Rings

To determine some important results of prime Γ-rings with generalized (U,M)-derivations,

we have to develop some needful results proceeding as follows.

Lemma 7.2.1. If f is a generalized (U,M)−derivation of M for which d is the

associated (U,M)−derivation of M . Then for all u, v ∈ U ; m ∈M and α, β ∈ Γ,

(i) f(uαmβu) = f(u)αmβu+ uαd(m)βu+ uαmβd(u);

(ii) f(uαmβv + vαmβu) = f(u)αmβv + uαd(m)βv + uαmβd(v) + f(v)αmβu +

vαd(m)βu+ vαmβd(u).

Proof. By the definition of generalized (U,M)-derivation of M , we have f(uαm +

sαu) = f(u)αm + uαd(m) + f(s)αu + sαd(u) for all u ∈ U ;m, s ∈ M and α ∈ Γ.

Replacing m and s by (2u)βm + mβ(2u) and let w = uα((2u)βm + mβ(2u)) +

((2u)βm+mβ(2u))αu.

On the one hand

f(w) = 2(f(u)α(uβm+mβu)+uαd(uβm+mβu)+f(uβm+mβu)αu+(uβm+mβu)αd(u))

= 2(f(u)αuβm+ f(u)αmβu+ uαd(u)βm+ uαuβd(m) + uαd(m)βu+ uαmβd(u)

+ f(u)βmαu+ uβd(m)αu+ f(m)βuαu+mβd(u)αu+ uβmαd(u) +mβuαd(u))

= 2(f(u)αuβm+ f(u)αmβu+ uαd(u)βm+ uαuβd(m) + uαd(m)βu+ uαmβd(u)

+ f(u)αmβu+ uαd(m)βu+ f(m)αuβu+mαd(u)βu+ uαmβd(u) +mαuβd(u)).

(7.1)

On the other hand

f(w) = f((2uαu)βm+mβ(2uαu)) + 2f(uαmβu) + 2f(uβmαu)
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= 2(f(u)αuβm+uαd(u)βm+uαuβd(m)+f(m)βuαu+mβd(u)αu+mβuαd(u))+4f(uαmβu)

= 2(f(u)αuβm+uαd(u)βm+uαuβd(m)+f(m)αuβu+mαd(u)βu+mαuβd(u))+4f(uαmβu).

(7.2)

Comparing (7.1) and (7.2), and since M is 2-torsion free

f(uαmβu) = f(u)αmβu+uαd(m)βu+uαmβd(u),∀ u ∈ U ;m ∈M ;α, β ∈ Γ. (7.3)

If we linearize (7.3) on u, then (ii) is obtained.

Definition 7.2.1. Let f be a generalized (U,M)-derivation with the associated

(U,M)-derivation d of M . We define Ψα(u,m) = f(uαm) − f(u)αm − uαd(m) and

Φα(u,m) = d(uαm)− d(u)αm− uαd(m) for all u ∈ U ;m ∈M and α ∈ Γ.

Directly from the definition, the following properties follow at once.

Lemma 7.2.2. If f is a generalized (U,M)-derivation of M , then for all u, v ∈

U ; m,n ∈M and α, β ∈ Γ,

(i)Φα(u,m) = −Φα(m,u); (ii)Φα(u+ v,m) = Φα(u,m) + Φα(v,m);

(iii)Φα(u,m+ n) = Φα(u,m) + Φα(u, n); (iv)Φα+β(u,m) = Φα(u,m) + Φβ(u,m).

Proof. (i) By the definition of Φα(u,m), we have Φα(u,m) = f(uαm)− f(u)αm−

uαd(m), using the Definition 7.1.1

Φα(u,m) + Φα(m,u) = f(uαm)− f(u)αm− uαd(m) + f(mαu)− f(m)αa−mαd(u)

= f(uαm+mαu)− f(u)αm− uαd(m)− f(m)αu−mαd(u)

= f(u)αm+ f(m)αa+ uαd(m) +mαd(u)− f(u)αm− uαd(m)

− f(m)αu−mαd(u) = 0.

⇒ Φα(u,m) = −Φα(m,u).



