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Abstract 

The present thesis entitled "Characterizations of Some Radical 

Rings and Gamma Rings" is the outcome of the research by me under 

the supervision of Dr. A. C. Paul, Professor, Department of 

Mathematics, University of Rajshahi. The main emphasis of this 

thesis is to find radical rings. In introduction, we introduce the 

concepts of the complete thesis. 

The thesis is of eight chapters. In the first chapter, we discuss the 

preliminaries of the complete thesis. This chapter is the basic concept 

of our work. Here we discuss the definitions and some results of 

I'-rings. We develop some characterizations of p-rings in the second 

chapter and in the third chapter, we generalize the p-rings. We define 

p-I'-ring and prove the analogous properties of p-rings for p-I'-rings 

in the fourth chapter and the fifth chapter J-I'-rings are the 

generalizations of p-I'-rings. In the sixth chapter, we define the 

regular I'-rings that are more general than that of S. Kyuno, 

N. Nobusawa and B. Smith [14] and we also develop sufficient 

conditions for I'-rings to be regular. In the seventh chapter, we define 

an abelian regular I'-rings and prove that an abelian regular I'-ring is 

equivalent to "strongly regular" I'-rings. We also develop some other 

properties. We define unit-regular I'-rings in chapter eight and 

develop a number of equivalent characterizations and also develop a 

lattice theoretic characterization. 
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Introduction 

The idea of a I'-ring as the generalization of a ring was introduced by 

N. Nobusawa [16] and obtained analogues of the Wedderburn 

Theorem for I'-rings with minimum condition on left ideals. W.E. 

Barnes [4] improved the idea ofN. Nobusawa and gave the definition 

of I'-rings which are more general than that ofN. Nobusawa [16]. The 

notion of I'-homomorphism, prime and primary ideals, m-systems, the 

radical of an ideal were introduced by him. 

The notion of Jacobson radical, nil radical and strongly nilpotent 

radical for I'-rings were introduced by Coppape and Luh [7] and they 

developed some radical properties. 

Regular rings were invented and named by von Neumann and he 

obtained a necessary and sufficient condition for regular rings. Brown 

and McCoy developed the concept of a regular ideal. Warfield, 

Bergman, Kaplansky, Auslander and some other -renounce 

mathematicians made deeper studies on regular rings. 

The general radical theory for rings had been introduced by A. 

Kurosh [ 11] and S. A. Amitsur[ I]. They studied the characterizations 

of a general radical. Divinsky [8] studied the general radical theory, 

the upper radical and the lower radical. Various kinds of radicals were 

studied here and he had also shown that these radicals are equal by 

minimum condition. He also characterized special class of rings and 

special radicals. 



Shoji KYUNO, Nobuo NOBUSA WA and Mi-Soo B. Smith 

[ 14] introduced regular I'N -rings and they developed various 

properties of regular I'N -rings. They obtained a couple of necessary 

and sufficient conditions that I'N -rings are regular and then 

characterized a commutative regular I'N -rings as a subdirect sum of 

gamma fields. 

Strongly regular rings were invented and named by Arens and 

Kaplansky, while the term "abelian' came into use later via operator 

algebras and Bear rings. Arens and Kaplansky proved that every 

strongly regular ring is regular, and that, in a strongly regular ring, 

every one-sided ideal is two-sided. Forsythe and McCoy showed that 

a regular ring is strongly regular if and only if it has no nonzero 

nilpotent elements, and that m a ring with no nonzero nilpotent 

elements, all idempotents are central. Most of the basic 

characterizations of abelian regular rings have been re-proved in a 

number of papers, along with innumerable variations and alternative 

characterizations. 

Unit-regular rings were invented by G. Ehrlich [9] and he saw that 

this unit-regularity was equivalent to various properties for direct 

sums of finitely generated projective modules. K. R. Goodearl [1 O] 

developed a number of equivalent characterizations of the unit

regularity of a regular ring and also developed a lattice-theoretic 

characterization. 

In our work, we have obtained the general radical theory for 

various type of T-rings. We have studied some of the 

characterizations of general radicals for J-I'-rings, regular I'-rings, 

ii 



unit-regular I'-rings and abelian regular I'-rings. In this connection we 

have also discussed particular radicals such as Jacobson radicals. 

The main body of this thesis is divided into eight chapters. 

The first chapter is the fundamental concepts relevant to our 

works. Here we have given some basics concepts of I'-rings, I'-rings 

M-modules, radical classes and other concepts that are needed to our 

research works. 

In the second chapter, we have studied p-rings and developed 

some basic properties. We have proved that the class of all p-rings is 

a radical class. We have also developed a number of equivalent 

characterizations of p-rings. 

We have studied J-rings and developed some properties in 

chapter three. We have showed that the class of all J-rings is a radical 

class. We have also proved that the Jacobson radical of J-ring is zero. 

The concepts of p-I'-rings have given in the third chapter. Here we 

have proved the analogous properties of p-rings for p-I'-rings. We 

have proved that the class of all p-I'-rings is a radical class. We have 

also developed some other properties of this ring. 

The purpose of chapter five is to introduce the notion of J-T

rings and obtain the analogous properties of J-rings for J-I'-rings. We 

also develop some other properties for J-I'-rings. 

In chapter six, we have defined a regular I'-ring that is more 

general than that of S. Kyuno [14]. Here we have developed a few of 

their most basic properties. The main emphasis is on developing 

sufficient conditions for T-rings to be regular. We also have proved 

that the class of all regular I'-rings is a radical class. 

iii 



Chapter seven is one of several in which we have developed the 

basic properties of a class of regular I'-rings of some "classical" type. 

Those considered in the present chapter are somewhat commutative, 

in that all idempotents are central, and also closely connected to 

division I'-rings. Abelian regular I'-rings are also known as strongly 

regular I'-rings, which is, however, a more indirect concept. In that a 

nontrivial theorem is required to show that strongly regular I'-rings 

are actually regular. For this reason, we view abelianness as the more 

general property. We have first developed a number of equivalent 

characterizations of abelian regular I'-rings before proving that 

"abelian regular" is equivalent to "strongly regular". 

The last chapter eight is concerned with unit-regular I'-rings. We 

have developed a number of equivalent characterizations of the unit 

regularity of regular I'-rings, mostly in the form of cancellation 

properties, either internal (within the lattice L(MR)) or external (for 

finitely generated projective M-modules). These cancellation 

properties are then used to derive further properties of finitely 

generated projective M-modules over unit-regular I'-rings. We have 

also developed a lattice theoretic characterization of the unit-· 

regularity of M, namely transitivity of the relation of perspectivity in 

the lattice L(2MR) 

iv 



Chapter-One 

Preliminaries 

Let Mand r be additive abelian groups. If there . is a mapping 

MxrxM➔M satisfying, for all a, h, cEM; a, /J, YE r 

(i) (a +b)ac = aac + bac 

(ii) a(a + /J)b = aab + afJb 

(iii) aa(b + c) = aab + aac and 

(iv) (aab)f)c = aa(bf)c), 

then Mis called a T-ring. This T-ring is due to Barnes [ 4]. 

If the defining conditions for a T-ring are strengthened to 

(i') aab is an element of M, aafJ is an element of r, 

(ii') and (iii1
) are same as (ii) and (iii), 

(iv') (aab)f)c = a(ab/J)c = aa(bf)c) 

(v] aab = 0 for all a, bE M implies a= 0, 

then we have a 1-:ring in the sense of Nobusawa [ 16]. This T-ring is 

denoted by rN-ring. 

Throughout this thesis we consider the T-rings due to Barnes. 

If A and B are subsets of a T-ring .M and 0, </J c r, then we 

denote by A 0B, the subset of M consisting of all finite sums of the 

form L,a;a;b;, where a;, h;EM and a;E 0. 

Ideal of /"'-rings: A right (left) ideal of a I'-ring Mis an additive 

subgroup/ of Msuch that JIM= {aabjaeA aer, hEM} c /(Mn c 

[), Jf / is both a right ideal and a left ideal then we say that / is an 

ideal, or redundantly, a two-sided ideal of M. 



Chapter-One Preliminaries 

If/ and J are both left (respectively right or two-sided) ideals of 

M, then I+ J = {a+ b I aE/, beJ} is clearly a left (respectively right 

or two-sided) ideal, called the sum of/ and J. We can say every finite 

sum of left (respectively right or two-sided) ideal of a I'-ring is also a 

left (respectively right or two-sided) ideal. 

It is clear that the intersection of any number of left (respectively 

right or two-sided) ideal of Mis also a left (respectively right or two

sided) ideal of M. 

If A is a left ideal of M, B is a right ideal of Mand Sis any non 

n 
empty subset of M, then the set A rs= { L a;}';S; I a;EA, }';EI', s;ES, 

i=I 

n is a positive integer} is a left ideal ofM and SrB is a right ideal of 

M. A rB is a two-sided ideal of M. 

If aeM, then the principal ideal generated by a denoted by (a) 

is the intersection of all ideals containing a and is the set of all finite 

sum of elements of the form na + xaa + af)y + uyaµv, where n is an 

integer, x, y, u, v are elements of Mand a, f), y, µ are elements of r. 
This is the smallest ideal generated by a. Let aeM. The smallest right 

ideal containing a is called the principal right ideal generated by a is 

denoted by I a). We similarly define (a I and (a), the principal left 

and two-sided ideal generated by a respectively. We have I a) = Za + 

arM, (a I= Za + MI'a, and (a)= Za + arM + MI'a + MI'aI'M, where 

Za = { na: n is an integer}. The smallest left (right) ideal generated by 

a is called the principal left (right) ideal and is denoted by (al (I a)). 

2 



Chapter-One Preliminaries 

Semiprime ideal: An ideal P of a I'-ring M is said to be 

semiprime if for any ideal Q of M, QTQ c P implies Q c P. A I'-ring 

Mis semi prime if the zero ideal is semiprime. 

If A is semiprime idea) and B an ideal of M with B c A, then 

(BT)nB = (BrBrBr . ... .. .. . TBJ)B c A for any positive integer n. 

Prime ideal: An ideal P of a I'-ring Mis said to be prime if for 

any ideals A and B of M, ATB c P implies A c P or B c P. A I'-ring 

Mis said to be prime if the zero ideal is prime. 

The Descending Chain Condition (DCC): A r-ring Mis said to 

have the descending chain condition on left ideals or DCC on left 

ideals if every descending sequence of left ideals M ::::> L1 ::::> L2 ::::> 

•• ••• •••• • ::::> Ln ::::> ••• •• •• terminates after a finite number steps, i.e. there 

exists an integer n such that Ln = Ln + , = Ln + 2 = ...... . 

The Ascending Chain Condition (ACC): A r-ring Mis said to 

have the ascending chain condition on left ideals or ACC on left 

ideals if every ascending sequence of left ideals L, c l 2 c ........ c ln 

c ......... terminates after a finite number of steps, i. e. there exists an 

integer n such that ln = Ln + 1 = Ln + 2 = . .. . . . . . . .. .. . . . 

I'-homomorphism: If Mand Mare I'-rings andf M ➔ Mis a 

group homomorphism with extra property that j(ayb) = j(a)r.f{b ), for 

all a, heM and yer, then/is a r-homomorphism. 

Quotient I'-ring: Let / be an ideal of a T-ring M. If for each a + 

I, b + I are in the factor group MIi and each ye r, we define (a+ l)}{b 

+ /) = arb +'•then Mil is a I'-rini which we call the quotient r-ring 

3 



Chapter-One Preliminaries 

of M with respect to /. The mapping <l>: a ➔ (a + I) is a 

T-homomorphism of M onto Mil, called the natural 

T-homomorphism. 

Idempotent element: An element x of a I'-ring M is called 

idempotent if xyx = x for some yEI'. 

Nilpotent element: An element x of a T-ring M is called 

nilpotent if for every ye Tthere exists a positive integer n = n(y) such 

that (xyfx = 0 and an ideal A of Mis ca1led nil if every element of A 

is nilpotent. 

Strongly nilpotent element: An element x of a I'-ring M is 

called strongly nilpotent if there exists a positive integer n such that 

(xl)nx = 0 and an ideal A of Mis called strongly nil if every element 

of A is strongly nilpotent. 

Strongly nilpotent ideal: An ideal / of a I'-ring M is called 

strongly nilpotent if there exists a positive integer n such that 

(AI)nA = 0. Clearly a strongly nilpotent set is also strongly nil. 

Locally nilpotent element: An element x of a I'-ring M is called 

locally nilpotent if for every finite subset F c M and finite subset 

<l> c I', there exists a positive integer n such that (F<l>)n F = 0. 

Weakly nilpotent element: An element a of I'-ring Mis said to 

be weakly nilpote~t if there exists a non-zero element ye I' and an 

integer n > 1 such that (ay)n-l a= 0. A I'-ring Mis weakly nilpotent 

if every element of Mis weakly nilpotent. 

4 
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Orthogonal idempotent elements: Let M be a I'-ring. A set of 

elements { e;} of Mis called orthogonal idempotent if e;ye1 = 0 for i -:t:- j 

and e;ye; = e; = 0 for some ye r. 

Subdirect Sum: By the direct product (or complete direct sum) 

of I'-rings M,, r is in some index set/, we mean the set nretMr = if. I 

➔ UretM, lfir)EM, all rE/}. We give a T-ring structure to nretM, by 

defining (f + g)(r) = f{r) + g(r) and (f yg)(r) = f{r)yg(r) . 

Let 1t, be the projection of n,etM, onto M,. A I'-ring Mis said to 

be a subdirect sum of I'-rings {M,}re/ if there is a monomorphism 

<I>: / ➔ n,e,M, such that M<l>1t, = M, for some rEI. 

Internal direct sum: Let M be a I'-ring and N 1 and N2 be two 

left ideals of M such that 

(i) M = N,+ N2 = {n1+n2 I n1 EN1, n2EN2} 

(ii) Nin N2= 0 

then we say M is the internal direct sum or simply direct sum of N1 

and N2 and we write M = N1 EB N2• 

Suhdirect Product: A I'-ring Mis said to be a subdirect product 

of the family {M,},ei of I'-rings if there is a natural projection p; 

such that p;(M) = M; for every rEI. 

Sub-directly irreducible: A I'-ring M is said to be subdirectly 

irreducible if it has no nontrivial representation as a sub direct sum of 

any I'-ring M. 

Clearly, a ring with only one element is subdirectly irreducible. 
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A I'-ring M has a nontrivial representation as a subdirect sum of 

I'-rings if and only if there exists in Ma set of nonzero ideals with 

zero intersection. Thus every representation is trivial if and only if 

every set of nonzero ideals has nonzero intersection. Hence, a nonzero 

I'-ring Mis sub-directly irreducible if and only if the intersection of 

aJl of its nonzero ideals of Mis different from zero. 

Right operator ring: Let M be a I'-ring and F be a free abelian 

group generated by I'xM. Then A = CLn;(Y;,x;)E FI aEM 
i 

⇒ I,n;ar;x; = O} is a subgroup of F. Let K = FIA, the factor group, 
i 

and denote the coset (y, x) + A by [y, x] . Then [a, x] + [a, y] = [a, x + 

y] and [a,x] + [/J,x] = [a+ /J,x] for all a, /JEI'. 

We define a multiplication in K by (I,[a;, x;])(I,[~, y1]) -
i j 

I[ a;, xJty1]. Then K forms a ring. Now we define a composition on 
i , j 

MxK into M by x(I[ a ; , x;]) = Ixa;x; for xEM, I,[ a;, x;] EK. Then 
i i i 

M is a right K-module and we call K the right operator ring of the 

I'-ring M. Similarly we can define the left operator ring of the I'-ring M. 

Quasi-regular I'-ring: An element x of a I'-ring M is said to be 

right quasi-regular (abbreviated rqr) if for any YE r, there exists 

§;EI', X;EM, i = 1, 2, 3, ... .. , n such that xya + "'[,xo;x; - "'[,x,ao;x; = 0. 
i i 

A I'-ring Mis called right-quasi regular if every element of Mis right

quasi regular. The class of all right-quasi-regular I'-rings is a radical 

class. This radical is calJed Jacobson radical and is denoted by J • 

6 



Chapter-One Preliminaries 

Completely prime ideal in a I'-ring: A completely prime ideal 

m a I'-ring M is a proper two-sided ideal P such that Ml P is an 

integral domain (not necessarily commutative). 

Division I'-ring: A I'-ring M is called division I'-ring if for 

every xeM there exists yeM such that xyy = yyx = ] . 

I'-Field: A commutative division I'-ring is called a I'-field. 

Semi-hereditary: A I'-ring M is said fo be semi-hereditary if 

every finitely generated right ideal of Mis projective M-module. 

Non-singular I'-ring: An ideal / of a I'-ring M is called 

essential if for every nonzero ideal A in M, In A i- 0. Let cp(M) be the 

class of all essential ideals in Mand Zr(M) = {xeM I xn = 0 for some 

/ ecp(M)}. M is called a non-singular I'-ring if Zr(M) = 0. For the 

case of a classical ring R, we define Zr(R) = {xeR I xi= 0 for some 

I ecp(R). Then R is called a non-singular if Z,(R) = 0. 

m-system: A subset Sofa I'-ring Mis an m-system if S = <I> or 

if a, beS implies (a)I'(a) n S -:t:- <I>. A subset N of Mis said to be 

n-system in M if N = <l> or if aeN implies (a) n N -:t:- <l>. 

Radical Class: A class of rings (I'-rings)fll is called a radical 

class if 

a) fll is homomorphically closed, i.e. if Re !ll and / is an ideal 

of R, then RI IE f!l. 

ii) 91 is closed under extension, 1.e. if RI/ and /e .W, then 

Re 91. Here l is an idea] of R. 

7 



Chapter-One Preliminaries 

iii) If / 1 c /2 c '3 c ........... -1s an ascending chain of 

91-ideals, then Uala E !ll. 

Let A be any ring (I'-ring) and let 9l be a radical class. Then there is a 

unique largest 9l -ideal R(A) such that Al R(A) has no non-zero 

.W-ideals. This R(A) is called a radical of A. If R(A) = A, then A is 

called an !Jl-radical ring (I'-ring). If R(A) = 0, then A is called 

9l-semisimpl~ . . 

Jacobson radical: Let M be a commutative I'-ring with I. Then 

Jacobson radical of the I'-ring M is the intersection of all maximal 

ideals of M. 

M-module: Let M be a I'-ring and let (E, +) be an abelian 

group. Then E is called a M-module if there exists a I'-mapping 

(I'-composition) from MxI'xE to E sending (m, a, p) to map such that 

i) (m, + m2)ap = m1 ap + m2ap 

ii) ma(p, + P2) = map1 + map2 

iii) (m,am2)/Jp = m1a(m2/Jp), 

for all p, p,, p2EE, m, m,, m2eM, a, /JeI'. 

If in addition, M has an identity 1 and 1 yp = p for all peE and some 

yer, then Eis called a unital M-module. 

Sub module: Let M be a I'-ring. Let E be a M-module. Let (Q, +) 

be a subgroup of (E, +). We call Q, a sub module of E if myqeQ for 

all meM, qeQ and yer. 

8 



Chapter-One Preliminaries 

Quotient module: Let Q be submodule of a M-module E. If for 

each a + Q, b + Q are in the factor group EIQ = {p + QI peE} and 

each yeI', we define mr(p + Q) = myp + Q for all meM, peP and 

yeI', and (p, + Q) + (p2 + Q) = (pi + P2) + Q for all Pt, p2eP, then 

EIQ is a M-module which we call the quotient module of M with 

respect to Q. 

Irreducible module: An M-module is said to be irreducible if it 

has exactly two submodules. These must be itself and O; the module 0 

is not irreducible according to this definition. 

Annihilator: Annihilator of a subset S of an M-module E is 

defined as 

Ann(S) = { aeE I ayx = 0 for all xeS, ye I'}. 

It is a left ideal of E. If S is submodule of E, then Ann(S) is a two

sided ideal of E. 