145

(ii) By the definition of Φα(u,m), we get

Φα(u+ v,m) = f((u+ v)αm)− f(u+ v)αm− (u+ v)αd(m)

= f(uαm+ vαm)− f(u)αm− f(v)αm− uαd(m)− vαd(m)

= f(uαm)− f(u)αm− uαd(m) + f(vαm)− f(v)αm− vαd(m)

= Φα(u,m) + Φα(v,m).

(iii)- (iv): These are too easy to prove.

Lemma 7.2.3. With our notations as above, for any u, v ∈ U ; m ∈M and α, β ∈ Γ,

the following are true:

(i) Ψα(u,m) = −Ψα(m,u); (ii) Ψα(u+ v,m) = Ψα(u,m) + Ψα(v,m);

(iii) Ψα(u,m+ n) = Ψα(u,m) + Ψα(u, n); (iv) Ψα+β(u,m) = Ψα(u,m) + Ψβ(u,m).

Proof. Proceeding in the same way of the proof of above lemma.

In obtaining our main result of this section, the following Lemma plays an impor-

tant role.

Lemma 7.2.4. If U is an admissible Lie ideal of a 2-torsion free prime Γ-ring

M and f is a generalized (U,M)−derivation of M for which d is the associated

(U,M)−derivation of M , then Ψα(u, v)βwγ[u, v]α = 0 for all u, v, w ∈ U and α, β, γ ∈

Γ.

Proof. Let x = 4(uαvβwγvαu+ vαuβwγuαv). Using Lemma 7.2.1(ii), we have

f(x) = f((2uαv)βwγ(2vαu) + (2vαu)βwγ(2uαv))

= 4f(uαv)βwγvαu+ 4uαvβd(w)γvαu+ 4uαvβwγd(vαu) + 4f(vαu)βwγuαv

+ 4vαuβd(w)γuαv + 4vαuβwγd(uαv).
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On the other hand, using Lemma 7.2.1(i), we have

f(x) = f(uα(4vβwγv)αu+ vα(4uβwγu)αv)

= f(u)α4vβwγvαu+ uαd(4vβwγv)αu+ uα4vβwγvαd(u) + f(v)α4uβwγuαv

+ vαd(4uβwγu)αv + vα4uβwγuαd(v)

= 4f(u)αvβwγvαu+ 4uαd(v)βwγvαu+ 4uαvβd(w)γvαu+ 4uαvβwγd(v)αu

+ 4uαvβwγvαd(u) + 4f(v)αuβwγuαv + 4vαd(u)βwγuαv + 4vαuβd(w)γuαv

+ 4vαuβwγd(u)αv + 4vαuβwγuαd(v).

Comparing the right side of f(x) and using the 2-torsion freeness of M

f(uαv)βwγvαu+ uαvβwγd(vαu) + f(vαu)βwγuαv + vαuβwγd(uαv)

= f(u)αvβwγvαu+ uαd(v)βwγvαu+ uαvβwγd(v)αu+ uαvβwγvαd(u)

+ f(v)αuβwγuαv + vαd(u)βwγuαv + vαuβwγd(u)αv + vαuβwγuαd(v).

Therefore,

(f(uαv)− f(u)αv − uαd(v))βwγvαu+ (f(vαu)− f(v)αu− vαd(u))βwγuαv

+ uαvβwγ(d(vαu)− d(v)αu− vαd(u)) + vαuβwγ(d(uαv)− d(u)αv− uαd(v)) = 0.

Using the Definition 7.2.1, we obtain

Ψα(u, v)βwγvαu + Ψα(v, u)βwγuαv + uαvβwγΦα(v, u) + vαuβwγΦα(u, v) = 0.

Now, using Lemma 7.2.2(i) and 7.2.3(i), we have

Ψα(u, v)βwγ[u, v]α + [u, v]αβwγΦα(u, v) = 0,∀ u, v, w ∈ U ;α, β, γ ∈ Γ.

Since d is a (U,M)-derivation, we have Φα(u, v) = 0 for all u, v ∈ U and α ∈ Γ, by

Lemma 6.2.6. Using this we obtain the desired result.
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Now, we prove the following two theorems with generalized (U,M)-derivation of

a prime Γ-ring M .

Theorem 7.2.5. Assume that U is an admissible Lie ideal of a 2-torsion free prime

Γ-ring M , and f is a generalized (U,M)-derivation of M , then Ψα(u, v) = 0 for all

u, v ∈ U and α ∈ Γ.

Proof. By Lemma 7.2.4, we have

Ψα(u, v)βwγ[u, v]α = 0,∀ u, v, w ∈ U ;α, β, γ ∈ Γ.

Using the Lemma 4.2.7 in the above relation, we obtain

Ψα(u, v)βwγ[x, y]δ = 0,∀ u, v, w, x, y ∈ U ;α, β, γ, δ ∈ Γ.

Since U is not contained in Z(M), so [x, y]δ 6= 0. Thus, by Lemma 4.2.5, we get

Ψα(u, v) = 0 for all u, v ∈ U and α ∈ Γ.

Remark 7.2.1. If we replace U by a square closed Lie ideal in the Theorem 7.2.5, then

the theorem is also true.

Theorem 7.2.6. Let U be a square closed Lie ideal of a 2-torsion free prime Γ-ring

M , then f(uαm) = f(u)αm+ uαd(m) for all u ∈ U ;m ∈M and α ∈ Γ.

Proof. From Theorem 7.2.5 and Remark 7.2.1, we have

Ψα(u, v) = 0,∀ u, v ∈ U ;α ∈ Γ (7.4)

Replacing v by uβm −mβu in (7.4), we get Ψα(u, uβm −mβu) = 0. Since uβm −
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mβu ∈ U for all u ∈ U , m ∈M and α, β ∈ Γ. Therefore,

0 = Ψα(u, uβm−mβu)

= f(uα(uβm−mβu))− f(u)α(uβm−mβu)− uαd(uβm−mβu)

= f(uαuβm)− f(uαmβu)− f(u)αuβm+ f(u)αmβu− uαd(u)βm

− uαuβd(m) + uαd(m)βu+ uαmβd(u)

= f(uαuβm)− f(u)αmβu− uαd(m)βu− uαmβd(u)− f(u)αuβm

+ f(u)αmβu− uαd(u)βm− uαuβd(m) + uαd(m)βu+ uαmβd(u)

= f(uαuβm)− f(u)αuβm− uαd(u)βm− uαuβd(m).

This implies,

f(uαuβm) = f(u)αuβm+ uαd(u)βm+ uαuβd(m).

⇒ f((uαu)βm)− f(uαu)βm− (uαu)βd(m) = 0.

⇒ Ψβ(uαu,m) = 0,∀ u ∈ U ;m ∈M ;α, β ∈ Γ. (7.5)

Now, let x = uαuβm + uβmαu. Then by the definition of generalized (U,M)-

derivation, we have

f(x) = f(u)αuβm+ uαd(uβm) + f(uβm)αu+ uβmαd(u)

= f(u)αuβm+ uαd(u)βm+ uαuβd(m) + f(uβm)αu+ uβmαd(u).

(7.6)

On the other hand, using (7.5) and Lemma 7.2.1(i)

f(x) = f(uαuβm) + f(uβmαu)

= f(u)αuβm+ uαd(u)βm+ uαuβd(m) + f(u)βmαu+ uβd(m)αu+ uβmαd(u).

(7.7)

Comparing (7.6) and (7.7), we get

(f(uβm)− f(u)βm− uβd(m))αu = 0.
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This yields,

Ψβ(u,m)αu = 0,∀ u ∈ U ;m ∈M ;α, β ∈ Γ. (7.8)

Linearize (7.8) on u and using equation (7.8), we get

Ψβ(u,m)αv + Ψβ(v,m)αu = 0. (7.9)

Replacing v by vγv in equation (7.9), we obtain

Ψβ(u,m)αvγv + Ψβ(vγv,m)αu = 0.

Since Ψβ(vγv,m) = 0 for all v ∈ U,m ∈M and β, γ ∈ Γ. This is seen in the equation

(7.5) for vγv in place of uαu. Therefore, we have

Ψβ(u,m)αvγv = 0,∀ u, v ∈ U ;m ∈M ;α, β, γ ∈ Γ. (7.10)

Replacing v by u+ v in (7.10) and using (7.5), we obtain

Ψβ(u,m)α(u+ v)γ(u+ v) = 0.