If S = E, then Ann(S) = Ann(E) = 0 

lf Ann(E) = 0, then Eis called a faithful module. 

Indecomposable Submodules: Submodules that are not the 

direct sum of two nonzero submodules are known as indecomposable 

Submodules. 

Q 



Chapter - Two 

Some Characterizations of p-Rings 

In this chapter, we study various properties of p-rings. We 

proved a basic theorem like: If R is a ring and/ be an ideal of R, then 

R is a p-ring if and only if/ and RI/ are p-rings; if fll is a class of all 

p-rings, then this theorem shows that .W is a radical class. We also 

develop some other properties of p-rings. 

Definition: A ring R is said to be a p-ring (f for each xER there exists 

a prime integer p > I with px = 0 such that x P = x. 

This p-ring R has no nonzero nilpotent elements; for any aER, 

a p-l is an idempotent element; every ideal is two-sided and R is 

commutative. 

Lemma 2.01 . Let R be a commutative ring. If I is an ideal of R such 

that I is a p-ring, then e(y - yP) = 0 for all yER and e is an 

idempotent of[. 

Proof Let xE/ and yER. Then xyEI. Since I is a p:.ring, xP = x and 

(xy)P = xy for some prime p > l. Now, xPyP = xy implies xyP = xy 

implies x(yP -y) = 0, so xP-1(y-yP) = 0 and hence, e(y-yP) = 0, 

where e = xp-l is an idempotent of I. ■ 

Lemma 2.02. let R be a commutative ring and I an ideal of R. Then 

R is a p-ring if and only if RI I and l are both p-rings. 
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Proof Suppose that Risa p-ring. Then, obviously, I is a p-ring. Now, 

let xeRII, then x = r + I for some reR with rP = r. Now, xP= (r + 

I) P= rP +I= r +I= x. Thus, RI/ is a p-ring. 

Conversely, let RI/ and / be p-rings. Let xeR, then x + IeRII 

and so (x + I) P= x +I= xP +I.Thus, xP - xel and since/ is a p-ring, 

(xP - x)P = xP - x for some prime p > 1. Let e 1 = (xP - x)P-1• Then 

e 1 is an idempotent of/. By Lemma 2.01, e 1 (~P- x) = 0 for every 

xeR. Now, 0 = e 1 (xP-x) = (xP-x)p-l(xP -x) = (xP-x)P =xP-x. 

Hence, x P = x. Therefore R is a p-ring. ■ 

Lemma 2.03. Let / 1 c Ii c h c . . . . . . . . . . . . be ascending chain of 

ideals which are all p-rings. Then Uala is also a p-ring. 

Proof. Let xEUala, then xela for some a. Since Ia is a p-ring, then 

x P = x for some prime p > I. Hence, u al a is a p-ring. ■ 

Thus, by Theorem 2.02 and Theorem 2.03, we have the following 

theorem: 

Theorem 2.04. The class fll of all p-rings is a radical class. ■ 

Characterizations of p-rings 

Theorem 2.05. Let R be a ring with 1. Let a, xeR such that a= xP-2 • 

Then the following statements are equivalent: 

a) R is a p-ring. 

b) Every principal ideal Ra is generated by an idempotent 

element e where e = xa = xP-1, xeR. 
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Chapter-Two Some Characterizations of p-Rings 

c) For every principal ideal Ra of R, there exists an element 

b ER such that R = Ra EB Rb. 

d) Every principal ideal Ra is a direct summand of R. 

Proof. a ⇒ b) Let xeR. Then xP = x for some prime p > 1. Let a ER. 

and Let a ~ x p-2 • Now, the principal ideal Ra is generated by the 

element xa which is idempotent; for (xa)(xa) = xxP-2xxP-2 = 

xPxP-2 =xa. 

b ⇒ c) Let Ra= Re, ~here e 2= e and a= xp-l, xeR. Since 1 = e + 

(1 - e), and if there exists bER such that ae = b(l - e), then ae = ae 2 

= b(l - e)e = 0. So R = Re EB R(l-e). 

c ⇒ d) Trivial. 

D ⇒ a) Let aER. Then there exists an ideal/ of R such that R = Ra EB 

I. Hence, 1 = xa + b, where bEI, so x = xax + bx. Since a = xP-2
, 

bx= x - xaxERa n I= 0, and therefore x = xax = xP. Hence, R is a 

p-ring. ■ 

Theorem 2.06. Let R be a p-ring with 1. Then 

1) Every finitely generated ideal is principal. 

2) The intersection of any two principal ideals of R is principal. 

Proof. 1) 1t is enough to prove that if a, b ER, then Ra + Rb is 

principal. Since R is a p-ring, by Theorem 2.05, there exist elements 

x, yeR with a= xP-2 and b = yP-2 for some prime p > 1, such that 

the elements e1 = xa and e2 = ya are the idempotent elements of Ra 

and Rb respectively and also Ra= Re, and Rb= Re2• 

12 
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Now, Ra-+ Rb = Rei + Re2 = Rei + R(e2 - e2e1) because a,e1 + 

a 2e2 = (a, + a2e2 )ei + a2(e2 - e2e 1 ). If s = (e2 - e2e 1) p-
2 ER, then 

(e2 - e2ei)s(e2 - e2e1) = (e2 - e2ei)P = (e2 - e2e1)- Then e~ = s(e2 -

e2ei) is an idempotent of Rb. Then Rei + Re2 = Re1 + Re~ with e~e1 = 

Finally, we have, a 1e 1 + a2e~ = (a 1e 1 + a 1 e~)(e 1 + e~ - e~e1), 

a 1, b1 eR. Thus, Re1 + Re~ = R(e 1 + e~ - e~_e 1). Therefore Ra+ Rb= 

R(e 1 + e~ - e~ e1) is a principal ideal. Thus, Ra + Rh is a principal 

ideal. 

2) Let Ra and Rb be two principal ideals. Since R is a p-ring by 

Theorem 2.05, there exists elements x, yeR with a = x p-
2 and 

b = y p-
2 for some prime p > l, such that the elements e 1 = xa and 

e2 = ya are the idempotent elements of Ra and Rb respectively and 

also Ra= Re, and Rb= Re2 • Hence, R = Re, EB R(I - e 1) = Re2 EB R(l

e2), and 

Re,= AnnR[( I - e 1)R] = {xeR I x(l - e 1)R = O}, 

Re2 = AnnR[(I - e2)R] = {xeR I x(J - e2)R = O}. 

Indeed obviously Re1 c AnnR[(l - e 1)R] . 

Conversely, if xeR and x(J - e 1) = 0, writing x = a 1e 1 + b1(l -

13 
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Thus, Re, n Re2 = AnnR[(l - e,)R + ( 1 - e2)R]. Now, there 

exists e3 ER such that (1 - e 1)R + (1 - e2)R = (1 - e3)R, and from 

Re3 = AnnR[(l - e3)R] we deduce that Re, n · Re2 = Re3. Thus, 

Re, n Re2 = Ra n Rb is a principal ideal. ■ 

Theorem 2.07. Let R be a p-ring with unity 1. Then 

a) The Jacobson radical J(R) of R is zero. 

b) R is a semisimple ring if and only if it is a Noetherian 

p-ring. 

c) The centre of R is also a p-ring. 

d) The p-ring R without zero divisor is a field. 

e) Every ideal of R is nonsingular. 

j) For any idempotent element e of R, (1 - e)Re = 0. 

g) /f (Ri)iE/ is a family of p-rings, then n Riis a p-ring. 

h) R is semihereditary. 

Proof a) Let aE J(R). Then Ra c J(R). Since Ra= Re, where e = xa 

is an idempotent with a= xP-2 for some prime p > I, so eEJ(R), it 

follows that (I - e) is invertible. So there exists yER such that 

1 = y(l - e) = y - ye. Hence, e = ye - ye 2 = ye - ye= 0 and therefore 

a= 0. Thus, J(R) = 0. 

b) First suppose that R is finitely generated. Then every ideal of R is 

finitely generated and hence a direct summand. So R is a semisimple 

ring. 

Conversely, let R be a semisimple ring. Then every principal 

ideal of R is a direct summand of R and hence, R is a p-rina (by 

14 
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Theorem 2.05). Since Jacobson radical J(R) is the largest ideal of R, 

and since, in a p-ring, J (R) = 0, so any ascending chain of ideals of R 

must be finite. Hence, R is Noetherian. 

c) Since p-ring is abelian, so centre of R is R itself, i.e. C(R) = R. 

d) Let aER with at- 0. Then aP= a for some prime p > 1. Then 

aP- a= 0 ⇒ a(ap-l - I)= 0. Since a f. 0, so pp-I -1 = 0 and so 

a p-2 is the inverse of a. Since p-ring R is abelian, ~o R is a field. 

e) Suppose that xi= 0 for some xeR and Jc R is an ideal of R. Let Rx 

be a principal ideal of R. Then there is an idempotent e such that 

Rx=Re. 

Now, since Rel = Rx/ = 0, we see that / c R(l - e). Then 

I n Re = 0, whence Re = 0 a.nd consequently x = 0. Thus, R is 

nonsingular. 

f) Since Re is a two-sided ideal, so (1 - e)Re = Re- Re2 =Re-Re= 0. 

g) Proof is obvious. 

h) Since a finitely generated ideal of R is a direct summand of R and 

so is projective. Hence, R is semihereditary. ■ 

15 



Chapter-Three 

Some Characterizations of J-Rings 

In this chapter, we study various properties of J-rings and 

obtain some characterizations of J-rings. We first study the 

commutitivity of J-rings. Then we obtain a basic theorem like: If R 

is a ring and/ be an ideal of R, then Risa J-ring if and only if land 

RI/ are both J-rings. If fll is the class of all J-rings then with the 

help of this theorem we prove that f!l is a radical class. We also 

obtain a couple of necessary and sufficient conditions that R is a 

J-ring. We also establish some other properties. 

Definition. A ring R is said to be a J-ring if for each xER there 

exists an integer n = n(x) > I such that xn = x. 

Lemma 3.01. Let R be a J-ring. Then every right ideal l of R is a 

two-sided ideal of R. 

Proof. We first observe that R has no nonzero nilpotent elements. 

For if xi 0, then xn = x implies that xm i O for all m > 1. Next, let 

aE/ and suppose an = a for some n > ] . Then (an-1) 2 = a 2"-2= 

a 11 a"-2 = aa"-2 =an-I, so an-I is an idempotent. 

Now, let e be an idempotent. Then for any xER, (xe-exe)2 = 0 = 

(ex- exe)2
• Thus, xe - exe = ex - exe = 0 and so xe = ex, 

i.e. e commutes with every elements of R. 
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Thus, for any rER, ra = ran = ran-I a = an-Ira = ar1, where 

r 1 = an-2 raER. Since ar1 El, so does ra and so I is a two-sided 

ideal. ■ 

Theorem 3.02. Let R be a J-ring and I an ideal of R. Then RI I and I 

are both J-rings. 

Proof. Obviously / is a J-ring. Now, let xERII, then x = r + I for 

some rER with rn = r. Now, xn = (r + I) n = · rn + 1 = r + I = x. 

Thus, RI I is a J-ring. 

Lemma 3.03. Let D be a division ring such that for every xED, 

there exists an integer n(x) > l such that xn(x)= x. Then Dis afield. 

Proof The proof is given in [18, Lemma 7.8.13] 

Lemma 3.04. Let R be a J-ring with identity I. Then for x, yER, 

xy - yx is in the intersection of the maximal ideals of R. 

Proof. Every ring has a maximal ideal. Let I be such a maximal 

ideal. Then the quotient ring RI/ has an identity, and since / is a 

maximal right ideal of R, RI I has no maximal ideals other than 0 

and RI!. Thus, RI/ is a division ring. Since R is a J-ring, RI! is a 

J-ring (by Lemma 3.02). Then RI/ is commutative (by Lemma 3.03). 

From this it follows that xy - yxel, for all x, yeR. 

Lemma 3.05. Let R be J-ring with identity 1. Then R is 

commutative. 

17 
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Proof. Suppose x-:/; 0 is in every maximal ideal of R. Then xn = x, 

and xn-I is an idempotent, say xn-I = e =f:. 0 and e must also be in 

every maximal ideal of R. Now, 1 - e can not be in any proper right 

ideal of R, for if it were, it would be in a maximal ideal K of R. 

Since eeK, 1 = e + (1 - e) would be in K and hence, K = R, a 

contradiction. Since (1 - e)R-:/; 0 and since ( I - e)R is a (right) 

ideal, it follows that (] - e)R = R, whence (I - e)r = e for some 

reR. Thus, 0 = e(l - e)r = e, a contradiction. Thus, x can not be in 

every maximal ideal in R and the intersection of all the maximai 

ideals of R is 0. Thus, by Lemma 3.04, xy - yxeO, x, yeR, that is, 

xy = yx, for all x, yeR. ■ 

Theorem 3.06. If R is a J-ring, then R is commutative. 

Proof. Let e be an idempotent in R. Then, ex= xe for all xeR. Thus, 

eR =Re= Tis also a J-ring, but T has an identity, namely e. Hence, 

by Lemma 3.05, Tis commutative. Now, for all x, yER, xye = xye 2 

= (xe)(ye) = (ye)(xe) = yxe, that is (xy - yx)e = 0. Since (xy- yxt 

= (xy - yx) for some n > 1, so (xy- yxt-1 is an idempotent, say e,. 

Thus, 0 = (xy- yx )e1 = (xy- yxl = xy- yx, that is xy ~ yx. ■ 

Lemma 3.07. Let R be a commutative ring. Suppose that I is an 

ideal of R such that I is a J-ring. Then e(y - yn) = 0 for all yeR 

and e is an idempotent of I. 

18 
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Proof. Let xEI and yER. Then xyEI. Since / is a J-ring, xn = x. 

Also (xvt = xy for some n > 1. Now, xn yn = xy implies xy = x yn 

implies x(yn - y) = 0, so xn-l (y - yn) = 0 and hence, e(y - yn) = 

0, whence e = xn-l is an idempotent of/. ■ 

Lemma 3.08. Let R be a commutative ring and I an ideal of R. lf RI/ 

and I are both J-rings, then R is also a J-ring. 

Proof let RI/ and / be J-rings. Let xER, then x + IERII and so 

(x + /)n = x + I= xn + I. Thus, xn - XEI and since / is a J-ring, 

then (x 11 -x)m = xn -x for some m > 1. Let e 1 = (x 11 -x)m-l _ Then 

e 1 is an idempotent of I. By Lemma 3.07, e1 (xn - x) = 0 for every 

RN 0 - l(n )-(n )m-l(n )-(n )m XE . OW, - e X - X - X - X X - X - X - X -

xn - x. Hence, xn = x . Therefore R is a J-ring. ■ 

Lemma 3.09. If 11 c 12 c /3 c ........... is an ascending chain of 

ideals which are all J-rings, then Uala is a J-ring. 

Proof. Let XEUala, then xEla for some a.. Since Ia is a J-ring, then 

xn = x for some n > 1. Hence, Ual a is a J-ring. ■ 

Thus, by Lemma 3.02, Lemma 3.08, and Lemma 3.09, we 

have the following theorem: 

Theorem 3.10. The class of all J-rings is a radical class. 

19 
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Some characterizations of J-rings 

Theorem 3.11. Let R be a ring with 1. Let a, xER such that 

a = xn-2 • Then the following statements are equivalent: 

a) R is a J-ring. 

b) Every principal ideal Ra is generated by an idempotent. 

c) For every principal ideal Ra of R, there exists an element 

bER such that R = Ra EB Rb. 

d) Every principal ideal Ra is a direct summand of R. 

Proof. a ⇒ b) Let xER. Then x" = x . Let a ER such that a= xn-2 • 

Now, the principal ideal Ra is generated by the element xa which is 

idempotent; for (xa)(xa) = xxn-2 xxn-2 = x" x"-2 = xa. 

b ⇒ c) Let Ra = Re, where e 2 = e and a = xn-2 , xeR. Since 

1 = e + (1 - e), and if there exists beR such that ae = b(1 - e), then 

ae = ae 2 = b(l - e)e = 0. So R = Re fB R(l - e). 

c ⇒ d) Trivial. 

d ⇒ a) Let aeR. Then there exists an ideal / of R such that 

R = Ra EB I. Hence, 1. = xa + b, where be!, so x = xax + bx. Since 

a = xn-2 , bx = x - xaxeRa n I= 0, and therefore x = xax = xn. 

Hence, R is a J-ring. ■ 

Theorem 3.12. Let R be a J-ring with 1. Then 

I) ~very finitely generated ideal is principal. 

20 
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2) The intersection of any two principal ideals of R is 

principal. 

Proof. I) It is enough to prove that if a, bER, then Ra + Rb is 

principal. Since R is a J-ring by Theorem 3.11 (b ), there exists 

elements x, yER with a= xn-2 and b = yn-2 such that the elements 

e,= xa and e2= yh are the idempotent elements of Ra and Rb 

respectively and also Ra= Re, and Rb= Re2. Now, Ra+ Rb= Re, + 

Re2 = Rei + R(e2 - e2e1) because a1e, + a2e2 = (a1 + a2e2)e, + a2(e2 

- e2ei), Ifs= (e2 - e2ei)n-2 ER, then (e2 - e2e1)s(e2 - eiei) = (e2 -

e2ei)" = (e2 - e2e 1). Then e~ = s(e2 - e2ei) is an idempotent of Rb. 

Then Re,+ Re2 = Re1 + Re~ with e~e1 = s(e2 - e2e 1)ei = 0. 

Thus, Rei + Re~ = R(ei + e~ - e~ ei). Therefore Ra+ Rb= R(ei + 

e~ - e~ e1). Thus, Ra+ Rb is a principal ideal. 

2) Let Ra and Rb be two principal ideals. Since R is a J-ring by 

Theorem 3.11 (b ), there exists elements x, yER with a = xn-2 and 

b = y"-2 such that the elements ei = xa and e2 = yb ar~ the 

idempotents of Ra and Rb respectively and also Ra = Rei and 

Rb= Rei. Hence, R = Re1 EB R(l - e1) = Re2 EB R(l - e2), and 

Rei= AnnR[(l - e1)R] = {xeR I x(l - e1)R = O}, 

Re2 = AnnR[(I - ei)R] = {xeR I x(l - e2)R = O}. 

Indeed obviously Re, c AnnR[(I - e,)R]. 

21 



Chapter-Three Some Characterizations of J-Rings 

Conversely, if xER and x( 1 - e 1) = 0, writing x = a,e, + b,(1 -

e1), we have 

a 1e 1(1 - e,) + b 1(1 - e1)(] - e,) = 0, and so 

b 1(1 - ei) = 0, hence, x = a,e, eRe,. 

Thus, Re, n Re2 = AnnR[(l - e 1)R + (1 - e2)R]. Now, there exists 

e3 eR such that (1 - e 1)R + (l - e2)R = (1 - e3)R, and from 

Re3 = AnnR[(l - e3)R] we deduce that Re, h Re2 = Re3• Thus, 

Re, n Re2 =Ran Rb is a principal ideal. ■ 

Theorem 3.13. Let R be a J-ring with unity 1. Then 

a) The Jacobson radical J(R) of R is zero. 

b) R is a semisimple ring if and only if it is a Noetherian 

J-ring. 

c) The centre of R is also a J-ring. 

d) The J-ring R without zero divisors is a field. 

e) Every ideal of R is nonsingular. 

j) For any idempotent element e of R, ( 1 - e)Re = 0. 

g) If(R;);ef is a family of J-rings then n R; is a J-ring. 

h) R is semi hereditary. 

Proof. a) Let aEJ(R). Then Ra c J(R). Since Ra = Re where 

e = xa is an idempotent with a= xn-2 , so eEJ(R). It follows that 

(1 - e) is inevitable. So there exists yER such that 1 = y(l - e) = 

y -ye. Hence, e = ye - ye 2 = ye - ye= 0 and therefore a= 0. Thus, 

J(R) = 0. 

b) First suppose that R is finitely generated. Then every ideal of R 
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is finitely generated and hence a direct summand. So R is a semi

simple ring. 