⇒ Ψβ(u,m)α(uγu+ uγv + vγu+ vγv) = 0.

⇒ Ψβ(u,m)αuγv + Ψβ(u,m)αvγu = 0.

Now using (7.8), this implies Ψβ(u,m)αvγu = 0 for all u, v ∈ U ;m ∈M and α, β, γ ∈

Γ. Since U is noncentral, by Lemma 4.2.5, Ψβ(u,m) = 0 for all u ∈ U,m ∈ M and

β ∈ Γ.
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7.3 Generalized Higher (U,M)-Derivations in Prime

Γ-Rings

Here, we determine a number of important consequences relating to the concept of

generalized higher (U,M)-derivations of a Γ-ring to extend the results stated at the

beginning of this chapter following [14, 15, 16, 17] classical ring theory to Γ-ring

theory.

Lemma 7.3.1. Let F = (fi)i∈N be a generalized higher (U,M)-derivation of M . Then

fn(uαmβu) =
∑

i+j+k=n fi(u)αdj(m)βdk(u) for all u ∈ U ;m ∈M and α, β ∈ Γ.

Proof. Let x = uα((2u)βm + mβ(2u)) + ((2u)βm + mβ(2u))αu. Replacing m and

s by (2u)βm +mβ(2u) in fn(uαm + sαu) =
∑

i+j=n fi(u)αdj(m) + fi(s)αdj(u) and

using the condition (*), we get

fn(x) =
∑

i+j=n

fi(u)αdj((2u)βm+mβ(2u)) + fi((2u)βm+mβ(2u))αdj(u)

= 2
∑

i+j=n

fi(u)α
∑

l+t=j

(dl(u)βdt(m) + dl(m)βdt(u)) + 2
∑

i+j=n

∑
p+q=i

(fp(u)βdq(m)

+ fp(m)βdq(u))αdj(u)

= 2
∑

i+l+t=n

(fi(u)αdl(u)βdt(m) + fi(u)αdl(m)βdt(u)) + 2
∑

p+q+j=n

(fp(u)βdq(m)αdj(u)

+ fp(m)βdq(u)αdj(u)).

Therefore,

fn(x) = 2
∑

i+l+t=n

fi(u)αdl(u)βdt(m) + 2
∑

i+l+t=n

fi(u)αdl(m)βdt(u)

+ 2
∑

p+q+j=n

fp(u)αdq(m)βdj(u) + 2
∑

p+q+j=n

fp(m)αdq(u)βdj(u). (7.11)
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Again, by the definition of higher (U,M)-derivation and using the condition (*)

fn(x) = fn((2uαu)βm+mβ(2uαu)) + 2fn(uαmβu) + 2fn(uβmαu)

= fn((2uαu)βm+mβ(2uαu)) + 2fn(uαmβu) + 2fn(uαmβu)

=
∑

i+j=n

(fi(2uαu)βdj(m) + fi(m)βdj(2uαu)) + 4fn(uαmβu)

= 2
∑

i+j=n

(
∑

r+s=i

fr(u)αds(u))βdj(m) + 2
∑

i+j=n

fi(m)α(
∑

h+k=j

dh(u)βdk(u)) + 4fn(uαmβu)

= 2
∑

r+s+j=n

fr(u)αds(u)βdj(m) + 2
∑

i+h+k=n

fi(m)βdh(u)αdk(u) + 4fn(uαmβu).

(7.12)

Now, comparing (7.11) and (7.12), we get

4fn(uαmβu) = 4
∑

i+j+k=n

fi(u)αdj(m)βdk(u),∀ u ∈ U ;m ∈M ;α, β ∈ Γ.

Using 2-torsion freeness of M , we get the desired result.

Lemma 7.3.2. Let F = (fi)i∈N be a generalized higher (U,M)-derivation of M .

Then fn(uαmβv + vαmβu) =
∑

i+j+k=n fi(u)αdj(m)dk(v) + fi(v)αdj(m)βdk(u), for

all u, v ∈ U ;m ∈M and α, β ∈ Γ.