Conversely, let R be a semisimple nng. Then ever:x 

principal ideal of R is a direct summand of R and hence R is a 

J-ring by Theorem 3 .1 l(d). Since Jacobson radical J(R) is the 

largest ideal of R and since m a J-ring; J (R) = 0, so any 
.. 

ascending chain of ideals of R must be finite. Hence, R is 

Noetherian. 

c) Since J-ring is abelian, so centre of R is R itself, i.e. C(R) = R. 

d) Let aER with a f. 0. Then an= a for some n > 1. Then an- a= 0 

implies a(an-l - 1) = 0. Since a f. 0, so an-I -1 = 0 and so an-2 is 

the inverse of a. Since R is abelian, so R is a field. 

e) Suppose that xi= 0 for some xER and / c R is an ideal of R. Let 

Rx be a principal ideal of R. Then there is an idempotent eER such 

that Rx = Re. Now, since Rel = Rx/= 0, we see that I c R( 1 - e). 

Then / n eR = 0, whence Re = 0 and consequently x = 0. Thus, R is 

nonsingular. 

J) Since Re is a two-sided ideal, so (1- e) Re= Re-Re 2 =Re-Re= 0. 

g) Proof is obvious. 

h) Since a finitely generated ideal of R is a direct summand of R 

and so is projective. Hence, R is semihereditary. ■ 
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p-I'-Rings 

The purpose of this chapter is to introduce p-I'-rings and a few 

of their most basic properties. In this chapter we have proved that 

p-I'-rings are commutative and also the class of· all p-I'-rings is a 

radical class. We also develop similar properties of p-rings for the 

case of p-I'-rings. 

Example. Let M = ( Z5, +, • ) and I'= ( Z5, + ). Then Mis a p-I'-ring. 

Lemma 4.0l. Let M be a p-I'-ring. Then every right ideal I of Mis a 

two-sided ideal of M. 

Proof. We first observe that M has no nonzero nilpotent elements. For , 

if x:;: 0, then (xy) P x = x implies that (xy) P x:;: 0 for some prime p and 

some yET. Next, let aE/ and suppose (ay)P a= a for some prime p. 

Then { (ar) p-l a} r{ (ay) p-l a} 

(ay) P (ay) p-l a = (ay) P a}{_ay) p-2 a - a}{_ay) p-2 a = (ay) p-l a, so 

(ay) p-l a is an idempotent element. 

Next, we show that an idempotent element commutes with 

every elements of M. To show this let e be an idempotent element of 

M. Then for any xEM, (xye - eyxye)J{_xye - eyxye) = 0 = (eyx -

eyxye)J{eyx - eyxye). Thus, xye - eyxye = eyx - eyxye = 0 and so 

xye = eyx, i.e., e commutes with every elements of M. 
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Now, for any rEM and aEl with (anP a = a, r'}G = rJ{anP a = 

ry(ay)p-l (ay)a = (ay)p-l ayrya = (ay)(ay) p-2 ayrya = aJ{ay) p-l rya = 

ayr1 , where r 1 = (ay) p-l ryaeM. Since ayr 1 el, so does rya and so I is 

a two-sided ideal. ■ 

Lemma 4.02. let M be a p-T-ring and I an ideal of M. Then Mil is 

p-T-ring. 

Proof. Let xeM/1, then x = m + I for all mEM with (my)Pm = m, 

p > 1 and ye I'. Now, (xy)Px = (m + l)y} P(m +I)= {my+/} P(m + I) 

= {(my)P + J}(m + [) = (my)Pm + I= m + I=x. Thus, Mil is ap-r

ring. ■ 

Lemma 4.03. let D be a division p-I'-ring of characteristic p -:j:. 0 and 

let C be the center of D. Suppose that aED, a~C is such 

I, 

that(ay)P a= a for some h > 0. Then there exists an element xeD 

such that xyayx-1 -:j:. a. 

Proof. We define the mapping/ D ➔ D by fix) = xya - a}'X for every 

xeD. Now, J2 (x) = ff(x) = j{xya - ayx) = (xya - ayx)ya - a}'(xya -

ayx) = xyaya - 2ayxya + ayayx. 

Again, J\x) = j{xyaya - 2a}'Xya + aya}'X) = (xyaya - 2a}'Xya + 

ayayx)ya = (xyayaya - 3ayxyaya - 3ayayxya + ayayayx). Thus, a 

simple computation yields that 

f P(x) = xy(ay)p-l a-(ay)p-l ayx, where charD = p, a prime. 

Continuing we obtain that 
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h k k 
f P (x)=xy(ay)P a-(ay)P ayx, 

for all k ~ 0. Let P denote the prime field of C; since a is algebraic 

over P, P(a) must be a finite field having pm elements, say. Hence 

m 
(ay)P a= a and so 

m m m 
f P (x) = xy(ay)P -(ay)P ayx = xya- ayx = f(x). 

m 
Thus, we see that the function .f P = f. 

If rEP(a), then j{ryx) = (ryx)ya - a}'(ryx) = r}'(xya - ayx) = rr.f{x), 

since r commutes with a. If/ denotes the identity map on D and r/ 

denotes the map defined by (rl)(x) = ryx, we have thatfo(r/) = (r/)of, 

for all rEP(a). Since all elements of P(a) satisfy the polynomial 

m m 
t p - t' we find that tP - t = n reP(alt - r). Since rl commutes 

. m 

with/, we have that O = f P - f = TTreP(a)(f -r), where (f- rl)(x) 

= j{x) - ryx. Now, Let r 1 = 0 ( one of r's must be zero), and suppose 

for each ri t- 0, ( / - rJ) i- 0, all xeD, x t- 0. Then 

[(f-r2l)o(f-ri)o ...... o(f-r m/)](x)*O, for all xED, xf:. 0. But 
p 

smce 

it follows that/{x) = 0 for all xeD. Thus, 0 =fix)= xya - ayx, whence 

xya = ayx for all xED. Thus, aE C, contradicting the hypothesis. Thus, 

there is a ri t- 0, rieP(a) and x t- 0 in D such that (f- rJ)(x) = 0, 

i.e. (/{x) - ril)(x) = 0 

i.e. xya - ayx - riyx = 0 

1.e. xya - ayx = riyx 
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i.e. xya;x-1 
·- a;x;x-1 = ri;x;x-1 

. -I -I -I -1- • -1- 0 1.e. xya;x = ri;x;x + a;x;x -,- a, smce ri.,... . 

This completes the proof. ■ 

Lemma 4.04. If D is a division I'-ring of characteristic p t O and 

G c Dis a.finite multiplicative subgroup of D, then G is commutative. 

Proof. Let P be the prime field of D and let A = { riyg/ri eD and 

gi E G}. Clearly A is a finite subgroup of D under addition; moreover, 

since G is a group under multiplication, A is finite sub-I'-ring of D. 

Therefore A is a finite division I'-ring, hence is commutative. Since 

G c A, G is also commutative. ■ 

Lemma 4.05. Let D be a division I'-ring such that for every xeD 

there exists a prime p such that (xy) P x = x. Then Dis commutative. 

Proof. Suppose a, beD are such that c = ayb - bya t 0. By hypothesis· 

(cy)m c = c for some prime m > I. If r(jO)EC, the center of D, then 

rye = rr(a-yb - bya) = (rya)yb - b'){rya), hence by hypothesis, 

{(ryc)y} P(ryc) =rye.Let q = (m - l)(p- I)+ I, m > I, p >I.Then 
q q 

q > 1 and q is prime. It follows that (er) e = c and { (ryc)y} (rye) = 

rye, hence 

{(ryc)r(ryc)r(ryc)y ..... . up to q times}(ryc) = rye 
q q 

i.e. (ry) (er) (rye)= rye, 
q q 

i.e. (ry) (cy) (c,-r) = rye, 
q 

i.e. (ry) c,-r = rye, 
q 

i.e. (ry) rye= rye, 

27 



Chapter-Four p-1 -ltlfl>t,;> 

q 
i.e. {(ry) r - r} ye= 0. 

q 
Since Dis a division I'-ring and c j 0, so (ry) r = r for every reC, 

q > I depending on randy. We know that C is of characteristic pi 0. 

Let P be the prime field of C. We claim that if D is not commutative, 

we could have chosen our a, b such that not only is c = ayb - bya I- 0 

but, in fact, c is not even in C. If not, all commutators are in C; hence 

ceC and C contains ar(ayb) - (ayb)ya = ar(ayb) - ar(bya) = ar(ayb -

bya) = aye. This would place aeC contrary to c = ayb - bya I- 0. 

Thus, we assume that c = ayb - byart.C. Since (cy)m c = c, c is 

k 
algebraic over P hence (cy)P c = c for some k > 0. Thus, all the 

hypothesis of the Lemma 4.03 are satisfied for C. I-Jenee we can find 

xeD such that xyc,x-1 
= CJ j c, that is xyc = CJ ,x j c,x. In particular, 

d = xyc - c,x I- O; but dye= xycyc - c,xyc = c 1,xyc - cyc 1,x = c 1,xyc -

c 1yc,x (since c 1EC) = CJ}'(xyc - c,x) = c 1yd. As a commutator, 

(dy)1d = d for some prime t > l and dycyd-1 = CJ. Thus, the 

multiplicative subgroup of D generated by c and dis finite. Hence by 

Lemma 4.04, the multiplicative subgroup is abelian. This contradicts 

cyd I- dyc. and proves the lemma. ■ 

Lemma 4.06. Let M be a p-I'-ring with identity I. Then for x, yeM, 

xw - y,x is in the intersection of the maximal ideals of M. 

Proof. We know that every ring has a maximal ideal. Let I be such a 

maximal ideal. Then the quotient ring Mil has an identity, and since/ is a 

maximal right ideal of M, Mil has no maximal ideals other than O and 

Mil. Thus, Mil is a division ring. Since Mis a p-T-ring, Mil is a p-I'-ring 
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(by Lemma 4.02). Then by Lemma 4.05, Mil is commutative. From this it 

follows that XJY - YJXEI, for all x, yeM. The conclusion of the lemma is 

now immediate. ■ 

Lemma 4.07. Let M be p-I'-ring with identity 1. Then M is 

commutative. 

Proof. Suppose x f- 0 is in every maximal ideal of M. Then (xy) P x = 

x, and (xy) p-l x is an idempotent, say (xy) p-l x = e f. 0 for all p > 1 

and some yer and e must also be in every maximal ideal of M. Now, 

1 - e can not be in any proper right ideal of M, for if it were, it would 

be in a maximal ideal K of M. Since eEK, 1 = e + (l - e) would be in 

K and hence K = M, a contradiction. Since (1 - e)yMf. 0 and since 

(I - e)rM is a (right) ideal, it follows that ( l - e)rM = M, whence 

(1 - e)yr = e for some reM. Thus, 0 = er(_ I - e)yr = e, a contradiction. 

Thus, x can not be in every maximal ideal in Mand the intersection of 

all the maximal ideals of Mis 0. Thus, by Lemma 4.06, X,Y - YJXEO, 

x, yeM, that is, x,Y = yy.x, for all x, ye M. ■ 

Remarks: Since the intersection of all maximal ideals of a 

commutative I'-ring with 1 is the Jacobson radical, so the Jacobson 

radical of p-I'-ring with l is zero. 

Theorem 4.08. /f Mis a p-I'-ring, then Mis commutative. 

Proof. Let e be an idempotent in M. Then, ey.x = xye for all xeM. 

Thus, eyM= Mye = Tis also ap-I'-ring, but Thas an identity, namely 

e~ Hence by Lemma 4.07, T is commutative. Now, for all x, yeM, 

xryye = xryyeye = (xye)J,(yye) = (yye),(xye) = yy.xye, that is (x,Y -
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yyx)ye = 0. Since { (XJY - yyx)y} P (xJY - YJX) = (xJY - yrr) for some 

prime p > 1, so { (xJY - yyx)y} p-t (xJY - yyx) is an idempotent, say 

0 = (xJY- yrr)e, = { (XJY- yyx)y} P (XJY - YJX) = X]Y- YJX, 

that is, XJY = YJX• Hence, Mis commutative ■ 

Lemma 4.09. let M be a commutative T-ring. let I be an ideal of M 

such that I a p-T-ring. Then ey{y - (yy) Py} = 0 for all yEM and some 

yETand eEI an idempotent. 

Proof. Let xEI and yEM. Then XJYEI. Since / is a p-F-ring, (xy) P x = 

x. Also { (xJY)r} P (xJY) = XJY for some prime p and yE r. 
Now, { (xJY)r} p (xJY) = XJY, 

i.e. { (xJY)},(xJY)r . ..... up top times }(xJY) = XJY, 

i.e. (yy) P (xy) P (xJY) = XJY, since Mis commutative, 

. (y':\P -t.e. YI XJY - XJY. 

i.e. {(yy) 11y-y}rr=O, 

so (xy) p-l xy{y - (yy) Py} = 0 and hence ey{y - (yy) Py} = 0, where 

e = (xy) p-l x is an idempotent of/. ■ 

Lemma 4.10. let M be a T-ring and I an ideal of M. Then M is a 

p-T-ring if Ml I and I are p-T-rings. 

Proof. Let Mil and/ be p-T-rings. Let xEM, then x + !EMIi and so 

{(x + /)y} "(x + /) =x +/for some primep and yEI'. 

i.e. (xy + /) p (x + /) = X + /, 

i.e. {(xy) P + I}(x +I)= x + I, 
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i.e. (xy)Px + l=x + I. 

Thus, (xy) P x - xel. Since I is a p-I'-ring, { (xy) P x - x)r} m { (xy) P x -

x} = (xy)Px-x for some prime m. Let e 1 = {(xy)Px-x)y} m-l {(xy)Px 

- x}. Then e 1 is an idempotent of/. By Lemma 4.09, e1 y { (xy) P x - x} 

= 0 for every xeM. Now, 0 = e1r {(xy)Px - x} = {(xy)Px -

x)y} m-l {(xy)Px -x}y{(xy)Px - x} = {(xy)Px -x)y} m {(xy)Px - x} = 

(xy) P x - x. Hence (xy) P x = x. Therefore Mis a p-I'-ring. ■ 

Lemma 4.11. If 11 c Ii c h c . .. .......... is an ascending chain of 

ideals which are all p-I'-rings, then Ual a is a p-I'-rings. 

Proof. Let xeual a, then xe/ a for some a. Since/ a is a p-I'-ring, then 

(xr) P x = x for some prime p and ye r. Hence u al a is a p-I'-ring. ■ 

Thus, by lemma 4.02, lemma 4. l O and lemma 4.11, we have 

the following theorem: 

Theorem 4.12. The class of all p-I'-rings is a radical class. 

Some Characterizations of p-T-rings 

Theorem 4.13. Let M be a ring with l. let a, xeM such that 

a = (xy) p-2 x. Then the following statements are equivalent: 

a) Mis a p-I'-ring. 

b) Every principal ideal Mya is generated by an idempotent. 

c) For every principal ideal Mya of M, there exists an element 

beM such that M= Mya EB Ryb. 

d) Every principal ideal Mya is a direct summand of M. 
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Proof. a ⇒ h) Let xEM. Then (xy) P x = x for some prime p and YE r. 

Let a EM such that a = (xy) p-2x. Now, the principal ideal Mya is 

generated by the element xya which is idempotent; for (xya)J,(xya) = 

xr{ (xy) p-2x} y{x,-(xy) p-2 x} = (xy) P ~'}{xy) p-2 x = xya. 

h ⇒ c) Let Mya = Mye, where eye= e and a = (xy) p-
2x, xEM. Since 

l = e + (I - e), and if there exists bEMsuch that aye= b,{I - e), then 

aye= ayeye = b,{l - e)ye = 0. So M = Mye EB M;(l - e). 

c ⇒ d) Trivial. 

d ⇒ a) Let aeM. Then there exists an ideal / of M such that 

M = Mya EB /. Hence 1 = xya + b, where bEI, so x = xyayx + byx. 

Since a = (xr) p-
2x, byx = x - xyayxeMya n I = 0, and therefore 

x = xy{ (xy) p-
2 x} yx = (xy) P x. Hence Mis a p-I'-ring. 

Theorem 4.14. Let M be a p-T-ring with 1. Then 

1) Every finitely generated ideal is principal. 

2) The intersection of any two principal ideals of M is 

principal. 

Proof 1) It is enough to prove that if a, bEM, then Mya + Myb is 

principal. Since M is a p-T-ring, there exists elements x, yEM with 

a= (xy)P-2x and b = (yy)P-2y such that the elements e 1 = xya and 

e2 = yyb are the idempotent elements of Mya and Myb respectively and 

also Mya = Mye 1 and Myb = Mye2 by Theorem 4. I 3(b). Now, Mya + 

Myb = Mye1 + Mye2 = Mye1 + M,-(e2 - e2re1) because a1ye1 + a2ye2 = 
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(a, + a2re2)re, + a2/'(e2 - e2re,). Ifs = {(e2 - e2re,)y} p-
2(e2 -

e2re1)EM, then 

(e2 - e2re,)rsr{e2 - e2re,) = {(e2 - e2re,)y} p (e2 - e2re,) = (e2 - e2re,). 

Then e~ = s,.(e2 - e2ye1) is an idempotent of Myb. Then Mye1 + Mye2 = 

Mye1 + Mrei with eiye1 = s}{e2 - e2re,)ye, = 0. 

ei yei), a1, b, EM. Thus, Myei + Mye~ = M}{e1 + ei - ei yei). 

Therefore Mya + Myb = M,.(e, + ei - eire1). Thus, Mya + Myb is a 

principal ideal. 

2) Let Mya and Myb be two principal ideals. Since M is a p-I'-ring, 

there exists elements x, yeM with a= (xy) p-
2 x and b = (yy) p-2 y such 

that the elements e 1 = xya and e2 = yyb are the idempotents of Mya 

and Myb respectively and also Mya = Mye, and Myb = Mye2 by 

Theorem 4.13( b ). Hence M = Mye, EB Mr{ 1 - e 1) = Mye2 EB Mr{ I - e2), 

and 

Mye, = AnnM[(l - e1)yMJ = {xEMI x,.(I - e,)yM= O}, 

Mre2 = AnnM[(l - e2)rM] = {xEM I x,.(1 - e2)rM = 0}. 

Indeed obviously Mye 1 c AnnM[(l - e 1)yM]. 

Conversely, if xeM and x,.(l - e 1) = 0, writing x = a 1ye1 + b 1,.(1 -

a 1 ye1 ,.(1 - e 1) + b1y(l - e 1)y(l - e 1) = 0, and so 

b,,.(l - e,) = 0, hence X = a,re, EMre1. 

Thus, Mye, n Mre2 = AnnM[(l - e,)rM + (l - e2)yM]. Now, there 

existse3EMsuch that(1-e 1)yM+(l -e2 )yM=(l -e3)yM,and from 
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M-ye3 = AnnM[(l - e3)yM] we deduce that Mye 1 n Mye2 = Mye3. Thus, 

Mye 1 n M-ye2 = Mya n M-yb is a principal ideal. ■ 

Theorem 4.15. Let M be a p-I'-ring with unity 1. Then 

a) The Jacobson radical J(M) of Mis zero. 

b) M is a semisimple ring if and only if it is a Noetherian 

p-I'-ring. 

c) The centre of Mis also a p-I'-ring. 

d) The p -I'-ring Mwithout zero divisors is afield. 

e) Every ideal of Mis nonsingular. 

j) For any idempotent element e of M, (1 - e)yMye = 0. 

g) lf(M;);EI is a family of p- I'-rings then n M; is a p-T-ring. 

h) Mis semihereditary. 

Proof. a) Let aE J(M). Then Mya c J(M). Since Mya = Mye, where 

e = xya is an idempotent with a = (xy)P- 2x, so ee J(M). It follows 

that (1 - e) is inevitable. So there exists ye M such that I = y 1{1 - e) = 

y - yye. Hence e = yye - yyeye = yye - yye = 0 and therefore a = 0 . 

Thus, J(M) = 0. 

b) First suppose that Mis finitely generated. Then every ideal of Mis 

finitely generated and hence a direct summand. So M is a sem1-

simple. 

Conversely, let M be a semisimple ring. Then every principal 

ideal of Mis a direct summand of Mand hence M is a p-I'-ring by 

Theorem 4 . 13(d). Since Jacobson radical J(M) is the largest ideal of 
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Mand since in a p-I'-ring, J(M) = 0, so any ascending chain of ideals 

of M must be finite. Hence Mis Noetherian. 

c) Since p-I'-ring is abelian, so centre of Mis M itself, i.e. C(M) = M. 

d) Let aeM with a i- 0. Then ( ay) Pa = a for some prime p. Then 

(ay) Pa - a= 0 ⇒ ay{ (ar) p-l a - l} = 0. Since a i- 0, so (ay) p-l a -1 

= 0 and so (ay) p-
2 a is the inverse of a. Since p-I'-ring Mis abelian, 

so Mis a field. 

e) Suppose that xyl = 0 for some xeM and/ c Mis an ideal of M. Let 

Myx be a principal ideal of M. Then there is an idempotent eeM such 

that Myx = Mye. Now, since Myeyl = Myxyl = 0, we see that 

I c MJ{1 - e). Then In eyM = 0, whence Mye = 0 and consequently 

x = 0. Thus, Mis nonsingular. 

/) Since Mye is a two-sided ideal, so (1 - e)yMye = Mye - Myeye = 
M-ye - Mye = 0. 

g) Proof is obvious. 

h) Since a finitely generated ideal of Mis a direct summand of Mand 

so is projective. Hence Mis semihereditary. ■ 
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J-I'-Rings 

The purpose of this chapter is to introduce J-I'-rings and a few 

of their most basic properties. In this chapter we have proved that 

J-T-rings are commutative and also the class of all J-I'-rings is a 

radical class. We also develop some characterizations of J-T-rings, 

which are analogues to the properties of J-rings. 

Definition: A r-ring M is said to be a J-I'-ring if for every xeM, 

there exists ye I' such that (xy) n x = x for some n = n(x, y) > I. 

Example. Let M = ( Z 6, +, • ) and r= ( Z 6, + ). Then Mis a J-I'-ring. · 

Lemma 5.01. Let M be a J-I'-ring. Then every right ideal I of Mis a 

two-sided ideal of M. 

Proof. We first observe that M has no nonzero nilpotent elements. For 

if x f 0, then (xy) n x = x imp! ies that (xy) m x f O for all m > I and some 

yer. 

Next, let a El and suppose (ay)n a= a for some integer n > I. 

Then 

{ (ar) n- 1 a} r{(ay)n-1 a} = { (ar)n-1 ay}{ (ar)n- 1 a} = (ar) n (ar)n - 1 a 

= (ay) 11 a}'(ay) 11
-

2 a = a}'(ay) 11
-

2 a= (ay)n-l a, 

so (ay) n-l a is an idempotent element. 

Next, we show that an idempotent element commutes with 

every elements of M. To show this let e be an idempotent element of 
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M. Then for any xEM, (xye - eyxye)J{xye - ey.xye) = 0 = (eyx -:

ey.xye)'}{_eyx - eyxye). Thus, xye - eyxye = eyx - eyxye = 0 and so 

xye = eyx. 

Now, for any reM and ae/ with (ay)na = a, 

r ya = r '}{_ a y) n a = r '}{_ a y) n-I ( a y)a = ( a r) n _, a yr ya 

I I 
= (ay)(ay)n-2 ayrya = aJ{ay)n-l rya = ayr , where r 

I 
(ay)n-l ryaeM. Since ayr el, so does rya and so / is a two-sided 

ideal. ■ 

Lemma 5.02. Let M be a J-I'-ring and I an ideal of M. Then Mil is 

J-I'-ring. 

Proof. Let xeMII, then x = m + I for all mEM with (mnn m = m, n > 1 and 

l}(m +I)= (m}1n m +I= m +I= x. Thus, Mil is a J-I'-ring. ■ 

Lemma 5.03. Let D be a division J-I'-ring of characteristic p-:/= 0 and 

let C be the center of D. Suppose that aeD, a<1.C is such that 

(ayf
1

a = a.for some h > 0. Then, there exists an element xED such that 

-I ..J. xyayx -,- a. 

Proof. We define the mapping/ D ➔ D by f{x) = xya - ayx for every 

xED. Now, f 2(x) = fj{x) = j{xya - ayx) = (xya - ayx)yd - aJ{xya -

ayx) = xyaya - 2ayxya + ayayx. 

Again, f\x) = j{xyaya - 2ayxya + ayayx) = (xyaya - 2ayxya + 

ayayx)ya = (xyayaya ...:_ 3ayxyaya - 3ayayxya + ayayayx). Thus, a 
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simple computation yields that f P (x) = xy(ay)P a - (ay) 11 ayx, where 

charD = p, a prime. 

h k k 
Continuing we obtain that JP (x)=xy(ay)P a-(ay)P ayx, 

for all k ~ 0. Let P denote the prime T-field of C; since a is algebraic 

over P, P(a) must be a finite field having pm elements, say. Hence 

m 
(ay)P a= a and so 

m m m 
JP (x) = xy(ay)P -(ay)P ayx = xya-ayx = J(x). 

. m 

Thus, we see that the function JP = J. 

If rEP(a), then j{ryx) = (ryx)ya - a}{ryx) = r}{xya - ayx) = rr/{x ), 

since r commutes with a. If/ denotes the identity map on D and rl 

denotes the map defined by (rl)(x) = ryx, we have that fo(rl) = (rl)of 

for all xEP P(a). Since all elements of P(a)satisfy the polynomial 

m m 
t P - t, we find that t P - t = TTreP(a)(t- r). Since rl 

commutes with/, we have that 0=f Pm -f = nreP(a)(J-r), where 

(f - rl)(x) = ./{x) - ryx. Now, Let r, = 0 (one of r's must be zero), and 

suppose for each ri f:. 0, ( f - r/) f:. 0, all xED, x f:. 0. Then 

[(f- r2/)o(f - r3/)o ............ . . . . . . o(f - r m l)](x) * 0, for all XED, 
p 

m 
x f:. 0. But since O = f P = fo(f - r21)o(f - r2l)o(f - r2l)o . ...... . . 

.. . . . . ..... o(f-r ml), it follows that ./{x) = 0 for all xED. Thus, 
p 

0 = fi.x) = xya - ayx, whence xya = ayx for all xeD. Thus, aEC, 

contradicting the hypothesis. Thus, there is a r i f:. 0, riEP(a) and x -:f: 0 

in D such that 
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(f - r/)(x) = 0, 

i.e. (/{x) - rJ)(x) = 0 

i.e. xra - arx - rjrx = 0 

i.e. xya - arx = rjrx 

i.e. xrarx-1 
- arxrx-' = rj'yxrx-' 

i.e. xrarx-1 = rjrxrx-1 + arxrx-1 -:/= a, since ri-:/= 0. 

This completes the proof. ■ 

J-I'-Rings 

Lemma 5.04. If D is a division I'-ring of characteristic p -:/= 0 and 

G c D is a finite multiplicative subgroup of D, then G is commutative. 

Proof. let P be the prime field of D and let A= {r;yg;lr;ED and g;EG}. 

Clearly A is a finite subgroup of D under addition; moreover, since G 

is a group under multiplication, A is finite sub-I'-ring of D. Therefore 

A is a finite division I'-ting, hence is commutative. Since G c A, G is 

also commutative. ■ 

Lemma 5.05. Let D he a division r-ring such that for eve,y xED 

there exists an integer n = n(x, r) > 1 such that (xr) n x = x . Then D is 

commutative. 

Proof. Suppose a, bED are such that c = arb - bya-:/= 0. By hypothesis 

(cr)m c = c for some m > 1. lf r(-:/= O)EC, the center of D, then 

rye = r-;(arb - bya) = (rya)yb - b]{rya), hence by hypothesis, 

{(rrc)r}n(rye) =rye.Let q = (m - 1)(n - 1) + 1, m > 1, n > 1. Then 

q > 1. It follows that (cy)q c = c and {(rye)r} q (rye)= rye, hence 

{(r]'t)J{ryc)J{ryc)y ..... . up to q times}(ryc) = rye 

i.e. (rr)q (cy)q (rye)= rye, 
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i.e. (ry)q (cy)q (err)= rye, 

• ( :\q -1.e. ry, err - rye, 

• ( :\q -1.e. ry1 rye - rye, 

i.e. {(ry)q r- r} ye= 0. 

Since D is a division I'-ring and c i= 0, so (rr)q r = r for every rEC, 

q > 1 depending on rand y. We know that C is of characteristic pi= 0. 

Let P be the prime field of C. 

We claim that if D is not commutative, we could have chosen 

our a, b such that not only is c = ayb - bya i= 0 but, in fact, c is not 

even in C. If not, all commutators are in C; hence c EC and C contains 

a}'(ayb) - (ayb)ya = ay(ayb) - a}'(bya) = a}'(ayb - bya) = aye. This 

would place aeC contrary to c = ayb - bya i= 0. Thus, we assume that 

c = a-yb - byatC. Since (cr)m c = c, c is algebraic over P hence 

(cy)I c = c for some k > 0. Thus, all the hypothesis of the Lemma 5.03 

are satisfied for C. Hence we can find xED such that xycp:-1 = c1 i= c, 

that is xye = c 1 p: i= cp:. In particular, d = xyc - cp: i= 0; but dye = 

xyeyc - cyxyc = c1p:yc - cyc1p: = c 1p:ye - c,ycp: (since c,EC) = 

c1}'(x,.r: - cp:) = c1yd. As a commutator, (dy)'d = d for some t > 1 and 

dycyd = c1• Thus, the multiplicative subgroup of D generated by c and 

d is finite. Hence by Lemma 5.04, the multiplicative subgroup 1s 

abelian. This contradicts cyd i= dye and proves the lemma. ■ 

Lemma 5.06. Let M be a J-I'-ring with identity 1. Then for x, yEM, 

xn, - yp: is in the intersection of the maximal ideals of M 
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Proof. Every ring has a maximal ideal. Let / be such a maximal ideal. 

Then the quotient ring Mil has an identity, and since / is a maximal 

right ideal of M, Mil has no maximal ideals other than O and Mil, 

Thus, Mil is a division ring. Since Mis a J-I'-ring, Mil is a J-I'-ring 

(by Lemma 5.02). Then by Lemma 5.05, Mil is commutative. From 

this it follows that xn, - yp:el for all x, yeM. The conclusion of the 

lemma is now immediate. ■ 

Lemma 5.07. Let M be J-I'-ring with identity I. Then M is 

commutative. 

Proof. Suppose x =f:. 0 is in every maximal ideal of M. Then (xy)nx = 

x, and (xr)n-t xis an idempotent, say (xy)n-l x = e -f O for all n > 1 and 

some yeI'and e must also be in every maximal ideal of M. Now, l - e 

can not be in any proper right ideal of M, for if it were, it would be in 

a maximal ideal K of M. Since eeK, 1 = e + (l - e) would be in Kand 

hence K = M, a contradiction. Since (l - e)yM -f O and since (l - e)yM 

is a (right) ideal, it follows that ( I - e)yM = M, whence ( l - e)rr = e 

for some reM. Thus, 0 = e}'(J - e)rr = e, a contradiction. Thus, x can 

not be in every maximal ideal in M and the intersection of all the 

maximal ideals of M is 0. Thus, by Lemma 5.06, xn, - yp:e 0, 

x, yeM, that is, xn, = yp: for all x, yeM. ■ 

Theorem 5.08. {f Mis a J-I'-ring, then Mis commutative. 

Proof. Let e be an idempotent in M. Then, eyx = xye for all xeM. 

Thus, eyM = Mye = Tis also a J-I'-ring, but T has an identity, namely 

e. Hence by Lemma 5.07, T is commutative. Now, for all x, yeM, 
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X}'Yye = x}'Yyeye = (xye)y(yye) = (yye)]'(xye) = yyxye, that is (x}'Y -

yyx)ye = 0. Since (x}'Y - yyx)y} n (xJY - yyx) = (x}'Y - yyx) for some 

integer n > 1, so { (xJY - yyx)y} n-l (XJY - yyx) is an idempotent, s~y 

e,. Thus, 0 = (XJY - yy.x)e, = { (xw - yyx)y} n (XJY - yy.x) = X}'Y - yy.x, 

that is, XJ'Y = yy.x. ■ 

Lemma 5.09. let M be a commutative I'-ring. let I be an ideal of M 

such that l a J-I'-ring. Then e y{y - (yy) n y} = 0 for ally EM and some 

yE I' and e is an idempotent of I. 

Proof. Let xE/ and yEM. Then xyyEI. Since I is a J-I'-ring, (xy)nx = 

x. Also { (xJY)Y} n (xJY) = XJ'Y for some n > I and ye r. 

Now, { (xJY)Y} n (xJY) = XJ'Y, 

i.e. { (xJY)]'{xJY)Y . ..... up ton times }(x}'Y) = XJ'Y, 

i.e. (yy)n(xy)n(xJY) = XJY, since Mis commutative, 

i.e. (yy) n X}'Y = XJY. 

i.e. { (y y) n y - y} y.x = 0, 

so (xy) n- l xy{y - (yy) n y} = 0 and hence ey{y - (yy) n y} = 0, where 

e = (xy)n-l xis an idempotent of/. ■ 

Lemma 5. J 0. let M be a I'-ring and I an ideal of M. Then M is a 

J-T-ring if Mil and I are J-I'-rings . 

Proof. Let Mil and / be J-I'-rings. Let xeM, then x + leMII and so 

{(x + /)y} n(x +I)= x + I for some n > 1 and ye I'. 

i.e. (xy+ l)n(x + I) = x + I, 
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i.e. {(xr)n + l}(x +I)= X + I, 

i.e. (xy)nx +I= x + I. 

J-I'-Rings 

Thus, (xr) n X - XE!. Since I is a J-I'-ring, { (xr) n X - x)r} m { (xy)n X - X} 

= (xy)nx -x for some m > 1. Let e
1 

= {(xy)nx -x)y} m-l {(xy)nx-x}. 
I I 

Then e is an idempotent of 1. Ry /,emma 5.08, e y{ (xy) n x - x} = 0 

/ I n 
foreveryxEM. Now,O=e r{(xr)nx-x} = {(xr)nx-x)r}m- {(xy) X 

-x}y{(xy)"x-x} = {(xy) 11x-x)y} 111 {(xy)"x - x} =(xy)"x-x). Hence 

(xy)nx = x. Therefore Mis a J-T-ring. ■ 

lemma 5.1 l. If 11 c /2 ch c - - - - - - is an ascending chain of 

ideals which are all J-I'-rings, then Uala is a J-T-rings. 

Proof. Let XEUalm then xEla for some a. Since la is a J-I'-ring, then 

(xy) 11 x = x for some n > 1 and yET Hence u 0 l 0 is a J-r-ring. ■ 

Thus, by Lemma 5.02, Lemma 5.10 and Lemma 5.11, we have the 

following theorem: 

Theorem 5.12. The class of all J-I'-rings is a radical class. 

Some characterizations of J-r:.rings. 

Theorem 5.13. Let M be a I'-ring with 1. Let a, xEM such that 

a = (xy) n- 2 x. Then the following statements are equivalent: 

a) M is a J-r-ring. 

b) Every principal ideal Mya is generated by an idempotent. 

c) For every principal ideal Mya of M, there exists an element 

bEA1 such that M= Mya EB Myb. 

d) Every principal ideal Mya is a direct summand of M. 
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Proof a) ⇒ h) Let xEM. Then (xr)nx = x for some n > land rEI'. 

Let aeM such that a = (xr)n-2 x. Now, the principal ideal Mra is 

generated by the element xra which is idempotent; for, 

(xra)J{xra) = xr{(xr)n-2x} r{xJ{xr)n-2 x} = (xr)nxJ{xr)n-2 x =xra. 

b) ⇒ c) Let Mya = Mre, where ere= e and a= (xy)n- 2x, xeM. Since 

I = e + ( I - e), and if there exists b EM such that aye= bJ{ I - e), then 

are= arere = bJ{l- e)ye = 0. So M = Mye EB MJ{I - e). 

c) ⇒ d) Trivial. 

d) ⇒ a) Let aEM. Then there exists an ideal / of M such that 

M = Mya © I. Hence I = xya + b, where bEI, so x = xya'}'X + h'}'X. 

Since a = (xy)n-2x, b'}'X = x - xrayxEMya n I= 0, and therefore 

x = xy{(xy)n-2 x} rx = (xy)nx. Hence Mis a J-T-ring. ■ 

Theorem 5.14. Let M be a J-I'-ring with I. Then 

1) Every finitely generated ideal is principal. 

2) The intersection of any two principal ideals of M is 

principal. 

Proof. 1) It is enough to prove that if a, bEM, then Mya + Myb is 

principal. Since Mis a J-I'-ring, there exists elements x, yEM with 

a = (xy)n-2 x and b = (yy)n-2y such that the elements e 1 = xya and 

e2 = yyb are the idempotent elements of Mya and Myb respectively 

and also Mya = Mye, and Myb = Mye2 by Theorem 5.l3(b). Now, 

Mya + Myb = Mye1 + Mye2 = Mye, + MJ{e2 - e2rei) because a1re, + 

a2re2 =(a,+ a2re2)re, + a2J{e2 - e2re,). Ifs= {(e2 - e2re,)r} n-2 (e2 -
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e2re,)eM, 'then (e2 - e2re,)~J{e2 - e2re1) = {(e2 - e2rei)y} n(e2 -

e2re,) = (e2 - e2re,). Then e~ = sJ{e2 - e2ye1) is an idempotent of Myb. 

Then MJ€1 + MJ€2 = M-;e1 + Mye~ with ei -;e1 = s'}{e2 - e2ye1)-;e1 = 0. 

· . I I I . 
Finally, we have, a 1ye 1 + a2 ye2 = (a1ye1 + a2ye2)J{e1 + e2 -

e~ye,). Thus, Mye, + Mye~ = MJ{e 1 + e~ - eire1). Therefore Mya + 

M-yb = MJ{e, + ei - eire 1). Thus, Mya + Myh is a principal ideal. 

2) Let Mya and M-yb be two principal ideals. Since Mis a J-T-ring by 

Theorem 5.13(b), there exists elements x, yeM with a= (xy)n-2x and 

b = (yy) n-2 y such that the elements e 1 = xya and e2 = y-yb are the 

idempotents of Mya and Myb respectively and also Mya = Mye 1 and 

Myb = Mre2. Hence M= Mye 1 EB MJ{l - e1) = Mye2 EB MJ{l - e2), and 

Mye, = AnnM[(1 - e,)rM] = {xEM I xJ{l - e,)rM= O}, 

Mre2 = AnnM[( l - e2)rMJ = {xEM I xJ{l - e2)rM = O} · 

Indeed obviously Mye1 c AnnM[(l - e1)yM]. 

Conversely, if xEM and xJ{l - e 1) = 0, writing x = a,re, + b,J{l 

- ei), we have, a 1ye1J{I - ei) + h1J{I - e 1)J{I - e,) = 0, and so 

b1J{l - e 1) = 0, hence x = a 1ye 1 EMye,. 