Proof. Linearizing of fn(uαmβu) =
∑

i+j+k=n fi(u)αdj(m)βdk(u) with respect to u,

fn((u+ v)αmβ(u+ v)) =
∑

i+j+k=n

fi(u+ v)αdj(m)βdk(u+ v)

=
∑

i+j+k=n

fi(u)αdj(m)βdk(u) +
∑

i+j+k=n

fi(u)αdj(m)βdk(v)

+
∑

i+j+k=n

fi(v)αdj(m)βdk(u) +
∑

i+j+k=n

fi(v)αdj(m)βdk(v). (7.13)
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On the other hand

fn((u+ v)αmβ(u+ v)) = fn(uαmβu) + fn(uαmβv + vαmβu) + fn(vαmβv)

=
∑

i+j+k=n

fi(u)αdj(m)βdk(u)+ fn(uαmβv+ vαmβu)+
∑

i+j+k=n

fi(v)αdj(m)βdk(v).

(7.14)

By comparing (7.13) and (7.14), we have the required result.

Definition 7.3.1. Let F = (fi)i∈N be a generalized higher (U,M)-derivation of M .

For every fixed n ∈ N, we define ψα
n(u,m) = fn(uαm)−

∑
i+j=n fi(u)αdj(m), for all

u ∈ U ;m ∈ M ;α ∈ Γ. Also, let D = (di)i∈N be a higher (U,M)-derivation of M .

For every fixed n ∈ N, we define φα
n(u,m) = dn(uαm) −

∑
i+j=n di(u)αdj(m) for all

u ∈ U ;m ∈M ;α ∈ Γ.

Remark 7.3.1. ψα
n(u,m) = 0, for all u ∈ U ;m ∈ M ;α ∈ Γ and n ∈ N if and only

if fn(uαm) =
∑

i+j=n fi(u)αdj(m), for all u ∈ U ;m ∈ M ;α ∈ Γ and n ∈ N. Also

φα
n(u,m) = 0, for all u ∈ U ;m ∈ M ;α ∈ Γ and n ∈ N if and only if dn(uαm) =∑

i+j=n di(u)αdj(m), for all u ∈ U ;m ∈M ;α ∈ Γ and n ∈ N.

Lemma 7.3.3. If F = (fi)i∈N is a generalized higher (U,M)-derivation of M , then

for every u, v ∈ U ; m, p ∈M ; α, β ∈ Γ and n ∈ N :

(i)ψα
n(u,m) + ψα

n(m,u) = 0; (ii)ψα
n(u+ v,m) = ψα

n(u,m) + ψα
n(v,m);

(iii)ψα
n(u,m+ p) = ψα

n(u,m) + ψα
n(u, p); (iv)ψα+β

n (u,m) = ψα
n(u,m) + ψβ

n(u,m).

Proof. (i) By Definition 7.3.1, and using generalized higher (U,M)-derivation

ψα
n(u,m)+ψα

n(m,u) = fn(uαm)−
∑

i+j=n

fi(u)αdj(m)+fn(mαu)−
∑

i+j=n

fi(m)αdj(u)
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= fn(uαm+mαu)−
∑

i+j=n

fi(u)αdj(m)−
∑

i+j=n

fi(m)αdj(u)

=
∑

i+j=n

fi(u)αdj(m)+
∑

i+j=n

fi(m)αdj(u)−
∑

i+j=n

fi(u)αdj(m)−
∑

i+j=n

fi(m)αdj(u) = 0.

(ii) By the definition of ψα
n(u,m), we get

ψα
n(u+ v,m) = fn((u+ v)αm)−

∑
i+j=n

fi(u+ v)αdj(m)

= fn(uαm+ vαm)−
∑

i+j=n

fi(u)αdj(m)−
∑

i+j=n

fi(v)αdj(m)

= fn(uαm)−
∑

i+j=n

fi(u)αdj(m) + fn(vαm)−
∑

i+j=n

fi(v)αdj(m)

= ψα
n(u,m) + ψα

n(v,m).

(iii) and (iv) are also obvious.

Now, we prove our main results as below.

Theorem 7.3.4. Let U be an admissible Lie ideal of a prime Γ-ring M and F =

(fi)i∈N be a generalized higher (U,M)-derivation of M . Then ψα
n(u, v) = 0, for all

u, v ∈ U ; α ∈ Γ and n ∈ N.