Thus, Mye1 n Mye2 = AhnM[(1 - e,)rM + (1 - e2)rM]. Now, there 

exists e3 eM such that (1 - e,)yM + (1 - e2)rM= (1 - e3)yM, and from 

Mye3 = AnnM[(1 - e3)yM] we deduce that Mye, n Mye2 = Mye3. Thus, 

Mye 1 n Mye2 = Mya n Myb is a principal ideal. ■ 

Theorem 5.15. let M be a J-T-ring with unity 1. Then 

a) The Jacobson radical J(M) of Mis zero. 
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b) M is a semi-simple ring if and only if it is a Noetherian 

J- I'-ring. 

c) The centre of Mis also a J-I'-ring. 

d) The J-I'-ring M without zero-divisor is a field. 

e) Every ideal of Mis non-singular. 

f) For any idempotent element e of M, ( I -e)yMye = 0. 

g) /f(M;);El is a family of J-I'-rings then n M; is a J-I'-ring. 

h) Mis semi-hereditary. 

Proof. a) Let aEJ(M). Then Mya c J(M). Since Mya = Mye, where 

e = xya is an idempotent with a= (xy) n-2 x, so eE J (M). It follows that 

( 1 - e) is invertible. So there exists yeM such that 1 = y]{ 1 - e) = 

Y - yye. Hence e = yye - yyeye = yye - yye = 0 and therefore a = 0. 

Thus, J(M) = 0. 

b) First suppose that Mis finitely generated. Then every ideal of Mis 

finitely generated and hence a direct summand. So M is a semt

simple. 

Conversely, let M be a semi-simple ring. Then every principal 

ideal of M is a direct summand of M and hence M is a J-I'-ring by 

Theorem 5.13(d). Since Jacobson radical J(M) is the largest ideal of 

Mand since in a J-I'-ring, J(M) = 0, so any ascending chain of ideals 

of M must be finite. Hence Mis Noetherian. 

c) Since J-I'-ring is abelian, so centre of Mis M itself, i.e. C(M) = M. 

ti) Let aEM with at- 0. Then ( ar)na = a for some n > l. Then 

(ay)na - a= 0 ⇒ ay{(ay)n-l a - 1} = 0. Since at- 0, so (ar)n-l a -1 
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= 0 and so (ay) n-
2 a is the inverse of a. Since J-T-ring Mis abelian, 

so Mis a field. 

e) Suppose that xyl = 0 for some xeM and/ c Mis an ideal of M. Let 

Myx be a principal ideal of M. Then there is an idempotent ee M such 

that Myx = Mye. Now, since Myeyl = Mµyl = 0, we see that/ c M;(l 

- e). Then / n eyM = 0, whence Mye = 0 and consequently x = 0. 

Thus, Mis non-singular. 

/) Since Mye is a two-sided ideal, so (1 - e)yMye = Mye - Myeye = 

Mye -Mye = 0. 

g) Proof is obvious. 

h) Since a finitely generated ideal of Mis a direct summand of Mand 

so is projective. Hence Mis semi-hereditary. ■ 
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Regular Gamma Rings 

S. Kyuno, N. Nobusawa and B. Smith [ I 4] defined a certain 

type of regular gamma rings and they developed their various 

properties. In this chapter, we have defined another type of regular 

gamma rings that are more significant and more general than that of S. 

Kyuno [ 14]. The main emphasis is on developing sufficient conditions 

for gamma rings to be regular. In 6.07 and 6.27, we derive the most 

fundamental and widely used properties of regular gamma rings, 

namely the large supply of idempotents of regular gamma rings, and 

the large supply of direct summands of projective modules over 

regular gamma rings. 

Definition. Let M be a T-ring. An element aEM is said to be regular 

in M if there exists r, µEr and XEM such that a= aµxya. A r-ring M 

is said to be regular if all of its elements are regular. 

Lemma 6.01. If a is regular in M, then [a,µ] is regular in L, where L 

is the left operator ring in M. 

Proof. Since a is regular in M, a = aµxya for some µ, yEI' and xEM. 

This implies that aµ= aµxyaµ, and hence [a, µ] = [a, µ][x, y][a, µ] 

for some µEr. Therefore [a,µ] is regular in l. ■ 

Lemma 6.02. If a is regular in M, then [r, a] is regular in R, where R 

is the right operator ring in M. 



Chap/er-Six Regular I'-Rin!{s 

Proof. Since a is regular in M, a = aµxya for some µ, YE rand xEM. 

This implies that ya= yaµxya, and hence [y, a] = [y, a][µ, x][y, a] 

for some YE I'. Therefore [y, a] is regular in R. ■ 

Lemma 6.03. /fa, c EM, a - c is regular in Mand c is in aµMya, then 

a is regular. 

Proof. Since a- c is regular, there existsµ, yETand xEMsuch that 

a - c = (a - c)J.LX'}{a - c) 

= aµxya - cµxya - aµxyc + cµxyc 

This implies that a= aµxya - cµxya - aµxyc + cµxyc + c 

Since cEaµMya, then there exists yEM such that c = aµyya. Therefore 

a= aµxya - aµyyaµxya - aµxyaµyya + apyyaµxyaµyya + aµyya, 

so that 

a= aµ(x - yyaµx -xyaµy + yya1-ayaµy + y)ya 

= aµx 1 ya, where x 1 = (x - yyaµx -xyapy + yyaµxyaµy + y)eM. 

Therefore a is regular in M. ■ 

Definition. Let I be an ideal of a I'-ring M. If every element of I is 

regular, then I is regular. 

Lemma 6.04. If Mis a regular I'-ring and J is a two-sided ideal of M, 

then MIJ is regular. 

Proof. Let a EMIJ. Then a= a+ J, aeM. Since Mis regular, there 
- -

existsµ, yET and xeM such that a= aµxya . Now, aµxya = (a+ J) 

µxy (a+ J) = aJ.LXra + J =a+ J = a. Therefore M/J is regular. ■ 

Lemma 6.05. If Mil and I are regular I'-rings, then Mis regular. 
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Proof. Since Mil is regular for any a EM, a+ 1 =(a+ l)µxr(a + [) = 

aµxya + I for someµ, YEI'and xEM. This implies that a - aµxyaEI. 

Since I is·. regular and aµxyaEaµMya, then by Lemma 6.03, a is 

regular. This implies that Mis regular. ■ 

Lemma 6.06. let I, c 12 ~ h c ........ be the ascending chain of 

regular ideals. Then Uala is regular. 

Proof: It is obvious. ■ 

From the lemma 6.04, lemma 6.05 and Lemma 6.06, we have 

the following: 

Theorem 6.07. The class of all regular T-rings is a radical class. 

Theorem 6.08(a). Let M be a I'-ring with unity. Then the following 

statements are equivalent: 

i) Mis a regular I'-ring. 

ii) Every principal left ideal M Ta is generated by an 

idempotent. 

iii) For every principal left ideal MTa of M, there exists bEM 

such that M = M Ta EB M rb. 

iv) Every principal left ideal MTa is a direct summand of M. 

Proof. (i) ⇒ (ii) Given aEM. Then there existsµ, yEI'and xeM such 

that a= aµxya . Then MI'a is generated by xya which is an idempotent 

element, for (xya)p(xya) = xr(apxya) = xya. 

(ii) ⇒ (ii,) Let Mya = Mye for some ye r, where e = eye. Since 

I = e + (1 _ e), My1 = Mye + Mr(1 - e) for some yer. Therefore 
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M = Mye + Mr(I - e). This implies that M = Mre + Mr(1 - e). If 

a, bEM such that aµ - b (1 ) c e - µ - e 1or some µer, then aµe = aµeye = 

bµ(l - e)ye = bµ(l ye - eye)= bµ(e - e) = bµO = O. Hence M = MI'e EB 

MI{l - e). This gives M= MI'a EB MI'b with b = (1 - e). 

(iil) ⇒ iv) It is trivial. 

(iv) ⇒ (,) Let aEM. Then there exists an ideal / of M such that 

M = MI'a EB/. Hence 1 = xya + b, where xeM, be!, so that a= aµl = 

aµ(xya + b) = aµxya + aµb. This implies aµb = a .- aµxya. Since 

aµbEMI'a n I= 0, then a - aµxya = 0 and so a= aµxya . Hence Mis a 

regular I'-ring. ■ 

Theorem 6.08(b). Let M be a r-ring with unity. The following 

statements are equivalent: 

i) Mis a regular I'-ring. 

ii) Every principal right ideal arM is generated by an 

idempotent. 

iii) For every principal right ideal arM of M, there exists 

bEM such that M= alMEB bTM. 

iv) Every principal right ideal aI'M is a direct summand of M. 

Proof. The proof is similar to the proof of Theorem 6.08(a) . . ■ 

Theorem 6.09. If M is regular, then every finitely generated left 

(right) ideal is principal. 

Proof. (i) Let a, bEM. We have to prove that then MTa + Mio 1s 

principal. Since M is regular, every principal ideal is generated by 
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some idempotents of M S . . · . · • to it 1s enough to prove that Mye 1 + Mpe2 1s 

principal (withe,& e2 idempotents) and y, per. 

Now, Mre, + Mµe2 = Mre, + Mµ(e2 - e2re1), for 

a, J-1?1 + a2µe2 = (a, + a2µe2)re1 + a2µ(e2 - e2re1). 

If there exists_ an element xEM such that (e2 - e2J1?,)9'<>(e2 - e2}'t?i) = 

(e2 - e2re1) for some t;, oer, then xc5(e2 - e2ye 1) = e~ 

idempotent of M In and so Mye 1 + Mpe2 = Mye1 + Mpe~ with 

I 
e2 }1?1 = x~e2 - e2re,)re1 

= x~e2re1 - e2re1re1) 

= x~e2re1 - e2re1) = 0. 

. 1s an 

Finally, Mye, + Mpe~ = M'}{.e 1 + e~ - e 1ye~), because a 1ye1 + 

a2µe~ = (a,re, + a2µe~)'}{.e1 + e~ - e1ye~) for some yer. 

Similarly, we can prove that every finitely right ideal is principal. ■ . 

Theorem 6. J 0. Let M be a regular I'-ring. Then the intersection of any 

two principal left (right) ideals of M i.fi principal. 

Proof. It is enough to prove that if a, beM then Mra n Mrb 1s 

principal. To prove this we choose e, = xya and e2 = y8b, where 

x, ye M and y, <5e rare such that a = aµxya and b = bµy8b. Then e1 

and e2 are idempotents and Mya = Mye,, Mob= Mlk2. 

Hence M= Mye 1 EB Mµ(l - e1) = M&2 EB M77(l- e2), and 

Mye, = AnnM[( I - e1)µM] = {xeM I x}-(1 - e,)pM= O}, 

M&i = AnnM[( I - e2)77M] = {xeM I xcS'( I - e2)1JM = OJ, 

for some r, 8, 77e r. 
Indeed obviously Mye, cAnnu[(I - e,)pM] · 
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and b 1µ(1 - e ) == o h 1 , ence x == a,µe, eMµe, . 

Regular I'-Rings 

Thus Mye, n Moe2 == AnnM[( I - e 1 )yM + ( I - e
2
)8M], as one may 

cheek easily. Now, there exists e3 EM such that (I - e,)rM + (l

e2)§M= (1 - e3)c;Mfor some c;eI'and from Mc;e
3 

=AnnM[(l - e3)c;M], 

we deduce that Mye1 n Moe2 == Mc;e3. 

Similarly, aI'M n bTM is a principal ideal. ■ 

Theorem 6.11. The Jacobson radical J (M) of a regular T-ring M is 

equal to zero. 

Proof. Let ae J(M). Then MI'a c J(M). Since Mya is generated by an 

idempotent element e, Mya = Mye, and thus from ee J(M) it follows 

that ( I - e) is invertible. So there exists xeM such that 

1 =xX:1 -e) =xy1-xye=x-xye. 

Hence e = 1 ye= (x -xye)ye = xre -xyeye = xre -xre = 0. 

Therefore, a= O. Hence Jacobson radical of a regular I'-ring Mis 

equal to zero. ■ . 

Theorem 6.12. The centre of a regular I'-ring Mis also regular. 

C(M) ( ter of M). Let xeM and yeI' be such that Proof. Let a E cen 

a= aµxya. 

Now, a= aµxya = aµ(xya) = (xya)µa =x-;{_aµa). 

Also a= aµxya = (aµx)ya = a-;{_aµx) = (aya)µx. 
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So, aµx = ayaµxµx, or a = a'l{_aµx) = a'l{_ayaµxµx) = a'l{_ayxµaµx) = 

a'}{ayxµx)µa. Now, aµxEC(M) because if yEM then 

(aµx)yy = (xyy)µa = (xyy)µ(aya)µx = xyyµayaµx = (x'Y)'µayx)µa -

µ(xyyµayx) = aµx',{yµx)ya = aµxya'}{yµx) = a'Y)'µx = y'l{_aµx). 

Also ayxµxEC(M) because 

(ayxµx)'YY . (ayx),u(xyy) = (xJY)µ(ayx) = x'Y)'µayx = xyaµypx -

(ayx)µ(yyx) = (yyx)µ(ayx) = y'}{xµayx) = y'}{xµx)ya = yya'}{xµx) -

y'}{ayxµx). 

Hence the centre of M is a regular I'-ring. ■ 

Theorem 6.13. Every regular I'-ring without zero divisors is a skew 

I'-field. 

Proof. Let aEM, at- 0. Let xEM andµ, yEI' be such that a= aµxya. 

Then aµ(xya - I)= 0, (aµx - 1 )ya= 0, and hence xµa = 1, aµx = 1 for 

someµ, yEI'and so a is invertible. Hence Mis a skew I'- field. ■ 

Theorem 6. t 4. If M is a regular T-ring whose only nilpotent element 

is zero, then 

i) Every idempotent element of Mis in the centre. 

ii) (fa EM, a f. 0, then there exists b EM, YE I' such that a-yh 

= bya = f is idempotent and ar.f = fya = a 

iii) MI'a = aI'M for all a EM; hence every left (or right) ideal 

is a two-sided. 

Proof. (i) Let eEM be idempotent. Let aEM be an arbitrary element 

and assume that zero is the only nilpotent element of M. 

Since [(1 - e)µaye]µ[(l - e)µaye] 

= (lpaye- eµaye)p(lµaye- epaye) 
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= (aye - eµaye)µ(aye - eµaye) 

= ayeµaye-ayeµeµaye- eµayeµaye +eµayeµeµaye 

= ayeµaye - ayeµaye- eµayeµaye + eµayeµaye 

=O 

and 

[eyaµ(l - e)]µ[eyaµ(I - e)] 

= [eyaµl - eyaµe)µ(eyaµI - eyaµe)] 

= eyaµeya-eyaµeµeya-eyaµeyaµe + eyaµeJ.Leyaµe 

= eyaµeya -eyaµeya- eyaµeyaµe + eyaµeyaµe 

= 0 for some µ, YE I'. 

Since the only nilpotent element is zero, so we have 

0 = (l - e)µaye = Iµaye - eµaye = aye - eµaye, 

and O = eyaµ(1 - e) = eyaµ1 - eyaJ.Le = eya - eyaµe. 

Hence, aye= eµaye = era and so e is in the centre of M. 

(ii) Let .M be a regular I'-ring having O as the only nilpotent element. 

Given aE M, a f. 0, let xEM be such that aµxya = a for some µ, yE r. 

Then e = aµx, e 1 = xlia are idempotents elements of M; so e ~nd e 1 

belong to the centre, and/= eye1 is an idempotent. 

It follows that aµx-yxlia = (aµx),-(xlia) = eye1
• 

Also (xµxya)lia = [xµ(xya)]lia = [(xya)µx]&l = [x,-(aµx)]&l = 

[(aµx)-yx]&i = (aµx),-(x&i) = eye
1

• 

Moreover, aµf = aµeye 1 = eµaye 1 = aµxµaye
1 = aye

1 
= a-yxlia = a 

andfµa = ~y/µa = eyaµe 1 = eyaµx&i = eya = aµxya = a. 

Thus apf= fµa = a. 
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(iii) Given YEM, we have y1-1a = (yJta)yeye' = ep.yµa)ye 1.= 

(aµx),{yµa)ye
1 = aµxyyµaye 1, and so there exists zE M such that yµa = 

aµz. This shows that Mya c ayM. The converse can be proved in a 

similar way. 

Hence, since every left ideal J is the sum of the principal left ideals 

generated by its elements, J is also a right ideal and vice versa. ■ 

Corollary 6.15. Let M be a regular T-ring. Then 

(i) All one-sided ideals in Mare idempotent. 

(ii) All two-sided ideals in Mare semiprime. 

(iii) The Jacobson radical of Mis zero. 

(iv) Mis right and left semihereditary. 

(v) Mis right and left nonsingular. 

Proof. (i) Let J be a right ideal of M. Since Mis regular, for each aEJ, 

a = aµxya for some µ, YE r, and xEM. Consequently, a = aµxya 

EJI'MFJ and JFMTJ c JTJ. That is Jc JTJ. Also JTJ c J. Hence 

J=JTJ. 

(it) Let / be two-sided ideal of M. If A is a two-sided ideal of M such that 

ATA c /, then we have to show that A c / . Now, by (i) A = ATA c I. 

(iii) Suppose that eEM is right quasi regular. Then e = eyxµe for some 

µ, yETan~ xEM. Let R be a right operator ring of M. Then there exist 

r EM such that [µ , e] o r = r + [µ, e] - [µ, e] r = 0. 

It follows that [µ, e] = [µ, e] o 0 

= [µ, e] o ([JL, e] or) 

=:= ( [µ , e] o [µ , e]) o r 
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= [µ, e] or= 0 

Thus e = eyxµe = eyx[µ, e] = eyxO = O. 

Regular I'-Rings 

Recall that J(M) = {eeMj <e> is right quasi regular}. Since e = 0, 

<e> = 0 and so J(M) = 0. 

Note that in Theorem 6.11, this was proved by another method. 

(iv) According to Theorem 6.08(a), every finitely generated one-sided 

ideal of Mis a direct summand of Mand so is projective. 

(v) Suppose that xrJ = 0 for some xeM and some J c M with 

Jecp(M), where cp(M) be the class of all essential ideals in M. There is 

an idempotent eeM such that Mµe = Mµx and since MµeyJ = MµxyJ = 

0, we see that Jc (1 - e)µM. Then J n eµM = 0 whence eµM= 0, and 

so x = 0. Thus Mis nonsingular. ■ 

Suhdirect sum. By the direct product (or complete direct sum) of 

I'-rings Mr, r is in some index set I, we mean the set Tire1Mr = if: I ➔ 

Ure/Mr lfir)EMr all rel} . We give a ring structure to TirelMr by 

defining if+ g)(r) = fir) + g(r) and (fg)(r) = j{r)g(r). 

Let lrr be the projection of TirelMr onto Mr. A r-ring Mis said to 

be a subdirect sum of I'-rings {Mr} rel if there is a monomorphism 

</J: M ➔ TTrelMr such that M<Plrr = Mr for each rel. 

Theorem 6.16. Any finite subdirect sum of regular I'-rings is regular. 

Proof. It suffices to show that a subdirect sum of two regular I'-rings 

is regular. Suppose that M has two ideals J and K such that J n K = 0. 

Now, (J + K)IJ is an ideal of M/J. Since (J + K)/J = K/(J n K) and 
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since Kl(J n K) is regular, then (J + K)/J is regular. Since (J + K)/J 

and J are regular, then J + K is regular. Thus any finite subdirect sum 

of regular I'-rings is regular. ■ 

Sub-directly irreducible. A I'-ring M is said to be a sub-directly 

irreducible if the intersection of all of its nonzero ideals is not zero. 

Theorem 6~17. In a regular I'-ring M with no non-zero weakly 

nilpotent elements, every idempotent elements commutes with every 

elements of M. 

Proof. Let elk = e, oef. Let xeM. If e = 0, then eox = xlk. Suppose 

e -t 0. Then o-t 0. 

Now, (e& - e&lk)o(eox - eoxlk) 

= (eoxlk - eoxlk)([O, X] - [0, xlk]) 

=O. 