Proof. Induction Beginning: We know by Theorem 7.2.8, ψα
1 (u, v) = 0, for all

u, v ∈ U ;α ∈ Γ; so ψα
n(u, v) = 0, holds when n = 1.

Induction Hypothesis: Assume ψα
m(u, v) = 0, holds for all u, v ∈ U ;α ∈ Γ such

that m ∈ N and m < n.
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Let x = 4(uαvβwγvαu+ vαuβwγuαv). Then, using Lemma 7.3.2, we have

fn(x) = fn((2uαv)βwγ(2vαu) + (2vαu)βwγ(2uαv))

= 4
∑

i+j+k=n

fi(uαv)βdj(w)γdk(vαu) + 4
∑

i+j+k=n

fi(vαu)βdj(w)γdk(uαv)

= 4fn(uαv)βwγvαu+ 4uαvβwγdn(vαu) + 4

i,k<n∑
i+j+k=n

fi(uαv)βdj(w)γdk(vαu)

+ 4fn(vαu)βwγuαv + 4vαuβwγdn(uαv) + 4

i,k<n∑
i+j+k=n

fi(vαu)βdj(w)γdk(uαv).

Also, by Lemma 7.3.1 and since D = (di)i∈N is a higher (U,M)-derivation of M.

fn(x) = fn((2uαv)βwγ(2vαu)) + fn((2vαu)βwγ(2uαv))

=
∑

i+j+q=n

2fi(uαv)βdj(w)γ2dq(vαu) +
∑

i+j+k=n

2fi(vαu)βdj(w)γ2dk(uαv)

= 4uαvβwγ
∑

s+k=n

ds(v)αdk(u) + 4
∑

i+p=n

fi(u)αdp(v)βwγvαu

+

s+k,i+p<n∑
i+p+q+s+k=n

fi(u)αdp(v)βdq(w)γds(v)αdk(u) + 4vαuβwγ
∑

r+k=n

dr(u)αdk(v)

+ 4
∑

i+l=n

fi(v)αdl(u)βwγuαv +

i+l,r+k<n∑
i+l+t+r+k=n

fi(v)αdl(u)βdt(w)γdr(u)αdk(v).

Comparing the two expressions of fn(x) and using ψα
m(u, v) = 0, for all u, v ∈ U ;α ∈

Γ;m < n, we get

4(fn(uαv)−
∑

i+p=n

fi(u)αdp(v))βwγvαu+ 4(fn(vαu)−
∑

i+l=n

fi(u)αdl(v))βwγuαv

+4vαuβwγ(dn(uαv)−
∑

r+k=n

fr(u)αdk(v))+4uαvβwγ(dn(vαu)−
∑

s+k=n

fs(u)αdk(v)) = 0.

⇒ 4ψα
n(u, v)βwγvαu+4ψα

n(v, u)βwγuαv+4uαvβwγφα
n(v, u)+4vαuβwγφα

n(u, v) = 0.
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Using Lemma 7.3.3 (i) and 2-torsion freeness of M , we get

ψα
n(u, v)βwγ[u, v]α + [u, v]αβwγφ

α
n(u, v) = 0.

Since D = (di)i∈N is a higher (U,M)-derivation of M , thus we have φα
n(u, v) = 0. By

Lemma 4.2.5 and since U is noncentral, thus ψα
n(u, v) = 0, for all u, v ∈ U ;α ∈ Γ and

n ∈ N.

Theorem 7.3.5. Let U be an admissible Lie ideal of a prime Γ-ring M and F =

(fi)i∈N be a generalized higher (U,M)-derivation of M . Then fn(uβm) =
∑

i+j=n fi(u)βdj(m)

for all u ∈ U ;m ∈M ; β ∈ Γ and n ∈ N.

Proof. ψα
1 (u,m) = 0, for all u ∈ U ;m ∈ M ;α ∈ Γ (by Theorem 7.2.8). Now, we

assume by induction on n ∈ N, that ψα
m(u,m) = 0, for all u ∈ U ;m ∈M ;α ∈ Γ;m ∈

N such that m < n.