Therefore (eox - e)o(e& - e) = O; and hence eoxlkox - elk& - eoxlk 

+elk= 0, or, eox - eox - eoxlk +elk= 0. This implies eo(e...:. xlk) = 

0. Since e -f 0, therefore e -xlk = 0 and hence e = xlk. 

Again, (eoxlk - e&)o(eoxlk - eox) 

= (eoxlk- e&lk)o([o, xlk]- [o, x]) = 0 

Therefore, (e - eox)o(e - e&) = 0 

or elk - eoxlk - elk& + eoxlkox = 0 

or elie - eoxlie - e& - e& = 0 

or (e - e&)lie = 0. 

Since e i- o, therefore e - e8x = 0 and hence e = e8x. Therefore, 

eox = xlie. Hence every idempotent elements commutes with every 

elements of M. ■ 
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Theorem 6.18. A non-zero subdirectly irreducible regular I'-ring with 

no nonzero weakly nilpotent elements is a division I'-ring. 

Proof. Theorem 6.18 shows that for any xeM, xlie = e&, where 

e =elk.Let aeM, a =f:. 0. Let us consider two ideals a8M and A = {x -

a8M I xeM} whose intersection is zero. Mis subdirectly reducible, so 

a8M = 0 or· A = 0. But a8M -:f. 0, hence A = 0, and thus a&= x. So that 

we can write x/ie = eox = x. This means that [e , 8J and [8, e] are the 

strong left and right unties respectively. Now, we have a-yx = x = xya 

for a, xeM and so aye= e = era, whence (alie)ye = e = eJ{e&i), so that 

a~ere) = e = (eye)lie. Therefore Mis a division I'-ring. ■ 

Lemma 6.19. Jf x, yeM, r, µeI'and x 1 = x -xµy-yx, and if x 1 = I µa-y.x 1 

for some aeM, then x = xµb-y.x for some beM. 

Proof. We have, x = x 1 + xµy-yx 

= x1µayx I+ xµy-y.x 

= (x - xµy-yx)µaJ{x - xµy-yx) + xµy-yx 

= xµ(a - ayxµy- y-yxµa + yyxµa-yxµy + y)yx 

= xµb-yx 

where, b = a - a-y.xµy- y-y.xµa + y-y.xµa-y.xµy + yeM. ■ 

Lemma 6.20. Let Jc K be two-sided ideals in a I'-ring M, then K is 

regular if and only if KIJ and J are both regular. 

Proof. If K is regular, then obviously KIJ is regular. Given xeJ, 

fi me µ rEI' and ye K Then z = y&QJ is an element of xµy-y.x = x or so , · 

59 



Chapter-Six 
Regular I'-Rings 

J, 8, ~EI' and xµzyx = xµyoxqyyx = xqyyx = x. Hence J is a regular 

I'-ring. 

Conversely, assume that KIJ and J are both regular. Given 

xeK, it follows from the regularity of KIJ that x - xpyyxeJ for some 

yeK. Consequently, x - xµyyx = (x - xµyyx)pzr(x _ xµyyx) for some 

zEJ so that, x - xµyyx = xµzyx - xpzyxpyyx - xµyyxµzyx + 

xµyyxµzyxµyyx. 

Therefore x = xµyyx + xµ(z - zyxµy- yyxµz + yyxµzyxµy)yx 

= xµ(y + z - zyxµy- yyxµz + yyxµzyxµy)yx 

= xµwyx, 

for some w = y + z - zyxµyy- yyxµz + yyxµzyxµyeK. 

Therefore K is regular. ■ 

In particular, we can say that every two-sided ideal in a regular 

I'-ring is regular. On the other hand, if J is two-sided ideal in a r-ring 

M such that MIJ and J are both regular, then M is regular. This method 

of checking regularity is quite useful when constructing examples. 

Subdirect product. A I'-ring Mis said to be a subdirect product of the 

family {Mi} ie/ of I'-rings if there is a natural projection 

P;: Il;e/M; ➔ M;such that p;(M) = M; for each iel. 

Proposition 6.21. Any finite sub-direct product of regular I'-rings is 

regular. 

Proof. It suffices to consider the case of a I'-ring M that is a sub-direct 

product of two regular I'-rings. Then M has two-sided ideals J and K 

such that J n K = O and MIJ and MIK are both regular. Since J is 
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isomorphic to the two-sided ideal (J + K)IJ in the regular I'-ring Ml K, 

then from Lemma 6.20, we have, J is regular. So that MIJ is regular 

and hence Mis regular. ■ 

Note that a sub-direct product of infinitely many regular 

F-rings, such as Z (set of integers), need not be regular. 

Proposition 6.22. let M be a F-ring, and set T= {xeMI MI'x MI'is a 

regular ideal}. Then 

a) Tis a regular two-sided ideal of M, 

b) T contains all regular two-sided ideals of M, 

c) MIT has no non-zero regular two-sided ideals. 

Proof. a) Given x, ye T, we see that MI'yI'M and (MI'xrM + 

MI'yrM)IMI'yrM are both regular, whence from lemma 6.20, 

MI'xrM + MI'yrM is regular. Thus (MI'xrM + MI'yrM) c T for all 

x, yE T. Hence Tis two-sided ideal. It is clear that Tis regular. 

b) It is obvious and c) follows from Lemma 6.20. ■ 

In order to show that the I'-ring of all mxn matrices over a 

regular F-ring is regular, we proceed via the following lemma, which 

is useful in other case as well. 

Lemma 6.23: Let e,, e2, e3, .... .. .. , en be orthogonal idempotents in a 

r-ring M such that e, + e2 + e3 + .. ...... + en= 1. Then Mis regular 

if and only if for each xee;µMyej, there exists yeejpMye; such that 

xµyy.x = x; µ, ye I'. 
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Proof. First we assume that M is regular and let xee;µMyei. Then 

x = xµy-yx for some yeM. Now, xµ(e1µzyel)yx = xµe1µzye;yx = xµyyx = 
x, since yEe1µMye;_. 

Conversely, assume that for any xee;µMye1, there exists 

yee1µMye; such that xµyyx = x. We proceed by induction on n. Since 

the case n = 1 is trivial we begin with the case n = 2. First consider 

an element xEM such that e 1Jtxye2 = 0. There are elements xEe1µMye, 

and zEe2µMye 2 such that 

(e1,uxyei)µy,-(e,µxye1) = e 1µxye 1 and 

(e2µxre2)µz]'(e2,uxre2) = e2µxre2, then 

xµ(y + z)yx = (e1,uxre1 + e2µxre1 + e2µxre2)µ(y + z)]'(e,µxye, + e2µxre, 

+ e2µxre2) 

= e1,uxre1µyre1,uxre1 + e2µxre1µyre,µxye, + 

e2µxre2µzre21txre1 + e2µxre2µzre2µxre2 

= eiµxre, + e2µxre2 + e2µx')-1.Y + z)µxye,. 

As a result, we see that the element x 1 = x - xµ(y + z)yx lies in 

e2µMye1• Then iµwyx 1 = x 1 for some wee,µMre2, whence xµvyx = x 

for some veM. 

Now, consider a general element xeM, and choose an element 

yEe2µMye 1 such that (e,µxre2)Jty]'(e,µxye2) = e,µxre2 . Since 

yee2µMye 1, we see that e1µx}Yµxye2 = e,µxre2, whence e,µ(x -

XJYµx)ye 2 = O. By the case above there exists an element zeM such 

that (x _ xµy-yx)µz,-(x - xµyyx) = x - xµyyx, hence xµwyx = x for some 

we M. Therefore, Mis regular. 
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Finally, let n > 2, and assume that the lemma holds for n - 1 

orthogonal idempotents. Setting/= e2 + ........ + en and g = e, + e2 + 

·· · · ··· ·· •· + en, we thus know that fµM}f and gµM-yg are regular. 

Consider any element xee1µMr.f. There exists yee2µMye 1 such that 

(x&2)µy;{x&2) = x&2, so that (x - xµyyx)oe 2 = 0. Then x - xµyy.x 

egµM-yg, whence (x - xµy-yx)µz;{x - xµy-yx) = x - xµy-yx for some 

zEgµMrg. As a result, xµw-yx = x for some wEM. Hence we obtain 

f µwye, E[µMye, such that xµ(f µwye,)-yx = x, likewise, for any 

xEfµMye 1 there is some tee1µMr.f such that xµt-yx = x. 

Applying the case n = 2 to the orthogonal idempotents e1 and f, we 

conclude that Mis regular. Therefore the induction works. ■ 

Lemma 6.24. A non-zero regular T-ring Mis indecomposable (as a 

I'-ring) if and only if its centre is a I'-field. 

Proof. Assume that M is indecomposable. Let S denote the centre of 

Mand let x be an element of S. Then by Theorem 6.12, xµy-yx = x for 

some yES. 

Now, xµyx8y = x8y, i .e., x8y is a non-zero central idempotent in 

M. Since Mis indecomposable, xby = 1. Therefore, S is a I'-field. 

In particular, this lemma shows that the centre of any prime 

regular T-ring is a I'-field. ■ 

Definition: E is a projective left M-module when the following 

property holds: if J- M-> N is any epimorphism, and g: E ->Na 

homomorphism, there exits a homomorphism h: E -> M such that 

g=foh. 
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Definition: let E be an M-module. Then Mis a free module whenever 

it has a basis. Thus every element of E can be written in one and only 

one way in the form x = Is €S asS ( where as e M) . 

Example. i) The zero module is free with empty basis. 

ii) Every I'-ring Mis a free left (right) M-module; the set 

consisting only the unit elements is a basis. 

Theorem 6.25. If E is finitely generated projective module over a 

regular I'-ring M, then EndM(_E) is a regular T-ring. 

Proof. According to Lemma 6.23, eµMn(M)ye is regular for any n and 

any idempotent eeMn(M). ■ 

Theorem 6.26. If E is a projective right module over a regular T-ring M, 

then all finitely generated submodules of E are direct summand of E. 

Proof. Let E be a submodule of a free right M-module F. Given any 

finitely generated submodule B c E, we infer that F has a finitely 

generated free direct summand G which contains B. It suffices to 

prove that B is a direct summand of G, for then Bis a direct summand 

of F and hence also of E. 

Choose a positive integer n such that B can be generated by n 

elements, and embed G in a finitely generated free right M-module H 

which has a basis with at least n elements. Then there exists 

f EEndJJ-1) such thatfyH = B. According to Theorem 6.25, EndM(l-1) is 

regular, hence there exists gEEndM(H) such that fµg'Yf = f, 

consequently, fyg is an idempotent endomorphism of H such that 
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fµgyH = ftH = B, whence B is a direct summand of H. Therefore, B is 

a direct summand of G. 

Theorem 6.27. A I'-ring M is regular if and only if all right (left) 

M-modules are flat. 

Proof. First assume that M is regular. Let E be any free right 

M-module, and Jet K be any submodule of E. If F is any finitely 

generated submodule of K, then F is a direct summand of E by 

Theorem 6.26, whence EIF is projective. Now, EIK is the direct limit 

of the module E/F, where F ranges over all finitely generated 

submodules of K. Thus EIK is a direct limit of projective modules, 

whence El K is flat. 

Conversely, assume that all right M-modules are flat. Given 

xeM, the flatness of MlxrM implies that the natural map (MlxyM) EBM 

Mµx ➔ Ml(xrM) must be injective, i.e., the map Mµx/xµMµx ➔ 

M/(xrM) is injective. Thus Mµx n xyM = xµMp;, and, consequently, 

xexµMp;. Therefore, Mis regular. ■ 

Lemma 6.28. For a commutative T-ring M, the following conditions 

are equivalent: 

a) Mis regular. 

b) MM is a I'-fieldfor all maximal ideals M of M. 

c) M has no non-zero nilpotent elements and all prime ideals of 

Mare maximal. 

d) All simple M-modules are injective. 
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Proof. (a) ⇒ (d) Let !vi be a maximal ideal of M, let J be an ideal of 

M, and let /: J ➔ Ml !vi be a non-zero homomorphism. Then 

(Mn J)I'(M n J) = !vi n J. 

Now, !vi n J= (Mn J)I'(M n J) c J !vi c kerf c J. 

Hence Jct. M. Consequently, x + y = 1 for some xeM and yeJ, and 

we set w = fly)eM/M. 

Given any aeJ, we have 

(x + y)ya = 1 ya= a 

⇒ xya+ yya = a 

⇒ a -yya = xyaeM I'J c ketf, whence.l(a -yya) = 0 

⇒ j(a) - flyya) = 0 

⇒ fia) = flyya) = fty)r.f(a) = wr.f(a). 

Therefore,/ extends to a map M ➔ MIM. 

(d) ⇒ (c) We first claim that if !vi is any maximal ideal of M, then 

xexrM for all xe!vl. If not, then xI'MlxrM-/- 0 for some xeM. Then 

MIM = xI'M/xlM. Hence there exist an epimorphismf xrM ➔ M/M. 

Now, f extends to a map g: M ➔ M/M, and so j(xlM) c g(M) = 0, 

which is false. Thus the claim holds. 

Suppose that X')IX = 0 for some non-zero xeM. The annihilator 

J = {meMI m-yx = O} is a proper ideal and so is contained in a 

maxima] ideal M. Since xEJ c M, we have xExµM by the claim 

above. Then x = XJY for some yeM and (1 - Y)JIX = 1 ')IX - YJIX = x - Y'YX 

= o, ⇒ (1 _ y)eJ c M, which is impossible. Thus M cannot have any 

nonzero nilpotent elements. 
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Now, let P be a prime ideal of M, and let !vi be a maximal ideal which 

contains P. Given any xEM, we have xExI'M and so 

xy(l -y) = xyl -xyy = x -xyy = 0 for some yEM. 

Since 1 - y~M, we also have 1 - y~P, whence xeP. Thus M = P. So 

that P is maximal. 

(c) ⇒ (b) Since there are no prime ideals of M properly contained in 

M, we have seen that !vi FMM' is the only prime ideal of MJ, whence 

M IMJ is nil. Given xis EM I'MM', we thus have· (xls)n = o for some 

n, hence tyxn = 0 for some teM - !vi. Then (tyx)n = 0 and so tyx = 0, 

whence !vi TMJ = 0. So that M,./ is a T-field. 

(b) ⇒ (a) Let Ebe any M-module. For any maximal ideal M of M, it 

follows from (b) that EJ is flat MM'-module, and consequently Eis a 

flat M-module. According to Theorem 6.27, Mis regular. ■ 

Theorem 6.29. A I'-ring Mis regular if and only if 

a) Mis semiprime. 

b) The union of any chain of semiprime ideals of M is 

semiprime. 

c) Ml P is regular for all prime ideals P of M. 

Proof. If Mis regular then obviously (c) holds. In view of Corollary 6.15 

(ii), all two-sided ideals of Mare semiprime, whence (a) and (b) hold. 

Conversely, assume that (a), (b), (c) hold. If Mis not regular, 

then there is some elements xEM such that xr;.xµMyx. Now, note that 

O ideal is a semiprime ideal of M such that xr;.xpMyx + 0. From, (b) 

we see that there is a semiprime ideal Jin M which is maximal with 

respect to the property xr;.xµMyx + J. 
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Now, MIJ is not regular, hence by (c), J is not prime. Thus there 

exist two-sided ideals . A and B which properly contain J, such that 

AIB c J. Now, set K = {mEM I mrB c J} and L = {mEM I KI'M c J}. 

As J is semiprime, Kand L are also semiprime. Since (Kn L)fT...K n 

L) c KIL c J, we have Kn L c J. Clearly A c K and B c L, hence K 

and L properly contain J. 

Because of the maximality of J, there exist elements y, zEM 

such that x - xµyyxEK and x - xµzyxEL. 

Now, x-xµ(y + z-yyxµz)yx = (x -xµyyx)-(x-xµyyx)µzyxEK. 

= (x - xµzyx) - x1ry}'{x - xµzyx) EL. 

We see that xExµMyx + (K n L) c xµMyx + J which is a 

contradiction. Therefore M must be regular. ■ 

Corollary 6.30. A r -ring M is regular if and only if all two-sided 

ideals of M are idempotent and Ml P is regular for all prime ideals P 

ofM. 

Definition. A completely prime ideal in a I'-ring Mis a proper two 

sided ideals P such that MIP is an integral domain (not necessarily 

commutative). 

Lemma 6.31. If Mis a I'-ring with no nonzero nilpotent elements, then 

every minimal prime ideal of Mis completely prime. 

Proof We first claim that if a,, a2, a3, ...... , GnEM and a,r1a2r2 G3Y3 

........... rnan = O for some y1, y2, y3, ••••••••• , YnEI', then the product 

of G;'f;Gj with i j j in any order is zero. To prove this, it suffices to 

show that if xµayb8y = O in M for some µ, OE I', then xµbya8y = 0. 

This is clear if x = y = 1, then 
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xµa-yboy = O 

⇒ lµaybbl = O 

⇒ a-yb = 0 

and so (bya)'}{_bya) = b'}{_ayb)ya = 0, whence bya = 0 ⇒ xµbyaoy = 0. 

In casex = I, then (ayb)oy= o 

⇒ y~ayb) = 0 

⇒ ylf{aybya) = 0 

⇒ aybyaoy = 0 

⇒ byaybya8y = 0 

⇒ (bya)y(bya)oy = 0 

⇒ (bya)yylf(bya) = 0 

⇒ (bya)yy~bya)oy = 0 

⇒ bya8y= 0. 

For the genera) case, 

xµ(_ayboy) = 0 

⇒ ayboyµx = 0 

⇒ (byaoy)µx = 0 

⇒ xµ(byaO) = 0 

This establishes the claim. 

Now, let P be any minimal prime ideal of M. Recall that on 

m-system in Mis a nonempty subset X such that OtX and whenever 

x, yEX, there exists nEM such that xynyyeX. Then M - P is an 

m-system and we may choose a maximal m-system X::::, M- P. If Q is 

two-sided ideal of M, maximal among all two-sided ideals disjoint 

from X, then Q is prime. Since Q is disjoint from M - P, we have 

Q c P and thus Q = P, by minimality of P. 
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As a result, P is disjoint from X, whence X = M - P. Thus M - P 
is maximal m-system. 

Set Y= {X1Y1X2Y2X3Y3 ......... y,rXn I X1,X2,X3, .......... , XnEM- p and 

r,, Yi, YJ, ...... ,ynET}. If OeY, then X1Y1X2Y2X3y3 ...... y,rXn = 0 for some 

XiEM- P and r,, Yi, YJ, ... ,y,,eT. There exists m1, m2, m3, ... . .. , mn_,eM 

and µ,, µ2, J.LJ,••··~ · ···, µneI' such that x 1y1m1µ 1x2rim2µ 2 ........... . 

······µn.2Xn-lYn-lmn-lµn-]XnEX= M - P. This implies x,r,m,µ1x2r2m2µ2··· 

· · · · · .µn-2X,,.1 Yn-1mn-lµn-1Xn't.P. Since (x, Y1X2Y2X3YJ ... ..... r,,xn)lf(m,µ1m2µ2 

m3µ3 ........ . µnmn) = 0 for some 8e r, we see from the claim above 

that x,r,m,µ,x2r2m2µ2 ................ µn-2Xn-lYn-1mn-lµn-lXn = 0 which is 

impossible. Thus 0~ Y. Hence Y is an m-system. Clearly, M - P c Y. 

Hence by maximality of M - P, we obtain M - P = Y. Therefore M - P 

is multiplicatively closed. So that MIP is an integral domain. ■ 

Theorem 6.32. Let M be a I'-ring with no nonzero nilpotent elements. 

Then M is regular if and only if Ml P is regular for all completely 

prime ideals P of M. 

Proof. Assume that MIP is regular for all completely prime ideals. If 

P is minimal prime ideal of M, then is completely prime by Lemma 

6.31. Hence Ml Pis an integral domain and so is a division I'-ring. 

Consequently, we see that MIQ is a division I'--ring for every 

prime ideal Q of M. Since every semiprime ideal of M is an 

intersection of prime ideals, we infer that the set of semiprime ideals 

of M coincides with the set of those two-sided ideals J such that MIJ 

has no nonzero nilpotent elements. 

As a result, we see that the union of chain of semi prime ideals 

of M must be semiprime. Therefore Mis regular. ■ 
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Abelian Regular I'-Rings 

In this chapter, we have developed the basic properties of a 

class of regular I'-rings of some "classical" type. Abelian regular 

I'-rings are also known as strongly regular I'-rings, which is, however, 

a more indirect concept. In that a nontrivial theorem is required to 

show that strongly regular I'-rings are actually regular. For this 

reason, we view abelianness as the more general property. We first 

develop a number of equivalent characterizations of abelian regular 

I'-rings before proving that "abelian regular" is equivalent to 

"strongly regular". We also develop a lattice theoretic 

characterization of the abel ian regular T-rings. 

Definition: A regular T-ring M is abelian provided all idempotents 

in Mare central. 

Obviously, any commutative regular I'-ring is regular, as is any 

direct product of division I'-rings. 

Lemma 7.01. If e is idempotent in a semiprime I'-ring M, then the 

following conditions are equivalent: 

(a)e is central. 

(b) e commutes with every idempotent in M. 

(c) eyM is a two-sided ideal of M. 

(d) Mye is a two-sided ideal of M. 

(e) (1 _ e)yMye = 0, for some yEI'. 

(/) e yM }'( 1 - e) = 0. 
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Proof. (a) ⇒ (c) is trivial. 

(e) ⇒ (a) Since (I - e)yMye = 0, we see that Mye c eyM, whence 

eyM is a left ideal of M. Then eyMJ{1 - e) is a left ideal of M such 

that [eyMJ{l - e)],{eyMJ{l - e) = 0, hence eyMJ{l - e) = 0. Given 

reM, we have eµr,(1 ~ e) = 0 as well as (1 - e)yrµe = O, whence 

eµr = eµrye = eyrµe = rµe. Therefore e is central. 

(a)<=>(,/) <=> (j) by symmetry. 

(a) ⇒ (b) a priori. 

(b) ⇒ (e) Given any xE(l - e)yMye, we see that e +xis idempotent, 

hence eµ(e + x) = (e + x)µe, i.e. eµe + eµx = eµe + xµe, i.e. eµx = 

xµe. Thus f! commutes with x, so that x = xye = ep: = 0. ■ 

Theorem 7 .02. For regular I'-ring M, the following conditions are 

equivalent: 

(a)M is abelian. 

(b)M/P is a division I'-ringfor all prime ideals P of M. 

(c) M has no nonzero nilpotent elements . 

(d)All right ([~ft) ideal of Mare two-sided. 

(e) Every nonzero right (left) ideal of M contains a nonzero central 

idempotent. 

Proof. (a) ⇒ (b) Since all the idempotents in the prime T-ring MIP 

come from idempotents in M, they are all central and hence we see 

that O and 1 are the only idempotents in MIP. As a result, x}{MIP) = 

(MIP)p: = MIP, for any nonzero xEMIP and for some yET. Whence 

MIP is a division T-ring. 
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(b) ⇒ (c) Since M is semi prime, it follows from (b) that M is 

isomorphic_ to a subdirect product of division I'-rings, whence M has 

no nonzero nilpotent elements. 

(c) ⇒ (a) If eEM is an idempotent, then every element of (1 - e)yMye 

is nilpotent, whence (1 - e)yMye = 0. By lemma 7.01, e is central. 

(a) ⇒ (d) Each principal of M is generated by a central idempotent 

and so is two-sided, whence all right ideals of Mare two-sided. 

(d) ⇒ (a) by Lemma 7.01. 

(a) ⇒ (e) is clear. 

(e) ⇒ (a) Let eEM be an idempotent, and let J be the right ideal of M 

generated by those central idempotents of M which lie in eyM. Note 

that J is a two-sided ideal. In view of (e), we se that J :S eyM, whence 

e'J'(M/J) is singular. Given any xEM, we have xyJ :S J :S eyM and so 

(I - e)~yeyM is homomorphic image of e-;{_MIJ) and so is singular. 

Inasmuch as MM is nonsingular, we obtain (I - e)yxyeyM = 0. 

Therefore (1 - e)yMye = 0, hence e is central, by Lemma 7.01. ■ 

Proposition 7.03. Let J be a two-sided ideal in a regular T-ring M, 

and let Ji, h, ...... be a finite or countably infinite sequence of 

orthogonal idempotents in MIJ. Then there exist orthogonal 

idempotents e1, e2, •••••••••••• EM such that en= fn for all n. 

Proof The proof is similar to the proof of [ I 0, Proposition 2.18] ■ 
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Theorem 1 .04. Let M be a regular I'-ring, and let N be the sum of all 

ideals of the form MyeyMr(l - e)yM, where e is any idempotent in M. 

Then N equals to the sub I'-ring (without identity) of M generated by 

the nilpotent elements, and MIN is abelian. Also N is contained in the 

subring of M generated by the idempotents. 

Proof Given any idempotent/EMIN there exists an idempotent eEM such 

that e = f. Inasmuch as eyM,(1 - e)yN, we obtain f,(MIN),(l - j) = -0, 

whence/is central (by Lemma 7.01). Thus, MIN is abelian. 

Let S denote the sub T-ring (without identity) of M generated by the 

nilpotent elements. According to Theorem 7.02, MIN has no nonzero 

nilpotent elements, whence Sc N. Given any idempotent eeM, every 

element of eyM},(l - e) and (1 - e)yMye is nilpotent, hence we see 

that eyMr(l - e)yM = [eyM},(I - M)],,{(l - e)yMye] + eyMr(l -

e)yM},(1 - e) c Sand, similarly, (1 - e)yMye c S. Consequently, 

M yeyM},( I - e) yM = eyMyeyM },( 1 - e) yM + ( 1 - e) yMye yM( I - e) yM 

c eyMy(l - e)yM + (1 - e)yMyeyM c S 

Therefore N = S. 

Finally, let T denote the sub T-ring of .M generated by the 

idempotents. If e is an idempotent in Mand xEeyMr(I - e), then e + x 

is an idempotent as well. _Then e ~nd e + x both lie in T, whence XE T. 

Thus eyMr(l - e) c T, and, likewise (1 - e)yMye c T. Proceeding as 

above, we conclude that MyeyM},(1 - e)yM c T. Therefore N c T. ■ 

Proposition 7 .05. If A and B are projective right I'-modules over a 

regular r-ring R, then the following conditions are equivalent: 

(a) Hom,.t_A, B) * 0. 
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(b) HomM(B, A);;:. 0. 

(c) There exist nonzero sub T-modules A1 ~ A and B1~ B(which 

can be chosen to be cyclic if necessary) such that A1 = B1• 

Proof. The proof is similar to the proof of [ 1 O, proposition 2.21] ■ 

Theorem 7.06. Let A be a finitely generated projective right T-module 

over a regular I'-ring M, and set T = End,.t(A). Then the following 

conditions are equivalent: 

(a) Tis abelian. 

(b) Isomorphic sub I'-modules of A are equal. 

(c) If Bis any sub I'-modules of A such that 2B-;;; A, then B = 0. 

(d) If B and Care any sub I'-modules of A such that B n C = 0, 

then Hom,.t(B, C) = 0 

(e) L(A) is distributive. 

Proof. Obviously Tis regular. 

(a) ⇒ (b) Let B and C be isomorphic I'-modules of A. Given xEB, 

there exists YE C such that xrM = yyM. There exist idempotents e,f ET 

such that erA = xrM and frA = yyM [by Theorem 6.08]. Since 

erA = frA, there exist elements xEeyTr.f and tEfrTre such that s-yt = e 

and trs = f Now, e and/ are central in T, whence 

e = syt = s'}fyt = frs-yt = fre = trsre = trers = trs = f, 

and, consequently, xrM = erA = frA = yyM ~ C. Thus, B ~ C, and, by 

symmetry, C ~ B. 

(b) ⇒ (c) is clear. 
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(c) ⇒ (d) If HomM(B, C) -:t:. 0, then by Proposition 7.05, there exit 

nonzero sub I'-modules 8
1 < B and c' :S C such that 81 = c'. But then 

28
1
~ B EB C < A, whi~h contradicts (c). 

(d) ⇒ (a) For any idempotent eET, we have (1 - e)yTye = HomM(eyT, 

(1 - e)yT) = 0 by (c). According to the Lemma 7.01, e must be central. 

(a) ⇒ (e) Let B, C, DEL(A), and choose idempotents b, c, dET such 

that byA = B, cyA = C and dyA = D. Since T is abelian, b, c, d are 

central in T. In particular, cyd = dye, hence we compute that e = c + d 

- cyd is an idempotent. Clearly eyA S C + D. Observing that eye = c 

and eyd = d, we see that eyA = C + D. Consequently, 

B n (C + D) = byA n eyA = byeyA S bycyA + bydyA 

= (B n C) + ( B n D). 

The reverse induction is automatic. 

(e) ⇒ (a) For any idempotents e,/E T, we have 

eyA = eyA n [f yA + (1 -/) yA] = [eyA nfyA] + [eyA n (1 -f yA] 

by (e). As a result, fyeyA = eyA n fyA S eyA, whence fye = er.fye. 

Likewise,/,.(1 - e) = (1 ...., e)r.f}'(l - e), from which we obtain er.f}'(l -

e) = O and then er.f = er.fye = fye . Thus, all idempotents in T commutes 

with each other. By Lemma 7.01, all idempotents in Tare central. ■ 

Definition: A I'-ring Mis said to be strongly regular if for each xEM 

there exits yEM such that (xy)2y = x, for some yEI' 

As the following theorem shows, this condition ts left-right 

symmetric, and strongly regular I'-rings are in fact regular. 
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Theorem 7.07. A I'-ring M is strongly regular if and only if it is 

abelian regular. 

Proof First assume that Mis abelian regular. Given any xEM, there 

exists ye M such that X'YJl'fX = x. Since X')'Y is idempotent and, thus, is 

central in M, it follows that x = (x')'Y)JX = (xy.ty)y =(xy)2y. Hence Mis 

strongly regular. 

Conversely, assume that M is strongly regular. Obviously an 

element xeM can satisfy (xy)2x = 0 only if x = 0, from which we infer 

that M has no nonzero nilpotent element. In particular, it follows that 

Mis semiprime I'-ring. 

Next consider any prime ideal P of M, and note that Ml P is 

strongly regular. If x, yE Ml P are nonzero, then yyry.t =I= 0 for some 

rEMIP and so {(yyr-yx)y} 2(yyry.t) -:t: 0, whence xyy -:t: 0. Thus, MIP is a 

domain. Given any nonzero sEMIP, we have (sy/t = s for some 

teM/P and so s'){syt- I)= 0, whence syt =I.Thus MIP is actually a 

division r-ring. 

At this point, we could use Theorem 6.32 to conclude that Mis 

regular. However, regularity is easy enough in this case to prove 

directly, as follows. 

2 . 
Now, let xeM and choose an element yeM such that (xy) y = x. 

Given any prime ideal P of M, we have (xy)2 y = x in the division 

I'-ring Ml P, from which we infer that xpyyx = x, so that 
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xµyy.x - XEP. Then xµyy.x - x belongs to the intersection of all prime 

ideals of M, which is zero because Mis semi prime. Thus xµyy.x = x. 

Therefore M is regular. Since there are no nonzero nilpotent · 

elements in M, Theorem 7.02 shows that Mis abelian. ■ 

Proposition 7.08. Every inverse limit of abelian regular T-rings is an 

ahelian reKular. 

Proof We first claim that any abelian regular T-ring must satisfy the 

following property: (*) For each xeM, there is a unique yEM such 

that XJY/IX = x and yy.xµy = y. 

First, there is some zeM such that xyzµx = x. Setting y = zy.xyz, we 

cheek that x}Yµx = x and yy.xµy = y. Then XJY and yy.x are idempotents 

in M and so are central, whence XJY = xr(yy.xµy) = (xJY)J,(xµy) = 

(yy.x)J{yµx) = y]{XJY/1.X) = yyx. Now, we consider any weM such that 

xywµx = x and wyxµw = w. As above, xyw = wyx is central, hence 

xyw = (xJYµx)yw = (x}Y)µ(xyw) = (xyw)µ(xJY) = (xrw/1.X)'YY = XJY, and 

consequently, 

w = wy.xµw = w}'(xµy) = wr(yµx) = y}'(xµw) = y]{xµy) = y. 

Thus y is unique, proving(*). 

It is clear (*) is preserved by unique limits. Thus, if Mis an inverse 

limit of abelian regular I'-rings M;, we see that Mis regular. 

Inasmuch as r embeds in M;, we conclude that all idempotents 

in Mare central. 
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Theorem 7 .09. If J is an ideal in an abelian regular I'-ring M, then 

EndM(JM) is an abelian regular I'-ring, and EndM(JM) = EndM(~ 

Proof The set X = {xyM I xEJ, yEF) is a directed family of right 

ideals of M whose union is J. Since M is abelian, each xyMeX is 

generated by a central idempotent, and so is a fully invariant sub 

I'-module of any right ideal which contains it. Thus, we obtain 

restriction maps EndM((yyM)M) ➔ End,i_(xyM)M) whenever 

xyM ~ yyM in X, and we infer that the inverse limit of this system of 

endomorphism rings and restriction maps is isomorphic to End,i,JM)-

Given any xyMEX, we have xyM = eyM for some central 

idempotent eEM, whence xyM is an abelian regular I'-subring (with 

unit e) of M, and, as a ring xyM is naturally isomorphic (via left 

multiplication) to EndM((xyM)M)- Consequently, we infer that limX= 

EndM!..JM) as rings. Since xyM is an abelian regular T--ring, Theorem 

7 .08 now says that EndM(JM) is an abelian regular I'-ring. 

Proceeding as above, we see that X = { M}'X I xeJ}, that each 

M]'XEX is an abelian regular I'-ring which is naturally isomorphic (via 

right multiplication) to EndM(M(Mlx)), and that limX= EndM(~ as 

rings. Therefore EndM(,.,,J) = EndM(JM). ■ 

Theorem 7 .1 O. Let M be an abelian regular I'-ring, and let Q be the 

maximal right quotient I'-ring of M. Then Q is abelian, and Q is also 

the maximal left quotient I'-ring of M. 
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Proof We claim that any idempotent eeM is central in Q. Given 

xeQ, we have xyJ ~ M for some J ~e MM. For all reJ, note that 

e c·ommutes with x-yr a~ well as r, whence eyx-yr = x-yrye = xye-yr. Thus 

(eyx - xye)yJ = 0 and e')'X = xye, proving the claim. 

Now, if K is any nonzero right ideal of Q, then Kn M * O and 

so K n M contains a nonzero idempotent, which must be central in Q 

by the claim above. Thus, every nonzero right ideal of Q contains a 

nonzero central idempotent, whence Theorem 7 .02 shows that Q is 

abelian. 

Given any nonzero element ieQ there exists reM such that ryr 

* 0 and x-yreM. Now, ryM = eyM for some idempotent eeM, and e is 

central in Q. Then e')'XyM = xyeyM = xyryM, whence e')'X * 0 and 

eyxeM. Thus, MM ~e MQ, so that Q is a left quotient I'-ring of M. 

As a result, Q is a sub T-ring of the maximal left quotient I'

ring P of M. By symmetry, P is a right quotient I'-ring of M, hence we 

conclude from the maximality of Q that Q = P. ■ 

Corollary 7 .11. Let M be an abelian regular T-ring. Then M is right 

. self-injective if and only if M is •se/f-injective. 

Proof If M is right self-injective, then M is its own maximal right 

quotient T-ring. By Theorem 7.10, M is also its own maximal left 

quotient I'-ring, whence Mis left self-injective. ■ 

Theorem 7 .12. Let M c S be a regular I'-ring such that M contains 

all the idempotents of S. Then 
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(a) S has a two-sided ideal N such that N c Mand the I'-rings MIN 

and SJ N are abe/ian. 

(b) The rule {fi.._J) = JS defines a lattice isomorphism(!): L(MM) ➔ 

L(Ss). For all K El(Ss), we have <p-l (K) =Kn M. 

( c) The rule lfl(J) = J n M defines a lattice isomorphism If/.' Li(S) 

➔ Li(K). For all K EL(M), we have 1/1-I (K) =KS= SK. 

Proof (a) Let N be the sum of all ideals of the form SyeyS;-(1 - e)yS, 

where e is any idempotent in S. According to Theorem 7.04, N is 

contained in the sub I'-ring of S generated by the idempotents. Hence 

N c M. Also Theorem 7.04 says that SIN is abelian as well. 

(h) Obviously <p is a monotone map of L(MM) into L(Ss), Given any 

K EL(Ss), there is an idempotent eES such that eyS = K. Since eE M by 

assumption, we see that Kn M = eyMEL(MM) and that <ti.._K n M) = K. 

Thus, the rule fX..K) = K n M defines a monotone map (}. L(Ss) ➔ 

L(MM) such that 0rp is the identity map on l(S8). Given any JEL(MM), 

we have, J = fyM for some idempotent/EM, whence 0<ti..,J) = .fyS n M 

= J. Thus, 0(f) is the identity map on L(MM)- Therefore rp and 0 are 

inverse order-isomorphisms, hence, also, lattice isomorphism. 

(c) Obviously If/ is a monotone map of l2(S) into L2(M). 

We next show that KFS = SIK for any KEL2(M). Given xEK, 

there is an idempotent eEK such that eyM = xyM, and we note that 

e]'Srx c eyS = x,,S c KlS. Since (I - e)ySye c N c M, we have (1 -

e)rSrx c (I _ e)ySyeyM c MyeyM c K, and, consequently, Syx = 
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eySyx + (1 - e)ySyx c KTS. Thus, SIX c KTS. By symmetry, KTS c 

SIK, so that KTS= SIK. 

In particular, it follows that KTSel2(S). Now, the rule 'A.(K) = 

KTS defines a monotone map 'A.: li(M) ➔ Li(S).Given Kel2(M) and 

xeKTS n M, we infer that xeeyS for some idempotent eeK, whence 

x = eyxeK. Thus, f//A(K) = KTS n M = K, so that f//A is the identity 

map on L2(M). 

Given Jeli(S) and yeJ we have yefys for some idempotent/eJ. 

Since f e M by hypothesis, we obtain y = fyye(J n M)TS. Thus, A f// (J) 

= (J n M)S = J, so that A If/ is the identity map on L2(S). Therefore If/ 

and A are inverse order-isomorphisms, hence, also lattice 

isomorphisms. ■ 

82 



Chapter-Eight 

Unit-Regular I'-rings 

This chapter is concerned with unit-regular I'-rings, which is 

equivalent to various cancellation properties for direct sums of finitely 

generated projective modules. We have developed a number of 

equivalent characterizations of the unit regularity of regular I'-rings, 

mostly in the form of cancellation properties, either internal (within the 

lattice L(MR)) or external(for finitely generated projective M-modules). 

These cancellation properties are then used to derive further properties 

of finitely generated projective modules over unit-regular T-rings. We 

also develop a lattice theoretic characterization of the unit-regularity of 

M, namely transitivity of the relation of perspectivity in the lattice 

L(2MR) 

Definition: A I'-ring M is said to be a unit-regular r-ring provided 

that, for each xeM, there is a unit (i.e., an invariable element) ueM 

such that xµuy.x = x for some µ, YET. For Example, any direct product 

of division I'-rings is a unit-regular r-ring. 

Note that the class of unit-regular I'-rings is closed under . 

homomorphic images, direct products, and direct limits. 

Theorem 8.01. The Jacobson radical of a unit-regular T-ring M is 

equal to zero. 

Proof. Let aE J(M)(Jacobson radical). Then MI'a c J(M). Since Mya is 

generated by an idempotent element e (by Theorem 6.08(a)(ii)), Mya = 
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Mye, and thus, from eE J(M) it follows that (I - e) is invertable. So 

there exists x e M such that 

1 =xJ{l ~e)=xyl-xye=x-xye. 