Since F = (fi)i∈N is a generalized higher (U,M)-derivation and D = (di)i∈N is a

higher (U,M)-derivation of M , so we have

0 = ψα
n(u, uβm−mβu)

= fn(uα(uβm−mβu))−
∑

i+j=n

fi(u)αdj(uβm−mβu)

= fn(uαuβm)− fn(uαmβu)−
∑

i+l+t=n

fi(u)αdl(u)βdt(m) +
∑

i+j+k=n

fi(u)αdj(m)βdk(u)

= fn(uαuβm)− fn(uαmβu)−
∑

i+l+t=n

fi(u)αdl(u)βdt(m) + fn(uαmβu).

Therefore, we have

fn(uαuβm) =
∑

i+l+t=n

fi(u)αdl(u)βdt(m). (7.15)
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Since F = (fi)i∈N is a generalized higher (U,M)-derivation of M , thus we have

fn(uα(uβm) + (uβm)αu) =
∑

i+j=n

(fi(u)αdj(uβm) + fi(uβm)αdj(u))

= fn(u)αuβm+ uαdn(uβm) +

i,j<n∑
i+j=n

fi(u)αdj(uβm)

+ fn(uβm)αu+ uβmαdn(u) +

i,j<n∑
i+j=n

fi(uβm)αdj(u). (7.16)

Since ψα
m(u,m) = 0 for all u ∈ U ;m ∈M ;α ∈ Γ;m < n.

Therefore,

fn(uα(uβm) + uβmαu) = fn(u)α(uβm) + uαdn(uβm) +

i,l+t<n∑
i+l+t=n

fi(u)αdl(u)βdt(m)

+ fn(uβm)αu+ uβmαdn(u) +

p+q,j<n∑
p+q+j=n

fp(u)βdq(m)αdj(u). (7.17)

On the other hand, using Lemma 7.3.1 and equation (7.15), we get

fn(uα(uβm) + (uβm)αu) = fn(uαuβm) + fn(uαmβu)

=
∑

i+l+t=n

fi(u)αdl(u)βdt(m) +
∑

i+j+k=n

fi(u)αdj(m)βdk(u)

= fn(u)αuβm+ uα
∑

l+t=n

dl(u)βdt(m) +

i,l+t<n∑
i+l+t=n

fi(u)αdl(u)βdt(m)

+ uαmβdn(u) + (
∑

i+j=n

fi(u)αdj(m))βu+

i+j,k<n∑
i+j+k=n

fi(u)αdj(m)βdk(u). (7.18)

Comparing (7.17) and (7.18) and using the condition (*), we get

uα(dn(uβm)−
∑

l+t=n

dl(u)βdt(m)) + (fn(uβm)−
∑

i+j=n

fi(u)βdj(m))αu = 0.

⇒ uαφβ
n(u,m) + ψβ

n(u,m)αu = 0,∀ u ∈ U ;m ∈M ;α, β ∈ Γ;n ∈ N.
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By Theorem 6.3.6, φβ
n(u,m) = 0,∀ u ∈ U ;m ∈M ; β ∈ Γ;n ∈ N, hence

ψβ
n(u,m)αu = 0,∀ u ∈ U ;m ∈M ;α, β ∈ Γ;n ∈ N. (7.19)

Linearizing of (7.19) with respect to u, gives us

ψβ
n(u,m)αv + ψβ

n(v,m)αu = 0,∀ u, v ∈ U ;m ∈M ;α, β ∈ Γ;n ∈ N. (7.20)

Replacing v by vβv in (7.20) and since ψβ
n(vβv,m) = 0, thus

ψβ
n(u,m)αvβv = 0,∀ u, v ∈ U ;m ∈M ;α, β ∈ Γ;n ∈ N. (7.21)

Again, replacing v by u+ v in (7.21), then using (7.19) and ψβ
n(vβv,m) = 0,

ψβ
n(u,m)αvβu = 0,∀ u, v ∈ U ;m ∈M ;α, β ∈ Γ;n ∈ N.

Since U 6= 0, hence by Lemma 4.2.5

ψβ
n(u,m) = 0,∀ u ∈ U ;m ∈M ; β ∈ Γ;n ∈ N.

This proves the claim.
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