Hence, e = 1 ye= (x - xye)ye = xye -xyeye = xye - xye = O. 

Therefore, a= 0. Hence, Jacobson radical of a regular I'-ring Mis zero. ■ 

Theorem 8.02. The centre of a unit-regular I'-ring Mis regular. 

Proof. Let aEC(M) (center of M). Then there is a unit uEMsuch that 

aµuya = a for someµ, yEI'. 

Now, a= aµuya = aµ(uya) = (uya)µa = u'}{a1-1a). 

Also a= aµuya = (aµu)ya = a'}{aµu) = (aya)µu . 

So, aµu = ayaµuµu, or a= a'}{aµu) = a'}{(ayaµu)µu) = a'}{(ayuµa)µu) = 

a'}{ayuµu)µa. Now, aµueC(M) because if yeM then 

(aµu)ry = (ury)µa = (ury)µ(aya)µu = uryµayaµu = (uryµayu)µa = 

aµ(uryµayu) = aµu'}{yµu)ya = aµuya'}{yµu) = aryµu = y'}{aµu). 

Also ayuµue C(M) because 

(ayupu)ry = (ayu)µ(ury) = (ury)µ(ayu) = uryµayu = uyaµyµu = 

(ayu)µ(yyu) = (yyu)µ(ayu) = y'}{uµayu) = y'}{uµu)ya = yya'}{uµu) = 

yJ{ayuµu). 

Hence, the centre of Mis a regular I'-ring. ■ 

Theorem 8.03. Every unit-regular I'-ring without zero divisors is a 

skew I'-field. 

Proof. Let aEM, a f. 0. Then there is a unit ueM such that aµuya = a 

r YE r. Then aµ(uva - 1) = 0 and (aµu - I )ya = 0, and 1or some µ, . r 
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Hence, uµa = 1, aµu = 1 for some µ, re rand so a is invariable. 

Hence, Mis a skew I'-field. ■ 

Theoren:,, 8.04. If M is a unit-regular I'-ring whose only nilpotent 

element is zero, then 

i) Every idempotent element of Mis in the centre. 

ii) /f aeM, at 0, then there exists beM, rersuch that ayb = 

bra =f is idempotent and ar.f= fra = a. 

iii) MI'a = aI'M for all aeM; Hence, every left (or right) ideal 

is a two sided ideal. 

Proof. i) Let eeM be idempotent. Let aeM be an arbitrary element and 

assume that zero is the only nilpotent element of M. 

Since [(1 - e)µaye]µ[(l - e)µare] 

and 

= (lµaye - eµare)µ(lµaye- eµaye) 

= (aye - eµaye)µ(aye - eµaye) 

= ayeµaye - ayeµeµaye- eµayeµaye + eµayeµepaye 

= ayeµaye- ayeµaye- eµayeµaye + eµayeµaye 

=O 

[eyaµ(1 - e)]µ[eyaµ(l - e)] 

= [eyaµl - eyaµe)µ(eraµl - eyaµe)] 

= eyaµeya - eyaµeµeya - eyaµeyaµe + eyaµeµeraµe 

= eyapeya - eyaµeya - eyaµeyaµe + eyaµeyaµe 

= 0 for some µ, ye r. 
Since the nilpotent element is zero, so we have 

0 = (l _ e)µaye = 1µaye - eµaye = aye - eµaye, 
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and O = eyaµ(1 - e) = eyaµ1 - eyaµe = eya - eyaµe. 

Hence, aye= eµaye = eya and so e is in the centre of M. 

ii) Let M be a regular I'-ring having O as the only nilpotent element. 

Given a EM, a f:. 0. Then there is a unit uEM such that aµuya = a for 

someµ, YE r. Then e = aµu, e1 = u&i are idempotent elements of M; so 

e and e' belong to the centre, and/= eye' is an idempotent. 

It follows that aµuyu&i = (aµu)r(ulia) = eye'. 

Also (uµuya)&z = [uµ(uya)]&z = [(uya)µu]&z - [ur(aµu)]&i -

[(aµu)yu]&i :-- (aµu)r(u&i) = eye'. 

Moreover, aµf= aµeye' = eµaye' = aµuµaye' =aye'= ayu&i = a, 

and Jpn= eye'µa = eyape' = eyaµu&z = eya = aµuya = a. 

Thus, aµf = fµa = a. 

iii) Given yEM, we have yµa = yµ(ayeye') = (yµa)yeye' = er(yµa)ye' = 

(apu)r(yµa)ye' = aµuyypaye1
• So, there exists zEM such that yµa = 

aµz. This shows that Mya c ayM. The converse is proved in a similar 

way. 

Hence, since every left ideal J is the sum of the principal left ideals 

generated by its elements, J is also a right ideal and vice versa. ■ 

The following fact is needed for the proof of Theorem 8.05. 

Fact t. [3, Theorem 2]. Suppose Jd(M) c C(M) and let xEM. If x is 

regular, then xis unit regular. 

Theorem 8.05. If M is a unit-regular I'-ring whose only nilpotent 

element is zero, then C(M) is unit-regular. 
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Proof. Since C(M) of M is regular (Theorem 8.02), then for any 

xeC(M), x is regular and since ld(M) c C(M), so by the Theorem 8.04 

and by the Fact I, xis unit-regular. ■ 

Definitions: Let A be finitely generated projective module over a 

regular I'-ring M. We use L(A) to denote the set of all finitely 

generated submodules of A, partially ordered by inclusion. We also use 

l(MM) to denote the set of all principal right ideals of M. The partially 

ordered sets L(A) are actually a lattice. 

Theorem 8.06. Suppose that A is a right M-module and T = EndM(_A) is 

a regular I'-ring. Then the following conditions are equivalent: 

(a) Tis a unit-regular I'-ring. 

(b) If A= Ai EB B1 = Ai EBBi with A,= Ai, then B1 = Bi. 

(c) ker x = coker xfor all XE T. 

( d) ff e, f ET are idempotents such that e TT= .f TT, then ( 1 - e) TT= 

(I -/)IT. 

Proof. (a) ⇒ (b) Define xeT so that xIB1 = 0 and x restricts to an 

isomorphism of A I onto Ai, There exists a unit ue T such that xµuyx = x. 

Inasmuch as xµ(uyx - 1) = 0, we see that A ~ uyxI'A + (ker x) = uI'Ai + 

B 1• In addition, since xµu = 1 on xI'A = A2, we see that uI'A2 n B, = 0, 

so that A = uI'Ai + B1• Since u is an automorphism of A, we also have A 

= uI'Ai EB uI'B2, whence B1 = uI'B2 = Bi. 

(b) ⇒ (c) There exists a unit yeT such that xµyyx = x. Since xµy and 

yyx are idempotents, we see that A = yyxI'A EB (ker x) = xrA EB (1 -
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xµy)I'A. Observing that x restricts to an isomorphism of yyxI'A onto 

xI'A, we conclude from (b) that ker x = (I - xµy)I'A = coker x. 

(c) ⇒ (a) Given xe T, there exists a unit ye T such that xµyyx = x, and 

we note as above, that A = yyxI'A EB (ker x) = xI'A EB (1 - xµy)I'A. By 

(c), ker x = coker x = (1 - xµy)I'A. Also, x restricts to an isomorphism 

of yyxI'A onto xI'A. Define ue Tso that u restricts to x-1: xI'A ➔ yyxI'A 

and u restricts to an isomorphism of (1 - xµy)I'A onto ker x. Then u is 

a unit in T such that xµuyx = x. 

(a)<=> (d) is just the equivalence (a)<=> (b) applied to the case A= Tr. ■ 

Corollary 8.07. Let M be a unit-regular I'-ring, and let <p: L(MR) ➔ 

L(MR) be the lattice isomorphism defined by the rule <p(J) = {xeM/xI'J 

= O}. Let J, K eL(MR)- Then 

(a) J =Kif and only if <p(J) = <p(K). 

(b)J~ K ifandonlyif<p(K)~ qX_J). 

Proof. Choose idempotents e, f eM such that eI'M = J and JIM = K. 

Note that cp(J) = Mil) - e) and cp(K) = MI{I - /). 

(a) If J = K, then there exists elements xeerM[J and yefIMI'e such 

that XJY = e and yyx = f, yer. Then MI'e = MI'f; hence, Theorem 8.06 

says that MIT) - e) = MI(l - /). The converse is identical. 

(b) If J ~ K, then there exist elements xeeIM[J and yefJMI'e such 

that XJY = e, whence MI'e~ MfJ. Then MfJ= MI'e EB A for some A; 

hence, MI'e EB MIT) - e) = (MI'e EB A) EB MIT.) - f). By Theorem 8.06, 
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Mr{l - e) = A EB MT{I - f), so that Ml{1 - f)~ M[{1 - e). The 

converse is identical. ■ 

Corollary 8.08. Let A be a finitely generated projective right module 

over a regular T-ring M, and set T = EndM(A). Then Tis unit-regular 

I'-rinR if and only if the followinK condition holds: 

(*) If A 1, A2EL(A) such that A 1 = A2, then there exists BEL(A) such 

that A= A I EBB= A2 EBB. 

Proof. Clearly Tis regular r-ring. 

First assume that (*) holds. If A = A I EB B1 = A2 EB 8 2 with A 1 = A2, 

then, by (*), there exists BeL(A) such that A = A1 EB B = A2 EB B, 

whence B 1 = B = B2• Hence, by Theorem 8.06, Tis unit-regular. 

Conversely, assume that T is unit-regular r-ring. Given A 1, A2 

E L(A) with A 1 = A2, choose decompositions A 1 = (A I n A2) EB C1 and 

A2 = (A I n A2) EB C2, a·nd A = (A 1 + A2) EB D. Observing that A = (DEB 

A2) EB C2 and A = (D EB A2) EB C I with D EB A 1 = D EBA2 we say, by 

Theorem 8.06 that there exits an isomorphism I C, ~ C2. Setting C = 

{x + fix) I xeCi}, we infer that A 1 + A2 = A1 $ C = A2 EB C, whence A= 

A I EB (C EB D) = A2 EB (C EB D). Therefore(*) holds. ■ 

Theorem 8.09. Let A1 EB •........ EB An= B, EB . .. ...... fBBn be finitely 

generated projective modules over a unit-regular r-ring. Then there 

exit decompositions Ai = A;1 EB ........ EB A;k for i = l , ...... , n such that 

A . l'I'\ EB A -~ B,· fior i = 1, ..... . , K. I, w . . . . . . m -

Proof The proof is similar to the proof of [ 10, Theorem 2.8]. ■ 
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Theorem 8.10. Let M be a regular r ri'ng ,,..'hen M 1• ·t l 
.1 - • , , s um -regu ar 

I'-ring if and only if A EB B = A EB C implies B = C, for all finitely 

generated projective right M-modules A, B, C. 

Proof. It is clear from Theorem 8.06 that this cancellation property 

implies unit-regularity. 

Conversely, assume that M is unit-regular, and let A, B, C be 

finitely generated projective right M-modules such that A EB B = A EB C. 

Now, A is a direct summand of nMR for some positive integer n, 

whence nMR EB B = nMR EB C. By induction, it suffices to prove the 

case n = 1. 

Assume that Mn EBB= MR EB C. Then by the Theorem 8.09, there 

exist decompositions MR= Mt EB M2 and B = B1 EB 82 such that Mt EB B1 

= Mn and M2 EB B2 = C. Inasmuch as M1 EB B1 =Mn= M2 EB M2, we 

obtain B1 = M2 from Theorem 8.06, whence and B = B1 EB B2 = M2 EB B2 

::::C. ■· 

Defination: Let L be a lattice with a least element O and greatest 

element 1. Two elements x, yEL are said to be perspective (in L) 

provided they have a common element, i.e., an element zel such that 

X/\Z = y/\Z = 0 and xvz = yvz = 1. 

Note that the principal ideals J and K in a regular I'-ring M are 

perspective in the lattice L(Mn) if and only if there is some Hel(MR) 

for which M~ EB H = K EB H. Consequently, we see from Theorem 8.09 

that Mis unit-regular if and only if isomorphism implies perspectivity 
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Proposition 8.11. let A be a finitely generated projective modules over 

regular I'-ring, and let B, CEL(A). Then B and C are perspective in 

L(A) if and only if Bl(B n C) = Cl(B n C). 

Proof: Choose decompositions B = B1 EB (B n C) and C = c' EB (B n 

C). If B and Care perspective, then A = B EB D = C EB D for some D. Jn 

this case, we have A = B1 EB [(B n C) EB D] = c' EB [(B n C) EB D], 

whence B1 = C. 

Conversely, assume that there exists an isomorphism[ B1 ➔ c'. 

Setting D = {x + f{x) I xeB1
}, we infer that B + C = B Et> D = C EB D. 

Since A = (B + C) EBE for some E, we conclude that A = B EB (DEB E) 

= C EB (DEB E). Therefore Band Care perspective. ■ 

Corollary 8.12. Let A be a finitely generated projective modules over a 

unit-regular T-ring, and let B, Cel(A). Then Band Care perspective 

in L(A) if and only if B = C. Consequently, perspectivity is transitive in 

L(A). 

Proof. In view of Theorem 8.10, we have Bl(B n C) = Cl(B n C) if and 

only if B = C. ■ 

Theorem 8.13. A regular I'-ring is unit-regular T-ring if and if 

perspectivity is transitivity in L(2MR)-

Proof. If M is unit-regular I'-ring, then Corollary 8.12 shows that 

perspectivity is transitive in L(2MR)-

Conversely, assume that perspectivity is transitive in L(2MR), and let 

e, /EM be idempotents such that ( 1 - e)IM = (1 - /)TM. Define A, R, 
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CE2L(Mu) by setting A = {(x, y)E2MulxEerM} and B = {(x, y) 

E2MR lyEerM}, while C = { {(x, y)E2MR I xE/I'M}. Since Al(A n B) = 
MleTM = Bl(A n B), we see by Theorem 8.1 O that A and B are 

perspective in l(2MR). Observing that Bl(B n C) = (I - /)I'M= (I -

e)rM = C/(B n C), we also see from Theorem 8. IO that B and Care 

perspective. By transitivity, A and Care perspective, whence Theorem 

8.1 l shows that Al(A n C) = Cl(A n C). 

Observe that Al(A n C) = erMl(erM nfrM) and C/(A n C) = 
frMl(erM n JrM), we conclude that erM = /I'M. Therefore M is a 

unit-regular I'-ring. ■ 

Defination: A I'-ring M is said to be stable range I provided that 

whenever arM + brM = M, there exists yeM and YE r such that 

a + byy is a unit. 

Proposition 8.14. A regular r-ring M has stable range l if and only if 
it is unit-regular. 

Proof. First assume that M has a stable range I . Given any a EM, there 

exists xEM andµ, yEI'such that aµxya =a.Now, aI'M + (1- aµx)rM 

= M; hence, _there exists yeM such that a+ ( I - aµx)yy is a unit. Then 

there is a unit uEM for which [a+ (l - aµx)yy]bu = I for some <Ser, 

whence 

a= aµxya = aµx;-{a + (1 - aµx);y]buya = aµxyabuya = abuya. 

Therefore Mis unit-regular. 

Conversely, assume that Mis unit-regular, and let arM + hlM = 

M. Now, bfM = (afM n brM) EB J for some J, and arM EB J = MM. 
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In addition, MM= K EB L, where K = {rEM I ayr = O}. Since L = arM, 

we see from Theorem 3.06 that K = J; hence, there exists cEM such 

that en = 0 and left multiplication by c induces an isomorphism of K 

onto J. Note that cI'M = J ~ bI'M, whence c = b'}'Y for some yeM. 

Now, left multiplication by a induces an isomorphism of L onto 

aI'M, while left multiplication by c induces an isomorphism of K onto 

J. Inasmuch as arK. = cI'l = 0, it follows that left multiplication by a + 

c induces an isomorphism of L EB K = MM onto arR EB J = MM. 

Therefore a + b 'YY = a + c is a unit in M. ■ 

Lemma 8.15. If Mis a unit-regular I'-ring and J is a two-sided ideal of 

M, then M/J is unit-regular. 

Proof. Let a EMIJ. Then a = a + J, aEM. Since Mis regular, there 

existsµ, yETand unit uEM such that a= apuya. Now, a1nqa = (a + 
-

J)1-1u}'(a + J) = aµuya + J = a + J = a. Therefor~ M/J is regular. ■ 

Proposition 8.16. let J be a two-sided ideal of a unit-regular T-ring 

M, and let A 1, ••••••••• , An be finitely generated projective right 

M-modules such that the modules A/A;J are pairwise isomorphic. Then 

there exist decompositions A;= B; EB C;for each i such that the modules 

B; are pairwise isomorphic and each C; = C;J. 

Proof The proof is similar to the proof of [ I 0, Theorem 2.19] . ■ 

Lemma 8.17 Let J be a two-sided ideal in a regular I'-ring M. Then M 

is unit-regular if and orily if 

(a) MIJ is unit-regular. 
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(b) If e and fare idempotents in J such that ( 1 - e)TM = ( I -f)TM, 

then e/M = /I'M. 

Proof. If M is unit-regular, then (a) is clear by Lemma 8.15 and (b) 

follows from Theorem 8.05. 

Conversely, assume that (a) and (b) hold. Given idempotents g, hEM 

such that gfM = h/M, we have gI'(M I J) = h(M I J)and so 

(1- g)T(M I J) = (1- h)T(M I J), by (a). According to Proposition 8.16, 

there exist decompositions (1 - g)lM = G1 EB G2 and (I - h)lM = H1 EB H2 

such that G1 = Hi, while G2 = G2TJ and H2 = H2I'J. There exist idempotents 

e,JEM such that efM= G2, and (1 - e)JM= gfM® G1, While/IM= H2 

and ( I - /)IM= hlM ® H 1• Then e, f EJ and (1 - e )IM= (I - /)f M; hence, 

eJM=ffMby(b),andconsequently,(1-g)TM= (1-h)JM. ThereforeM 

is unit-regular (by Theorem 8.06). ■ 

Lemma 8.18. Let J be a two-sided ideal in a unit-regular T-ring Sand let 

M he a subring ofS that contains J. If MIJ is unit-regular, then so is M. 

Proof. Since J and MIJ is regular, so is M. If e and/ are idempotents in 

J such that (1 - e)TM = (1 - f)rM, then (1 - e)FS = (1 - /)rs, and 

consequently, ers = Jrs. Since e,JEJ and erM = ers and/TM= Jrs, 

whence eTM =fTM. Therefore Mis unit-regular, by Lemma 8.17. ■ 

Lemma 8.19. Let / 1 c Ii c h c - - - - be the ascending chain of unit

regular I'- ideals. Then Uala is unit-regular. 

Proof. It is obvious. ■ 

From the Lemma 8.15, Lemma 8.17, lemma 8.18 and Lemma 8.19, 

we get the following theorem: 

Theorem 8.18. The class of all unit-regular T-rings is a radical class. 
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List of Special Symbols 

R Ring 

I'N Gamma rings in the sense of Nobusawa 

M - Gamma ring 

9l Radical class 

Z - Set of integers 

Zm Residue class modulo m 

C(M) - Centre of M 

J(R) - Jacobson radical ofa ringR 

AnnM - Annihilator of M 

l(A) - Set of all finitely generated submodules of A, partially 

ordered by inclusion. 

1-) - Inverse function 

fog - Composite functions off and g 

I.e. that is 

r - Capital gamma 

n Product of 

L - Summation of 

EB Direct sum 

u - Union 

n Intersection 

oc - Infinity 

:) Strictly superset of 



::) - Superset of 

C - Strictly subset of 

C - Subset of 

E - Belongs to 

~ - Not belongs to 

Cl> - Empty set 

- - Isomorphic to 

<> - Ideal generated by 

ID(M) - Set of a11 idempotent elements of M 
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